APPENDIX A

INTERPOLATION IN A TRIANGLE

Assuming that the plane is divided into a number of triangles, we
describe a procedure for interpolating values of a function in each tri-
angle, The primary emphasis is on the smoothness of the interpolated
values not only inside of the triangle but also on the side of it; i.e.,
the interpolated values in a triangle .must smoothly connect with those

values in an adjacent triangle on the common side of two triangles.

Basic Assumptions.

Using a two-dimensional Cartesian coordinate system with x and
y axes, we describe the basic assumptions as follows:
(i) The value of the function at point (x,y) in a triangle is inter-

polated by a bivariate fifth-degree polynomial in x and y; i.e.,

5 5-j
(X, ¥ )= Z i qjkxj yk : (A-1)
j=0 k=0
Note that there are 21 coefficients to be determined.
(i1) The values of the function and its first-order and second-
y? g ny’ and
Y) are given at each vertex of the triangle. This assump-

order partial derivatives (i.e., z, Zys Z
y
tion yields 18 independent conditions.

(iii) The partial derivative of the function differentiated in the
direction perpendicular to each side of the triangle is a
polynomial of degree three, at most, in the variable meas-
ured in the direction of the side of the triangle. In other
words, when the coordinate system is transformed to another

Cartesian system, which we call the s-t system, in such a
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way that the s axis is parallel to each of the side of the
triangle, the bivariate polynomial in s and t representing

the z values must satisfy

Ztssss Ui (A-2)

Since a triangle has three sides, this assumption yields

three additional conditions.
The purpose of the third assumption is two-fold. This assumption adds
three independent conditions to the 18 conditions dictated by the second
assumption and, thus, enables one to determine the 21 coefficients of
the polynomial. It also assures smoothness of interpolated values as

described in the following paragraph.

We will prove smoothness of the interpolated values and therefore
smoothness of the resulting surface along the side of the triangle. Since
the coordinate transformation between the x-y system and the s-t sys-

tem is linear, the values of z Z.. s Z

x? Zy? Zxx and Zyy at each vertex

xy’

uniquely determine the values of Zgs Zys Bggos Zgts

and zyy at the same
vertex, each of the latter as a linear combination of the former. Then,
the =z, 2 and Zow values at two vertexes uniquely determine a fifth-
degree polynomial in s for z on the side between these vertexes. Since
two fifth degree polynomials in x and y representing z values in two
triangles that share the common side are reduced to fifth-degree poly-
nomials in s on the side, these two polynomials in x and y coincide with
each other on the common side., This proves continuity of the interpo-
lated z values along a side of a triangle. Similarly, the values of Z4
and zg; = (Zt)s at two vertexes uniquely determine a third-degree poly-
nomial in s for z, on the side. Since the polynomial representing 7y is

assumed to be third degree at most with respect to s, two polynomials

representing z; in two triangles that share the common side also
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coincide with each other on the side. This proves continuity of z; and

thus smoothness of z along the side of the triangle.

Coordinate Sy‘ste'r‘n Associated With the Triangle.

We denote the vertexes of the triangle by Vi VZ, and V
counter-clockwme order, and their r(,spectwe coordinates in the X-y
Carte51an coordinate system by (xl,yl), (xz,y-z), and (xa,y3), as
shown in figure A-1(a). We introduce a new coordinate system asso-
ciated with the triangle, where the vertexes are represented by (0,0),
(1,0), and (0,1) as shown in figure A-1(b). We call this new system

the u-v system.

The coordinate transformation between the x-y system and the

u-v system is represented by

X=au+bv+x0 .
(A-3)
y=cu+dv+y0 ’
where
a=x2 -xl s
b=x3 "X
Co= -Yl ’
¢ (A-4)
d _Y3 = Y]. 3
Xy =X
Yo=Y .
The inverse relation is
u=[dx-xj)- b(y-yg)]/(ad - be),
(A-5)

=[-cx-x5) +aly-y )] /(ad - be).
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b ,, +

3 ["3:‘/3)

P>

Pl (xz :Yz)

(X1 :Yi]
- =
(a) x-y system.

(c) s-t system-1, (d) s-t system-2,

(e) s-t system-3.

Figure A-1, Various coordinate systems.
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The partial derivatives in the x-y system are transformed to the

u-v system by

™
I

—azx-t-czy,

N
1

bzx + dZY .

2
zxx+7_aczxy+c ZYY’ (A-6)

a2

N
1

N
1

abz,. t{ad + bc)zxy+ Cdzy}r =

bz +2bdz  +d%z

y vy’

N
I

Since this coordinate transformation is linear, the interpolating

polynomial (A-1) is transformed to

5_:
z(u, v) = E prjkuj vk . (A-7)

5
j=0 k=0
Since it is the p coefficients that are determined directly, as shown

later, and are used for interpolating z values, it is unnecessary to re-

late the p coefficients to the q coefficients used in (A-1).

The partial derivatives of z(u,v) in the u-v system are expressed

by

=] k=0
4 5-j
zy(u, v) = E Z kp.kuJ vk"l s
j=0 k=1 J
5 5- -
_ - -2 _k
Zygu(9s V) = jz_:ak_om—l)pjkuJ - (A-8)
4 5- I e
zuv(u,v) = Z Jkpjk w Tty ,
5=1 k=1
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3 5-j

' i k=2
zvv(u,v) = 2 1ék(k“l)pjk‘d‘]v .

j=0

We denote the lengths of the unit vectors in the u-v system (i.e.,

the lengths of sides V;V, and V,) by L and L_, respectively, and
g 12 1V3! PY Ha v y

the angle between the u and v axes by 6§, . They are given by

g P 2
Lu—a + c“,

v =P

1

Ouy = tan-l(d/b) - tan_l(c/a) s

where a, b, c, and d are constants given in (A-4).

Implementation of the Third Assumption.

We represent the third assumption (A-2) in the u-v system and
derive useful equations for determining the coefficients of the polyno-
mial. We do this for three cases corresponding to the three sides of

the triangle.

First, we consider the case where the s axis is parallel to side

VlVZ, as shown in figure A-1(c). The coordinate transformation

between the u-v system and the s-t system is expressed by

1

u = [(sin Buv}(s -SO) - (cos Buv) (t—to)] /(Lusin euv) s

(A-10)

v (t -to) /(Lv sin 9w) .

where Lu, L_, and euv are constants given in (A-9). Partial deriva-

v

tives with respect to s and t are expressed by

9 _ L1 o
ds L, du’
- (A-11)
UL D - T T bl £ - (8
3t L, sin euv du Ly sin B iy v’
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respectively. From (A-2), (A-7), and (A-11), we obtain

Lup‘:}1 - ELVcos (;uv.psé- =605 sl (A-12)

Next, we consider the case where the s axis is parallel to side

VlVB’ as shown in figure A-1(d). The coordinate transformation is

expressed by

a= - (t—-to}/(Lu sin Huv) )
7 (A-13)
v = [(sin Buv) (s - so} 4+ (cos Bchlt -to)] /(Lv sin euv) :
Partial derivatives are expressed by
2.l
ds L av *’
% (A-14)
-a_—_“ 1 a__+- cos b Q___
at Ly sin 6, du L5 0y
Then, from (A-2), (A-7), and (A-14), we obtain
val4 —5Luc058uvp05=0. (A-15)

Next, we consider the third case where the s axis is parallel to

side V2V3, as shown in figure A-1(e). The coordinate transformation

is expressed by

a=Als-s)+ B('t-to),

(A-16)
v = C(S"So)+ D(t'to) ’
where
A= sin(l,,~0,.) /(L,sin 6uy) »
B = - cos(f,-6,.)/(Lysing_ ),
C=sinf, /(L sing,,), (A-17)
D = cos by /(L sin g, ),
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0us = tan'l[(d -c)/(b=-2a)] - ta;n-l(c f a)

u
The §,, constant is the angle between the s and the u axes. The a, b,

c, and d constants are given in (A-4), and Lu’ L. ; and euv are given

in (A-9). Partial derivatives with respect to s and t are expressed by

9. _ a8 om0
ds A8u+ cav ’
(A-18)
I N
ot Bau+DBv°

From (A-2), (A-7), and (A-18), we obtain
4 3 2
5A Bp50+A (4BC+AD)p4l+A C(SBC+2AD)p32

+ACZQBC+3Aan3+cﬂBc+4AD) +5c4DmB:0.

Prg
(A-19)

Equations (A-12), (A-15), and (A-19) are the results of imple-
mentation of the third assumption (A-2) in the u-v coordinate system.

They are used for determining the coefficients of the polynomial (A-7).

Determination of the Coefficients of the Polynomial,

Obviously, we can determine the coefficients of the lower-power
terms by letting u = 0 and v= 0 and by inserting the values of z, z,

Z

Z , and Zgy 2t V) (i,e., u=0and v =0)in (A-7) and (A-8),

v? Zuu’ Zuv

The results are

Pgo = 2(0,0),
Pnq = 24(0,0),
01 v
(A-20)
pZO = zuu{0,0) /2
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P = 24y(0:0),

Poy = 2yy{0:0) /2.

Next, letting u = 1 and v = 0 and inserting the values of z, Z
and z . at VZ (i.e., u=1and v =0)in (A-7) and the first and the third

equations in (A-8), we obtain the following three equations:

+ z(1,0) -

1

P30 Pgot  Psy Poo " P1g " Pyo ¢

1]

3P3p* 4Pyt Spg 2q{1:0) =Py = 2p,, s
6p3o+12p40+20p50 = zuu(l,O)-szo.

Solving these equations with respect to P3g? Pyq» and Pgg: We obtain

P3g = [202(1,0) -8z (1,0)+ 2,,.(1,0) - 20pgo - 12p,, - 6p,,]/2,
p40 ==-152(1,0) + 7zu(l,0) - zuu(l,O) + 15p0O + 8p10 + 3p20 s
Prg = [122(1,0) - 6z (1,0) +2,,(1,0) - 12pyg - 6Pgq - 2p20]/z.

(A-21)
Since Poo? Pio? and P, are already determined by (A-20), we can cal-
culate P3g» Pygo and P from (A-21).

Similarly, using the values of z, z,, and z

vvatvf, (i.e.; u=90

and v = 1) and working with (A-7) and the second and the last equations

in (A-8), we obtain

p03 = [20 Z(O’l) i 8Zv(o’l} + ZVV(OSI) - 2‘0 pOO_ Iz‘pol— 6p02]/2'l
= =152(0,1 0 - '
= 0,1) - S ; - =

Pog = [122(0,1) - 62,(0,1) + z_ (0,1) 12pgg = 6pyq = 2p,,1/2.

(A-22)
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. . " :
With Pgo and Pos determined, we can determine Py and Py
from (A-12) and (A-15), respectively. The results are

5 L’v cos guv
P41 L Pgo
(A=23)

P14 Lig Posg -

Next, we use the values of z, and z at Vv, (i.e., u =1 and
uv 2

v = 0) with the second and the fourth equations in (A-8) and obtain

Pyy t Pgp =24{1L0) - pPy; = Pyy =Py
2p,; +3pgq 72y (1,0) - pyy - 4p,, .

Solving these equations, we obtain

Ps1 3zv(1,0)-zuv(l,0)—3pgl-Zpll+ Py *

I

P -sz(l,0)+zuv(l,0)+2p01+

Similarly, using the values of z, and Z .y at V3 (i.e., u=0 and

v = 1) with the first and the fourth equations in (A-8), we obtain

P = 32(0!1)"2 (Osl)"?’p "‘2.p + P 3
12 u uv 10 11 14
(A-25)
p13:“ZZU(O’1)+ZUV(0’1)+ZPIO+ pll~2pl4.
Equation (A-19) is rewritten as
where
g, = AL G(3 BC+2AD),
2
g, =AC (2BC+3AD), (A=27)
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_ - 4 .
hy =-5A" Bp,, - A (4BC+AD)p,,

3 4
-C (E’>C~I—~’=‘ul,12))p14 ~-5C Dp05 .

with A, B, C, and D defined by (A-17). From the value of By 2% VZ

and the last equation in (A-8), we obtain

where

h.2 = (l/Z)zvv(l,O) (A-29)

~"Pop = P1p.-

Similarly, from the value of Zyy @tV and the third equation in (A-8),

3
we obtain

where

h3 = (1/2)zuu(0,l) = Pyg = Py (A-31)

Solving (A-26), (A-28), and (A-30) with respect to Pysys Py and Pyas

we obtain

Py, = (glhZ + g2h3 - hl)/(gl + gz) .

p32 = hz - pzz ? (A-32)
Bosi~ 83 =m0
with g1 8,» hl’ h.?.’ and h3 given by (A-27), (A-29), and (A-31).

Step-by~-Step Description of the Procedure.

In summary, the coefficients of the polynomial are determined
by the following steps:
(i) Determine a, b, ¢, and d (coefficients for coordinate trans-

formation) from (A-4).
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s Z

(ii) Calculate partizl derivatives 2y By

T et AT from
(A-6).

(iii) Calculate L, Ly, and 0 (constants associated with the u-v
coordinate system) from (A-9).

(iv) Calculate A, B, C, and D (coefficients for another coordinate
transformation) from (A-17).

(v) Determine 18 coefficients of the polynomial from (A-20),
(A-21); (A=22); (A=23), lA~24), and {N=28) == indhis Grdes:

(vi) Calculate g1 8y hl’ hZ’ and h, from (A-27), (A-29), and

(A-31).

3

(vii) Determine the remaining three coefficients from (A-32).

For a given point (x,y) in the triangle, one can interpolate the z
value by the following steps: '
(i) Transform x and y to u and v by (A-5) with necessary coeffi-
cients given by (A-4).

(ii) Evaluate the polynomial for z(u, v) given in (A-T).

Although some equations look complicated, the procedure de-
scribed here is straightforward. It can easily Le implemented as a

computer subroutine.
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