APPENDIX B: Numerical Analysis

The integral equation (1) or equivalently (A-13) is of the form of
a linear Volterra integral equation of the second kind, i.e.,

X

f(x) = g(x) - ¢ :‘l f(s) K(x, s) ds (B-1)

[e]

where f£(x) is the unknown attenuation function whose value is to be
determined in the interval 0 < s < x . The function g(x) and X(x, s)
are known, and c is a comnstant. If g(x) is bounded and continuous

and if

x
X |K(x,s)| ds<L<e (B-2)

o

then the solution will be unique and continuous (Wagner, 1953). This integral
equation can be solved by a stepwise calculation that divides the interval

x into subintervals of arbitrary width.
That is, consider the subdivision

1 X
fx) = Wik ) - @) | f(e)KG,s) ds

O

=) nxn
+ J f(s)K(xn, s)ds + ¢+« + j f(s)K (Xn, s)ds}
X, p:3

o (B-3)

The unknown function, £(s), is fitted with a polynomial of the form

f(s) =a, +a;s +a, s° (B -4)
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Increasing the degree of the polynomial to 3 or higher would
result in even higher accuracy; however, the algebra becomes more
complicated and sufficient accuracy can be obtained with the polynomial
of degree 2. In some examples, the solution may become unstable for
the higher degree polynomial and oscillate between the fitted points.

The solution of the integral equation requires special starting

procedures. We suggest that the interpolating polynomial be of the form

[

> 3/2
f(s)=ao+onls2+0.2s+0.3s/ , 0= s85=2x (B-5)

and to use (B-4) for x < s=< x . The choice in (B-5) is a logical one if
we assume the terrain is flat in the immediate vicinity of the transmit-
ting antenna. If the terrain is flat the exact answer for the attenuation
function is then in fact a half-order power series in the numerical dis-

tance. Requiring the polynomial in (B-5} to pass through the first four

consecutive points yields

ag = 1.0 (B -6a)
o) =Ry f(x) + Roflse) + Raflxs) T Ry (B - 6b)
0y =Rsf(xy) + Reflxp) + Ry f(x5) + Re (B-6c)
oz =Ry f(x) + Rof(se) + Riaflxs) + Rip (B-6d)

The constants in (B-4) are found by requiring the polynomial to pass

through the points x. X.
1=

1 and x. . Itis a simple exercise to show
i- i

2 H]
that

a, = Ris f(xi) + Ry, f(Xi-l) + Ry g f(Xi-Z) (B-72)
a2, =Rig f(xi) + R4 f(xi_l) + Ry g f(Xi—Z) (B-7b)
a, = Rig f(Xi) T Roy f(xi-l) + Roq f(Xi-Z) (B-"7c)
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where the R's in (B-6) and (B-7) are defined as

D = G337 [ 3 (o) 3 (7o) 435 (57 5) ] (B-8a)
Ry = %% (Xs%'xz%)/D (B -8b)
Ry = x %5 (xl%-x;%)/D (B-8c)
Ry =x% (xj—xl%)/D (B -8d)
R, :[ 5 (o 3/2_ 3/2)+>%(X3/2_%3/2) :%(&3/2 3/2)]/13 (B-8¢)
Rs =(xex3)5(xg -%,)/ D (B-8f)
Rg "(X1X3) (s -x )/ D (B-8g)
Ry =(X1Xs?)%(xl -3 )/ D (B-8h)
R, \— 5( 3/2_ 3/2)+x§(x83/2-x13/2)+ 5( 3/2 3/2)]',D (B -81)
R = (X,a}s’s)é (xs%-xp,%)/D (B -8j)
R, = (530) (a®-x7)/ D (B -8k)
Riy = (e )? (5 %-xf)/D (B-8)
Riz _[Xl(xé }§2)+}%(X1 -xs)+xs —xl)]/D (B-8m)
Dy =t -Xi-l)\:xai-xi(xi-z X1 T F 2% ] (B-8a)
Ras =3 1% 5 065 - %M/ D (B -80)
Rip =x, % (% -x _)/D, (B -8p)
Ris =x % ; (% 4 —xi)/Di (B-8q)
Ris = (_; -3 _)/D, (B-8r)
Rig =(x; , -%)/D, (B -8s)
Rig = (5 - ,)/D, (B -8t)
Rig = (x,_, =%, )/D, (B -8u)
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)/ D. (B-8v)
Using our polynomial interpolation formulas for £(s) we find

that the integrals in (B-3) all have the following generic form

X.

P, (Xi ) Xj’ xk) = X : s/E'/ZK(xi , 8) ds (B-9;
*k
with
0< k< j-1
1<j<i
2<i<n (B-10)

t=0,1, 2, 3, 4.

These integrals are evaluated numerically using a five point Gaussian
integration formula with special attention given to those integrals having
singularities at either of the endpoints of integration.

Substituting (B-4) through (B-10) into (B-3) yields the following

.th .
general expression for f(x) atthe i point

1
f(i) {1 + (1/)\ ) 2[R13 (1)po(i: i: i'l)+R16 (1)p2 (is i: J'-"1)"{'R'19 (i)pd_- (i: i’ i"l) ]}

, 2 ; 3
=W -6/ ) B (3, 3-14R ) 2 (5 503-14Ra ) B (505, 3-1)

j:l j:l J:l
3 3 3
+Rup ) 2o (i, 3= DHED[ R ) pr (15,31 + Re), B (5,5, 1)
j=1 =1 =1
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3 3 3
+Ry ) B (5,3,3-1) [+ Re ) Br (232 5-114Ra ) B (1,3, 5-1)
j=1 j=1 =1

3
R ) B (1235 3-1) Ryg (40po (5, 4, 3)+Rec (490 (1 4, 3)1+Ro1 (40 (1,4, 3) |
j=1

3 3 3

< e . e . |
+f_(3)[R,3 Lp1(1,3,3—1)+R,,>:p2(1,3,3—1) +R112P3 (i,3,3-1)

j=1 =1 j=1

+Ry 4 (4)p, (15 45 3)1tRy o (4)p: (1, 4, 3Ry o () (i, 4, 3)+Ry 5 (5)p;, (1, 5, 4)

i-2
+Rys (512 (4, 5, 9+Res (91 (1,5, 4) | + ) £(m) [ Rys (m)py (4, mm,m-1)

m=4

Ry 4 (mt1)p, (i, m+1, m) + R, 5 (mt2)p, (i, m+2, m+1)

+R; ¢ (m)ps (1, m, m=-1)+R;, (m+1)p; (i, m+1, m) +Ry g (m+2)ps (i, m+2, m+1)
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+Ry o (m)py (i, m,m-1)+Rp o (mt1)p, (i, m+1l, m}+Rsy (m+2)p, (i, m+2, m+1):\

+f(i—1)‘l__R13(i-1)p°(i’ i-1i-2)+R;, ()py (1,1,1-1)+Ryq (i-1)ps (i,i-1,1-2)

Ry o (0)ps (51, i-1)+ Ry (i-1)ps (1, -1, 1-2) +Ro o ()4 (4 Li-) |} (8-11)
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