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1 Introduction

ITU-R Document 3J/34 raislean issue concerning the sign of the 103¥gérm in Equation (17) of
Section3.1.1 ofRecommendation ITUR P.52610. This equation is part of the numerical
procedure for calculating the field strength due to diffracbieer a spherical Earth for ovdre
horizon pathslt was observed that changing the sign of this term for valu¥s<df appears to give
a better fitto GRWAVE results in the linef-sight regionlit was further observed thtte results
obtained from the nomogram method in Sec8d?2 appeared to give reasonable results well into
the lineof-sight regionThe question was raised as to whether Equation (17) may be in error.

In this document the derivation of the equations of Se&ibri.2 of P.524.0 are revisited. The

equations aree-derivedfrom the residue seriesd compared with other results in the literature. It

is shown that Equation (17) is in fact correct. The problem is in the expectation that the method of
Section3.1.1 should be applicable in the hoksight region It was possible to derive relatively

simple formulae that define the limit of validity of the method, and it is proposed that this be added
to P.526. Some di scr ep a madEgqatoni(18) d&igingahe heght ( 1 6)
gain functionsvere found, and improved formulatisareproposed

2 Background

The method given for diffraction over a spherical Earth in Se&ibrof P.52610 has a heritage
going back to at least 1986. The formulae of Se@idnl and the nomograms of Sect® .2 exist

in, and remain unmodified from, Recommendation-5&eport 7158 (1986). Thisneans, of

course, that it was not possible to go back to the original input documents for a derivation of the
method. On the other hand, Report -218ontains a reference sectibiat gives some clues to the
original open literature sources, although the specific equations in P.526 do not appear to come
directly from any of these sources.

Section3.1 of P.52610 does make it clear that the method of Se@idrl is based n  fithen | y
first term of the residue serieso. 't is furt
approximation can be used with a maximum error of arowhd2 i n most caseso.

The residue series method for calculating the effects of diffraction of radtswaundth& ar t h 6 s
surface is one of the canonical solutions of
of the 20" Century by a number of people, including Watson, Van der Pol, Brerhoeon,

Leontovich and Fock. The method allows field strength to be calculated as a sum of
contributions from discrete fAimodeso. The mode
attenuation rate with distance than the previous Dhes at distances well beyond the horizon,

only the lower order modecontribute significantly to the sum. Far enough beyond the horizon, it is
possible to approximate the field by the contribution of a single (least attenuated) mode (the first
term of the residue series). | n ,taddits possible®, t h
factor the expression for the field strength into separate range depanddrmight gain function
terms.Indeed h some casedsis evenpossibleto give analytical expressions for these terfirtgs is

true for the simplest casé @ linear vertical refractive index profile, and because this is a good
approxi mation for the fAaverageo atmosphere ne

In practice, it turns out that a single mode can be a good approximation to the full moeleesuan
distances quite close to the radio horiZBut this is not true at shorter distances, so a single mode
approximation is not usable well within the lkoésight region. However, thell mode sunis in
principlevalid at all ranges Computeiimplementations of the mode method can be used to obtain
valid results at linef-sight ranges by including sufficient modes for convergence of the results.
Computer implementations are also able to include more complicated refractive index profiles. Two
exampes are (a) the inclusion of an exponential refractive index profile, GRWAVE, and (b)
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the inclusion of multlinear refractive index profiles to model the effects of surface and elevated
ducts: these programs can model the guided wave propagatlaotghand the diffracted

icr eepi rnnganifevra fvameworkUnfortunatelythese more comgk cases cannot be
converted into simple analytical formulae.

Given the statement in Secti8ril of P.52610 that the formulae represent the first term of the
residue series, a number of sources in the literature were referenced to check the P.526 equations.
Thesencluded

1 ChapterB of NBS TN101[1] contains a mixed analytical/graphidzased method from
calculating the field strength due to diffraction ovephesical Earthbased on a residue
mode series calculation. It was initially believed that the equations of Ré2@lerived
from this source

1 The book edited bilerr [2] is representative of a textbook treatment of the residue series,
and the formulatioturned out to be very close to that used in P.B26implementation of
the residue series for guided wave propagation written by the author in3]l%8&ed on
the approach of Wait and Spi§ was also used.

3 The P.526 method

The diffraction field stength,E, relative to the frespace fieldEy, is given by P.524.0
Equation(13):

2O|ogEE = F(X) +G(Y,) +G(Y,) )

0
The normalised rang&, and heightsy; andY,, are given i P.526 Equationgl4) and (15)
In selfconsistent units:

a&pa. 8020
X=bglg d and Y=205; g h )
¢' 8+ ¢l &=
In practical units;
X =22bf"%a¥*d and Y =0.0096bf*%a;"*h (3)

whered is the path length (kmaei s t he equi v al e histhdaatenhathéight(m)ad i u
andf is the frequency (MHz)

The quantity b is given asKoathefgound:t i on of t he ¢

_1+1.6K?+0.75K*
1+4.5K? +1.35K*

K can be calculated in terms of the frequency, polarisation, the effective Earth radius and the

relative permittivity and conductivity of the gnod, using formulae given in Secti@nl.1.1 of

P.52610. These formulae are waktablished and straightforward, and there are no issues with

them. Note that althougki s referred to as the fAsurface adm
admittance is a comgk quantity, and is actually the magnitude of the admittance. The phase of

the admittance is ignored in P.526.

b(K) (4)

The functionF(X) depends only on the normalised distak@nd is given analytically by P.52k0
Equation(17):

F(X) =11+10log X - 17.6X (5)
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The functionG(Y) depends on the normalised heiytend the surface admittankeand is given as
a piecewise analytical formula in P.526 Equation(18). This formula has the appearance of a
Afcurve fito.

ITU-R Document 3J/34 questions the sign of thed®) term in eqn(5)L. Independent
verification of this expression is sought in the following sections.

4 Comparison of P.526 and TN101

TN101 is the most accessible of the source documents as it gives a practical method as a
combination of simple formulaand definitions based on plotted graphs. There are however three
difficulties when comparing.526 and TN101:

1. TN101 does not derive its equations from first principles, and the equations are given in
Apractical unitso r at huanmtties. Boawhile B comgatisondsa me n t
possible, it is not always clear wheéheterms haveome from

2. The distance and height fAnor malhdeelafTN10Ins 0 a
antenna heights are defined in terms of their horizon distauindeh leads to a square root
relationship between the normalised heights in P.526 and TN101.

3. The same nomenclature is used with different meanings in the two sources, which can be
confusing. Herewe addssic r i pts AP5260 and ATMJuBH ¢ wher
these.

Superficially, TN101 appears to have a similar structure to P.526. The equivalen(19 isqgiven
by TN101 Equatior§8.1), here converted from attenuation to field stremagith dropping the
gaseous absorption teryg which is not includd in P.526

E
20|09E_ = - Grui01(%0) + Frannoa(%) + Fragoi(X2) + C, (K, b) (6)

0

Consider first thgparameteC,(K,b). This is a function oK andb. It is clear that these are the
magnitude and phase of the surface admittance, and are given graphically in TN101 in terms of the
frequency, polasation, the effective Earth radius and the relative permittivity and conductivity of

the ground The curves foK given in TN101 Figur@&.1 agree with those given in Figitef

P.52610. It should be noted that for horizontal polarisatfos small (< 005) for all ground types

at all frequencies, while for vertical polarisatiéhis small (< 0.05) for frequencies aboveMBbiz

over land and above 30@Hz over sea.

Ci(K,b) is also defined graphically in Figuge4 of TN101. It has the limiting values

C1(0,b) = 20.03 andC,(b,b) = 20.94, independent of the valuelofForK in the range 0.1 to 10,
C1(K,b) varies between 16.5 and 21.5, depending on the valueSafice P.526 does not take
account of the phase of the surface admittazee ,no such term &% appears in the B26
formula, eqn(1), it is assumed that a constant value of ~2(idB the smalK value)should be
assumed fo€,(K,b) and this 20dB is absorbed somehow in@(g andF(.) functions.

The definition of the normalised distangg, and heightsgy andx,, requires quite a bit of
manipulation to get them into a form that is comparable to the X&28Y quantities The
relationship is:

X =LX and x,=L(bY,,)" (7)

lHere (Megpn refers to equati on(sN)ion rtenfiesr sd otcou neexntt e rams
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_48497¢cg " B(K,b)
¢ p = Db(K)

In this equation, thepeed of lightg, is given in units of km.MHz ()B(K,b) is again defined
graphically in TN101Figure8.3. B(K,b) has the limiting valueB(0,b) = 1.607 and

B(b,b) =0.7003, independent of the valueloB(K,b) is a strong function df, but a weak
function ofb, and is (nearly) monotonically decreasing wWAtfor fixed b. TN101 suggests that the
limiting value B(K,b) = 1.607 forK Y 0 may be used for most cases of horizontal polarisation.

By inspection, it Kafpnptieneoofegr@) washpeoportional 88(KP).wih2 6 b (
b =0. The proportionality constant must be 1.607 to satisfy the requiremeB(®@i3t= 1.607
w h i 10)e=1.6Tis suggests that

where L

(8)

B(K,b) =1.6076(K) 9)

Unfortunately this doeBOhMBME,b)dram TNEOL w229 kvhilethe n c e
rati ob)bs(1.8fromfedri4). However, the identification d(K,b) in TN101 withb K) in

P.526 is sufficiently compelling that, assuming that the state® andb limits given in TN101

are correct (and muatf the rest of TN101 agrees with P.526nal be shown below), we are

inclined to deduce that the P.526 formulafidf) is in error. A small modification to ed#d)

corrects the situation:

_1+1.6K?+0.67K*
1+45K? +1.53K*

Differences between the expressaf eqns (4) and (1@yein any case only noticeable for vertical
polarisation below 2MHz over landor30MHz over sea; jeK) a&) DOt her

Egn(10)l eads to the satisfying result thhag the p
normalised distance and height parameters if@qis a simple constant:

L =30575 (11)

Finally we can compare the TN101 and P.526 distance and height gain functions. The TN101
function Grn1014Xo) is given by TN101 Equatiof8.4):

Dren(K) (10)

Gryioi(%) = 0.0575X, - 10l0g x, (12)
Convertingxp to X using eqng7) and (11) gives:
Gruioi( %) =17.58X - 10log X - 24.85 (13)

The coefficients of the linear and logarithnéecmsin X agree well with the P.526 expression,
egn(5). This confirms that the linear and loghritic terms should have the opposite sign. The
constant term is different from the P.526 expression, but this is expected: we have already noted
that theCy(K,b) term (a constant) needs to be absorbed int&(hHeandF(.) functions. V.

therefore have

Grnio1(X0) = - Fesae(X) - 1385 (14)

To makethe P.526 and TN101 expressions for the diffraction field strengis(#) and (6) agree
taking account oégn(14) and a value of 20dB f@:(K,b) we postulatehe equivalence:

FTNlOl(Xl,Z) = GP526(Y1,2) - 1693 (15)

The corectness of eq(l5) was confirmed by plotting curves Bfnio1(X) derived from eqril15)
againsix as follows:
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1. For each value of x, calculate Y using e¢fsand (11);
2. CalculateGps4Y) using this value of Y and P.52® Equationg18);
3. Convert this vala of Gpsa4(Y) to Frnioi(X) using eqr(15)

In the discussion of the results it will be necessary to refer tGahg(Y) formulation of P.526L0
Equationg18), which is reproduced here:

Gps,6(Y) @L7.6(Y - 1.1)"? - 5log(Y - 1.1) - 8 foryY>2 (16)
Gps,(Y) @20log(Y +0.1Y°) for I0K<Y<2 (16a)
Gps,e(Y) @2+ 20l0gK +9log(Y /K)[log(Y/K) +1]  for K/10<Y<10K (16b)
Gps,6(Y) @2+ 20log K for Y < 10K (16c)

The P.52&derivedFni01(X) curves are shown in Figutefor four values oK (0.001, 0.01, 0.1 and
1). Comparing these with the curves takem TN101 Figure8.6 (reproduced here as Fig@ewe
note:

1. The curves correspond very well, at least for the valu&s<ot. A useful check is at very
smallx values (for examplg = 1km), where eqif16.c) applies. Here, the value Gfs.4Y)
depends dy on K (20dB per decade &, independent of the phasg, hheP.526 and
TN1O0linterceptvaluesatx = 1km agree very closely. This confirms the correctness of the
constant of 16.93 postulated in g4/®). (A close inspection of the TN101 curves of
Figure 2 appears to show that the curve KoD 10 lies below th& = 1 curve, implying that
the formula of eqri16c) breaks down for very lardfevalues. The reason for this is
unknown, and it is possible that the TN101 labelling is in error. In any case, for horizontal
polarisation and for all précal ground types at frequencies above 10MKlwill be less
than land this discrepancy can be ignored.)

2. Formidrange valuesaf(1Gi100km) , the Adipd in the TN1O:
phase of the surface admittanpeThe P.526&lerived curves arehaseindependent, but
appear to follow the TN101 curves for a value of b somewhere between 0° and 90°. Within
the accuracy that can be obtained whésignored (as it is in P.528e agreement is
good

3. Atthe largest values of(for examplex = 1000kn) the TN101 and P.528erived curves
agree for the smaller valueskf but deviate foK = 1.
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FIGURE 1
Frni101(X) calculated using P.526 Equation (18) for 4 values &f

——0.001 —=—0.01 01 ——1

70.0

60.0 /
50.0 ]
40.0

30.0 ,/

i s

0.0 [’/
-10.0 v ¢ 4
-20.0 y
-30.0 '/

-40.0

-50.0

-60.0

-70.0 ) /

-80.0

-90.0
-100.0

-110.0
-120.0

F(x)in dB

1 10 100 1000 10000

X in km

So apart from the small discrepancy for laxgendK, the correspondence betwebr £.526 and
TN101 formalisms described above appears to be correct. In particular, TN101 supports the
formulation of P.52610 Equation(17) with the positive sign in front of the logarithmic term.

It may appear that we have had to do rather a lot of teocknfirm the validity of P.5280

Equation(17). And in some ways, the derivation was not entirely satisfactory as a number of
constants were involved that were not derived from first principles. To remedy this we will derive
P.52610 Equation(17) diredly from the residue series the next section. But the correspondence
between the TN101 and P.526 formalisms is useful for another purpose. TN101 provides formulae
for calculating the distance and height ranges over which the single mode residueselties r

valid. Using the correspondence, we can translate these formulae into the P.526 formalism for
incorporation into P.526.

Finally in this section, we address the laxgesdK discrepancy between P.526 and TN101.

Figure2 shows that, for large vals®fXx, the heighigain curves oFrni01(X) become independent

of K. Indeed it is noted on Figu&that for large XFmnoi(X) ~Gmao(X) ; t hat i1 s, the
term is the same as the fdistanceo theghtm! Thi
definition used in TN101, and is certainly not true of the P.526 distance and height gain terms.
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FIGURE 2
Frn101(X) taken from TN101 Figure 8.6for severalvalues ofK

However, we should still expect the P.&5@€&rivedFrni01(X) curves of Figurd to be independent of
K at largex, but this is not what is seen fidr= 1. Eqn(16) shows thaBGps,4(Y) is independent df
for Y > 2. But an implicitK-dependence comes in through the transformation kY. Eqn(7)
shows that this involveswhich depends oK. For all values of KD0.1, 10 B> 0.97, so thé-
dependence i s=048 K Ewhich sgnificaBtly thanes the valueYoiised in
eqn(16) for a given value ok. This explains the higher curve fidr= 1.

Fortunatey there is a simple solution to this problem. Eg@ ) s hows t hat iYf we
in egns (16)16c¢) instead oY, then thek-independence d¥rni01(X) for largex will be restored.

This result is shown in Figui@ It is proposed that Equatio(i8)-(18c) of P.526 be amended along
these lines.
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