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1 Introduction  

ITU-R Document 3J/34 raised an issue concerning the sign of the 10log(X) term in Equation (17) of 

Section 3.1.1 of Recommendation ITU-R P.526-10. This equation is part of the numerical 

procedure for calculating the field strength due to diffraction over a spherical Earth for over-the-

horizon paths. It was observed that changing the sign of this term for values of X < 1 appears to give 

a better fit to GRWAVE results in the line-of-sight region. It was further observed that the results 

obtained from the nomogram method in Section 3.1.2 appeared to give reasonable results well into 

the line-of-sight region. The question was raised as to whether Equation (17) may be in error. 

In this document the derivation of the equations of Section 3.1.1.2 of P.526-10 are revisited. The 

equations are re-derived from the residue series and compared with other results in the literature. It 

is shown that Equation (17) is in fact correct. The problem is in the expectation that the method of 

Section 3.1.1 should be applicable in the line-of-sight region. It was possible to derive relatively 

simple formulae that define the limit of validity of the method, and it is proposed that this be added 

to P.526. Some discrepancies in Equation (16) defining ɓ and Equation (18) defining the height-

gain functions were found, and improved formulations are proposed. 

2 Background 

The method given for diffraction over a spherical Earth in Section 3.1 of P.526-10 has a heritage 

going back to at least 1986. The formulae of Section 3.1.1 and the nomograms of Section 3.1.2 exist 

in, and remain unmodified from, Recommendation 526-1/Report 715-2 (1986). This means, of 

course, that it was not possible to go back to the original input documents for a derivation of the 

method. On the other hand, Report 715-2 contains a reference section that gives some clues to the 

original open literature sources, although the specific equations in P.526 do not appear to come 

directly from any of these sources. 

Section 3.1 of P.526-10 does make it clear that the method of Section 3.1.1 is based on ñonly the 

first term of the residue seriesò. It is further noted that ñeven near or at the horizon this 

approximation can be used with a maximum error of around 2 dB in most casesò. 

The residue series method for calculating the effects of diffraction of radiowaves round the Earthôs 

surface is one of the canonical solutions of Maxwellôs equations, and was developed in the first half 

of the 20
th
 Century by a number of people, including Watson, Van der Pol, Bremmer, Norton, 

Leontovich and Fock. The method allows the field strength to be calculated as a sum of 

contributions from discrete ñmodesò. The modes form a series, each mode having a higher 

attenuation rate with distance than the previous one. Thus at distances well beyond the horizon, 

only the lower order modes contribute significantly to the sum. Far enough beyond the horizon, it is 

possible to approximate the field by the contribution of a single (least attenuated) mode (the first 

term of the residue series). In this case, the mode ñsumò becomes rather simple, and it is possible to 

factor the expression for the field strength into separate range dependent and height gain function 

terms. Indeed in some cases it is even possible to give analytical expressions for these terms. This is 

true for the simplest case of a linear vertical refractive index profile, and because this is a good 

approximation for the ñaverageò atmosphere near the surface of the Earth, is widely used. 

In practice, it turns out that a single mode can be a good approximation to the full mode sum even at 

distances quite close to the radio horizon. But this is not true at shorter distances, so a single mode 

approximation is not usable well within the line-of-sight region. However, the full mode sum is in 

principle valid at all ranges. Computer implementations of the mode method can be used to obtain 

valid results at line-of-sight ranges by including sufficient modes for convergence of the results. 

Computer implementations are also able to include more complicated refractive index profiles. Two 

examples are (a) the inclusion of an exponential refractive index profile, as in GRWAVE, and (b) 
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the inclusion of multi-linear refractive index profiles to model the effects of surface and elevated 

ducts: these programs can model the guided wave propagation in ducts and the diffracted 

ñcreepingò waves in a uniform framework. Unfortunately these more complex cases cannot be 

converted into simple analytical formulae. 

Given the statement in Section 3.1 of P.526-10 that the formulae represent the first term of the 

residue series, a number of sources in the literature were referenced to check the P.526 equations. 

These included: 

¶ Chapter 8 of NBS TN101 [1] contains a mixed analytical/graphical-based method from 

calculating the field strength due to diffraction over a spherical Earth, based on a residue 

mode series calculation. It was initially believed that the equations of P.526 were derived 

from this source 

¶ The book edited by Kerr [2] is representative of a textbook treatment of the residue series, 

and the formulation turned out to be very close to that used in P.526. An implementation of 

the residue series for guided wave propagation written by the author in 1985 [3] based on 

the approach of Wait and Spies [4] was also used. 

3 The P.526 method 

The diffraction field strength, E, relative to the free-space field, E0, is given by P.526-10 

Equation (13): 
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The normalised range, X, and heights, Y1 and Y2, are given by P.526 Equations (14) and (15). 
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In practical units; 
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where d is the path length (km), ae is the equivalent Earthôs radius (km), h is the antenna height (m) 

and f is the frequency (MHz). 

The quantity ɓ is given as a function of the surface admittance K of the ground: 
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K can be calculated in terms of the frequency, polarisation, the effective Earth radius and the 

relative permittivity and conductivity of the ground, using formulae given in Section 3.1.1.1 of 

P.526-10. These formulae are well-established and straightforward, and there are no issues with 

them. Note that although K is referred to as the ñsurface admittanceò in P.526, the surface 

admittance is a complex quantity, and K is actually the magnitude of the admittance. The phase of 

the admittance is ignored in P.526. 

The function F(X) depends only on the normalised distance X and is given analytically by P.526-10 

Equation (17): 

  XXXF 6.17log1011)( -+=  (5) 
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The function G(Y) depends on the normalised height Y and the surface admittance K and is given as 

a piecewise analytical formula in P.526-10 Equation (18). This formula has the appearance of a 

ñcurve fitò. 

ITU-R Document 3J/34 questions the sign of the 10log(X) term in eqn (5)1. Independent 

verification of this expression is sought in the following sections. 

4 Comparison of P.526 and TN101 

TN101 is the most accessible of the source documents as it gives a practical method as a 

combination of simple formulae and definitions based on plotted graphs. There are however three 

difficulties when comparing P.526 and TN101: 

1. TN101 does not derive its equations from first principles, and the equations are given in 

ñpractical unitsò rather than in fundamental physical quantities. So while a comparison is 

possible, it is not always clear where the terms have come from. 

2. The distance and height ñnormalisationsò are different in the two sources. Indeed in TN101 

antenna heights are defined in terms of their horizon distance, which leads to a square root 

relationship between the normalised heights in P.526 and TN101. 

3. The same nomenclature is used with different meanings in the two sources, which can be 

confusing. Here we add subscripts ñP526ò and ñTN101ò where necessary to distinguish 

these. 

Superficially, TN101 appears to have a similar structure to P.526. The equivalent to eqn (1) is given 

by TN101 Equation (8.1), here converted from attenuation to field strength and dropping the 

gaseous absorption term Aa which is not included in P.526: 
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Consider first the parameter C1(K,b). This is a function of K and b. It is clear that these are the 

magnitude and phase of the surface admittance, and are given graphically in TN101 in terms of the 

frequency, polarisation, the effective Earth radius and the relative permittivity and conductivity of 

the ground. The curves for K given in TN101 Figure 8.1 agree with those given in Figure 2 of 

P.526-10. It should be noted that for horizontal polarisation K is small (< 0.05) for all ground types 

at all frequencies, while for vertical polarisation, K is small (< 0.05) for frequencies above 20 MHz 

over land and above 300 MHz over sea. 

C1(K,b) is also defined graphically in Figure 8.4 of TN101. It has the limiting values 

C1(0,b) = 20.03 and C1(Ð,b) = 20.94, independent of the value of b. For K in the range 0.1 to 10, 

C1(K,b) varies between 16.5 and 21.5, depending on the value of b. Since P.526 does not take 

account of the phase of the surface admittance, and no such term as C1 appears in the P.526 

formula, eqn (1), it is assumed that a constant value of ~20dB (i.e. the small K value) should be 

assumed for C1(K,b) and this 20dB is absorbed somehow in the G(.) and F(.) functions. 

The definition of the normalised distance, x0, and heights, x1 and x2, requires quite a bit of 

manipulation to get them into a form that is comparable to the P.526 X and Y quantities. The 

relationship is: 
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1 Here ñeqn (N)ò refers to equations in this document and ñEquation (N)ò refers to external documents. 
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In this equation, the speed of light, c, is given in units of km.MHz (!). B(K,b) is again defined 

graphically in TN101, Figure 8.3. B(K,b) has the limiting values B(0,b) = 1.607 and 

B(Ð,b) = 0.7003, independent of the value of b. B(K,b) is a strong function of K, but a weak 

function of b, and is (nearly) monotonically decreasing with K for fixed b. TN101 suggests that the 

limiting value B(K,b) = 1.607 for K Ÿ 0 may be used for most cases of horizontal polarisation. 

By inspection, it appeared that the P.526 ɓ(K) function of eqn (4) was proportional to B(K,b) with 

b = 0. The proportionality constant must be 1.607 to satisfy the requirement that B(0,b) = 1.607 

while ɓ(0) = 1. This suggests that 

  )(607.1),( KbKB b=  (9) 

Unfortunately this doesnôt quite work, since the ratio B(0,b)/B(Ð,b) from TN101 is 2.29, while the 

ratio ɓ(0)/ɓ(Ð) is 1.8 from eqn (4). However, the identification of B(K,b) in TN101 with ɓ(K) in 

P.526 is sufficiently compelling that, assuming that the stated K = 0 and Ð limits given in TN101 

are correct (and much of the rest of TN101 agrees with P.526 as will  be shown below), we are 

inclined to deduce that the P.526 formula for ɓ(K) is in error. A small modification to eqn (4) 

corrects the situation: 
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Differences between the expressions of eqns (4) and (10) are in any case only noticeable for vertical 

polarisation below 20 MHz over land or 300 MHz over sea; in all other cases, ɓnew(K) å ɓ(K) å 1. 

Eqn (10) leads to the satisfying result that the parameter ȿ which relates the TN101 and P.526 

normalised distance and height parameters in eqn (8) is a simple constant: 

  75.305=L  (11) 

Finally we can compare the TN101 and P.526 distance and height gain functions. The TN101 

function GTN101(x0) is given by TN101 Equation (8.4): 

  000101 log1005751.0)( xxxGTN -=  (12) 

Converting x0 to X using eqns (7) and (11) gives: 

  85.24log1058.17)( 0101 --= XXxGTN  (13) 

The coefficients of the linear and logarithmic terms in X agree well with the P.526 expression, 

eqn (5). This confirms that the linear and logarithmic terms should have the opposite sign. The 

constant term is different from the P.526 expression, but this is expected: we have already noted 

that the C1(K,b) term (a constant) needs to be absorbed into the G(.) and F(.) functions. We 

therefore have: 

  85.13)()( 5260101 --= XFxG PTN  (14) 

To make the P.526 and TN101 expressions for the diffraction field strength, eqns (1) and (6), agree, 

taking account of eqn (14) and a value of 20dB for C1(K,b) we postulate the equivalence: 

  93.16)()( 2,15262,1101 -= YGxF PTN  (15) 

The correctness of eqn (15) was confirmed by plotting curves of FTN101(x) derived from eqn (15) 

against x as follows: 
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1. For each value of x, calculate Y using eqns (7) and (11); 

2. Calculate GP526(Y) using this value of Y and P.526-10 Equations (18); 

3. Convert this value of GP526(Y) to FTN101(x) using eqn (15) 

In the discussion of the results it will be necessary to refer to the GP526(Y) formulation of P.526-10 

Equations (18), which is reproduced here: 

  8)1.1log(5)1.1(6.17)( 2/1

526 ----@ YYYGP  for Y > 2 (16) 

  )1.0log(20)( 3

526 YYYGP +@  for 10K < Y < 2 (16a) 

  [ ]1)/log()/log(9log202)(526 +++@ KYKYKYGP  for K/10 < Y <10K (16b) 

  KYGP log202)(526 +@  for Y < 10K (16c) 

The P.526-derived FTN101(x) curves are shown in Figure 1 for four values of K (0.001, 0.01, 0.1 and 

1). Comparing these with the curves taken from TN101 Figure 8.6 (reproduced here as Figure 2) we 

note: 

1. The curves correspond very well, at least for the values of K < 1. A useful check is at very 

small x values (for example x = 1km), where eqn (16.c) applies. Here, the value of GP526(Y) 

depends only on K (20dB per decade of K, independent of the phase, b). The P.526 and 

TN101 intercept values at x = 1km agree very closely. This confirms the correctness of the 

constant of 16.93 postulated in eqn (15). (A close inspection of the TN101 curves of 

Figure 2 appears to show that the curve for K Ó 10 lies below the K = 1 curve, implying that 

the formula of eqn (16c) breaks down for very large K values. The reason for this is 

unknown, and it is possible that the TN101 labelling is in error. In any case, for horizontal 

polarisation and for all practical ground types at frequencies above 10MHz, K will be less 

than 1 and this discrepancy can be ignored.) 

2. For mid-range values of x (10ï100km), the ñdipò in the TN101 curves depends on the 

phase of the surface admittance, p. The P.526-derived curves are phase-independent, but 

appear to follow the TN101 curves for a value of b somewhere between 0° and 90°. Within 

the accuracy that can be obtained when b is ignored (as it is in P.526), the agreement is 

good. 

3. At the largest values of x (for example x = 1000km) the TN101 and P.526-derived curves 

agree for the smaller values of K, but deviate for K = 1. 
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FIGURE 1 

FTN101(x) calculated using P.526 Equation (18) for 4 values of K 
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So apart from the small discrepancy for large x and K, the correspondence between the P.526 and 

TN101 formalisms described above appears to be correct. In particular, TN101 supports the 

formulation of P.526-10 Equation (17) with the positive sign in front of the logarithmic term. 

It may appear that we have had to do rather a lot of work to confirm the validity of P.526-10 

Equation (17). And in some ways, the derivation was not entirely satisfactory as a number of 

constants were involved that were not derived from first principles. To remedy this we will derive 

P.526-10 Equation (17) directly from the residue series in the next section. But the correspondence 

between the TN101 and P.526 formalisms is useful for another purpose. TN101 provides formulae 

for calculating the distance and height ranges over which the single mode residue series result is 

valid. Using the correspondence, we can translate these formulae into the P.526 formalism for 

incorporation into P.526. 

Finally in this section, we address the large x and K discrepancy between P.526 and TN101. 

Figure 2 shows that, for large values of x, the height-gain curves of FTN101(x) become independent 

of K. Indeed it is noted on Figure 2 that for large x, FTN101(x) ~ GTN101(x); that is, the ñheight gainò 

term is the same as the ñdistanceò term! This is one advantage of the normalisation and height 

definition used in TN101, and is certainly not true of the P.526 distance and height gain terms. 
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FIGURE 2 

FTN101(x) taken from TN101 Figure 8.6 for several values of K 

 

 

However, we should still expect the P.526-derived FTN101(x) curves of Figure 1 to be independent of 

K at large x, but this is not what is seen for K = 1. Eqn (16) shows that GP526(Y) is independent of K 

for Y > 2. But an implicit K-dependence comes in through the transformation from x to Y. Eqn (7) 

shows that this involves �� which depends on K. For all values of K Ò 0.1, 1 Óɓ > 0.97, so the K-

dependence is negligible. But ɓ = 0.49 for K = 1 which significantly changes the value of Y used in 

eqn (16) for a given value of x. This explains the higher curve for K = 1. 

Fortunately there is a simple solution to this problem. Eqn (7) shows that if we use the quantity ɓY 

in eqns (16)-(16c) instead of Y, then the K-independence of FTN101(x) for large x will be restored. 

This result is shown in Figure 3. It is proposed that Equations (18)-(18c) of P.526 be amended along 

these lines. 


