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FURTHER INVESTIGATIONS OF THE MULTIPLE KNIFE-EDGE
ATTENUATION FUNCTION

L. E. Vogler*

The multiple knife-edge (MKE) attenuation function is
derived from Fresnel-Kirchhoff theory and compared with the
original derivation from Furutsu·s generalized residue
series. It is shown that the two methods give complex attenua
tions with the same absolute magnitude but differing in
phase. The analytical basis for an improved computational
procedure is developed that eliminates the changeover values
and abrupt discontinuities of attenuation inherent in the
original MKE computer program. A brief discussion of previous
MKE diffraction results is presented and an example comparison
is made with the Geometrical Theory of Diffraction and the
approximations of Epstein-Peterson and Deygout.

Key words: attenuation calculations; electromagnetic wave
propagation; multiple knife-edge diffraction

1. INTRODUCTION
The purpose of this paper is to present further developments concerning the

multiple knife-edge (MKE) attenuation function that has been derived recently by
Vogler (1981, 1982). The MKE function is the basis for a computer program that
calculates attenuation over a propagation path that may consist of up to 10
kni fe-edges.

The original derivation started from a generalized residue series for
diffraction over a sequence of rounded obstacles developed by Furutsu (1963). It is
not at all obvious that the MKE function derived in this manner is the same as one
derived from Fresnel-Kirchhoff theory such as was used by Millington et ale (1962)
for double knife-edge diffraction. In fact, the complex attenuations of the two
methods differ in phase although their absolute values are equal. In Section 2 the
MKE function will be derived from Fresnel-Kirchhoff theory and an explicit
expression for the phase difference factor will be given.

Another aspect to be discussed in the present work concerns the numerical
evaluation of the MKE function. Attenuation values are obtained from a series whose
terms involve repeated integrals of the error function. As noted in the original

*The author is with the Institute for Telecommunication Sciences, National
Telecommunications and Information Administration, U.S. Department of
Commerce, Boulder, CO 80303.



paper (Vogler, 1981), certain limitations on the series could cause an abrupt

discontinuity in the attenuation as the height of a knife-edge was decreased. In
Section 3 an analysis of the problem is presented which leads to a means of
eliminating the discontinuities.

2. THE FRESNEL-KIRCHHOFF DERIVATION
The geometry associated with the knife-edge problem is shown in Figure 1. It

is assumed that the knife-edges are perfectly absorbing screens placed normal to the
direction of propagation and extending to infinity in .both horizontal directions and
vertically downwards. For a path consisting of N~nife-edges and two antenna
terminals with heights hm {above a reference plane) and with separation distances
rm, the diffraction angles 8, for em small, can be approximated by

(1 )

(2)

In the application of Fresnel-Kirchhoff theory to MKE diffraction, elements of
the wavefront are formed in the aperture above each knife-edge and the assumption is
made that the field at any particular element arises solely from the total field
over the preceding aperture. Only spatial phase change effects are considered

significant and the usual condition is made that the separation distances are large
compared with the knife-edge heights and wavelength A. Furthermore, because of
knife-edge symmetry in the horizontal direction (y-axis) and because factors
obtained by integrating with respect to y cancel out in forming the attenuation
(Millington etal., 1962), only phase differences in the plane of propagation are
required.

The path length between two points, P and Q, above adjacent knife-edges, m and
m+l, minus the distance between knife-edges is

(3)

where X denotes the vertical coordinates of the points.m
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Figure 1. Geometry for multiple knife-edge diffraction.



Assuming plane wave propagation and exp(iwt) time dependence, an element of
field strength dE at the receiver due to a particular pa.th from the source can be
written as

A

dE ~ exp[-FNjdXl".dXN ' (4)

(5)

Applying Huygens· principle and integrating over each aperture, we find that the
total field is then

(6)

where K is an unknown constant.
The free-space field Eo is found from (6) by allowing the heights hmto

approach -00. The attenuation relative to the free-space field is then given by

(7)

where, for convenience, we have introduced the notation
A

E(hm) = ~ 00 ... flO e- FNdX1 ... dX N ' m = 1, .., , N , (8)
h1 hN

and E(-oo) is (8) with the lower limits replaced by -00.
It appears, that (8) can be integrated in closed form only in certain special

cases, one of which is the free-space condition E{-oo). To show this we first define
the function

(9)
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where Rk+1 = r1 + ••• + rk+l '

Next, we make the change of variables

successively, so that

(10)

(11)

(12)

(13)

Lower limits of the integrals in (8)

(14a)

(14b)

Expli.cit ex.pressions for urn and Tm in terms of knife-edge heights and separation

di s.tances are

U ::: (i k/2) 1/ 2[.(R . /. R.) 1/2 (h - h· ) - ]. - 1m"m+l rm+l m m 0 Tm , m- , ---, N,

Tk = (rk+2Rk/rk+1Rk+2)1/2[(2/ik)l/2Vk+1 + Tk+1], k =N-1, , 1,

(15a)

(15b)

with Rm defined by (10). Notice that u ~ -~ when h ~ -00.m m
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With the definitions (12), the function FN becomes

(16)

where RN+1 is the total path distance from source to receiver along the reference
plane (see Figure 1). For free-space conditions, (8) is now easily integrated to
obtain

(17 )

and the attenuation (7) becomes

2-(v, +
e (18)

(19 )

where the lower limits are given by (14).

For N=I, (18) is the familiar single knife-edge attenuation function. For N=2
and ho=h 3=O, (18) is equal to the conjugate of the double knife-edge attenuation
function given by equation (12)1n Millington et ale (1962). The conjugate
relationship arises simply because of the different time dependence conventions
used.

The Fresnel-Kirchhoff formulation of MKE attenuation is easily expressed in
terms of the heights and separation distances of Figure 1 by applying relationships

(12) through (14) to equation (18). The result is

IIJoo 00 AF. N/2 aN - N
E/EO = (lk/27T) (eN/Pl' "PN)e .. , ( e dX, .. , dXN '

hl JhN
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(20)

and FN, eN' and Pm are defined in (5), (9), and (2) respectively.
The "Fresnel-Kirchhoff" MKE function given by (19) now can be related to the

"residue series" MKE function of the original derivation (Vogler, 1981) through the
following considerations. First we define the parameter

(3= (ik/2) 1/2p e = (ik/2) 1/2 hm _(hm-. 1 + hm+1.) p •
m mm Pm rm rm+1 m

Then with the -,change ofvari ab1es

x = (; k/2. )1/2 Xm, _ (hm. - 1 + hm+1) Pm • m = 1, ••. , N,, Pm rm rm+1 m

we have that

and the lowerli.mitof the new variable xm is Sm.

The exponent' in (19) now becomes

A.

FN- a~ ~ FN+ a~ - aN '

N-l
where FN = xf + ... + x~ - 2~ am(xm-l3m)(xm+l-13m+l) ,

m=l

(21 )

(22)

(23)

(24)

(25)

(26)

(27)
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and a, and S are defined in (11) and (21). Finally, the attenuation \in terms ofm . m
the variables xm is given by

(28)

which is identical to the original derivation obtained from the residue series

except for the phase factorexp(-aN). (See equation (29) in Vogler (19B!).)

The difference in phase arises from the fact that the reference free-space path
in the residue series derivation consists of the path segments connecting the tops
of. the knife-edges, whereas the reference path in the presentderi vati on is the
total distance along the reference plane (see Figure 1). It should be noticed that

the double knife-edge derivation of Millington etal. {1962) is restricted to the
condition that the source and receiver are the same distance from the reference

plane (ho=h).
Numerical comparisons of double knife-edge diffraction by the method of Furutsu

(1963) and by the method of Millington et ale (1962) show that values ofthe'complex
attenuation are the same in absolute value but differ in phase. The phase
difference is just the facto~ exp{-a~) where a~ is given by (26) with ho=h3=O.

As a knife-edge tends to -~, the resultant attenuation should agree both in
magnitude and phase with the attenuation that would be calculated without that
knife-edge. The use of RN+1 as the referencedi stance for the free-space'fi el d
assures this result, whereas a reference distance obtained by connecting the tops of
the knife-edges does not. Furthermore, in the application of the MKE diffraction to
actual radio propagation paths, the geometry of Figure 1 is more convenient than if
the reference base were the straight line connecting the tops of the~n~ennnas.

Simple expressions that take into account the effects of earth curvature and atmos
pheric refraction are available to calculate effective heights of terrain features

and the receiving antenna relative to the reference plane.
Although the attenuation as given by (19) is in a form more easily recognizable

geometrically, the expression in (28) is the one used to obtain numerical

evaluations of MKE attenuation. Further discussions on this subject are covered in
the next section.
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3. ELIMINATION OF CHANGEOVER VALUES
Numerical evaluations of (28) are accomplished by expanding the exponential

into a series of terms involving repeated integrals of the error function with
arguments 8m• The series forms the basis for a computational algorithm to calculate
EIEo for arbitrary inputs of knife-edge heights and separation distances and is
quite satisfactory for positive or zero S. For negative B the series is still
suitable as long as IBI is small; however,significant figure loss becomes a problem
as any or all Bls increase negatively. Here, and in what follows, we shall use the
term "negative B" to mean that the angle 8 in (21) has a negative value.

The original MKE attenuation computer program calculates attenuation using
predetermined, critical values of B. If a knife-edge is sufficiently below the
adjacent knife-edges, this results in a negative B that is less than the critical olr
"changeover" value. That knife-edge is then eliminated and the attenuation is
calculated for the remaining knife-edges. The abrupt switch from Nto N-1 knife
edges at the changeover value produces a discontinuity in attenuation which,

although usually small, prevents a detailed knowledge of variation with height.
Because only negative BIS cause problems in the computational procedure, it is

of interest to see if the multiple integral can be reformulated into an expression
containing only positive (or zero) (3I S • This may be 'accomplished in the following
manner.

It is assumed that the ]..lth kn i fe-edge, of hei ght h]..l' i slow enough to result in
a negative S, S]..l- Then the multiple integral in (19) can be partitioned into

(29)

where, for notational purposes, the first multiple integral on the right hand side

wi 11 be denoted by 11 and the second by 12- "-
Restricting our attention to 11' we can write FN from (5) as

FN = (1k) [(h~~Xl)2 + •.• + (~~~~::~+1)2 + ... + (XNr:+~N+l)2

( 2 2 2]+ Xll-1-X]..l) + ~Xh!+l) _ (Xh!-l-Xl:!+l)
r]..l r]..l+l rll+r]..l+l

== Gk) FN-1 + nll

9
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Now make the change of variable

(31)

() X (X X 1~· (i k/2)1/2v =ikl/2 _.1.I _ Ll + ~.+.p. ~ dv =-
a 2 Pl.I rl.l rl.l+l 1.I a Pl.I

and II becomes

11 =(~~)N/2~~~:~PN) (fk) 1/2Pl.lJ~ e-
v6

dvo 1N- 1

dX ,
lJ

(32)

(33)

where I N_,
-(ik/2}FN_le dX, ... dXN ' (34)

with the understanding that the integral with respect taX has been del~ted in
1.1

(34).

Because of the relationship (CN/Pl'~'PN) = (RN+l/rl ... rN+l}1/2~ it can be Seen
that (33) is identical to the expression for MKE attenuation (19) over the path if the
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~th knife-edge were absent and an appropriate separation distance of r~ + r~l Were
used. Thus, 11 can be evaluated as a path with N-l knife-edges and with the
negative S~ no longer present. The preceding argument will hold for l~~~ if we
assume, for notational conventence, that Xo ~ ho and XN+1 ~ hN+1•

Returning to the second multiple integral in (29), we can apply the change of
variables given by (22) to arrive at

00

12 = KJ...
S1 f

s~ foo -FN
· · · e dX l · · · dXN

-00 aN

-F '
e Ndxl ... dXN ' (35)

(36)

and FNis the same as FN given by (25) except for the linear order terms involving

x~: the factor (x~-B~) is replaced by (-x~-S~) = -(x~+S~). Since B~ is negative,
the multiple integral in (35) can now be expanded into a series containing repeated
integrals of the error function (all with positive arguments) in exactly the same
manner as the original computational algorithm. A negative sign, arising from the

x~ integration, will be associated with some of the terms, but the arguments of
positive S assure satisfactory convergence.

The partitioning procedure described above can be applied sequentially until no
negative S's remain. Thus, any combination of knife-edge heights can be decreased

to -~ and the variation of attenuation studied. An algorithm utilizing partitioning
will eliminate the sudden discontinuities of attenuation that occur in the original

MKE computer program; however, a disadvantage is that increased computer time is
sometimes necessary because of the extra number of multiple integrals that

must be evaluated. Of course if all S's are positive, there is no difference in
running time. Furthermore, in the basic series used to calculate the attenuation,
fewer terms are necessary to assure a given accuracy if all SiS are positive rather
than some being negative. Thus, partitioning, which guarantees.positive SiS, will
have more multiple integrals but each one will need fewer terms for evaluation. For
this reason partitioning when N<7 is often more advantageous as far as computer
running time is concerned.
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The partition method has been incorporated into a~omputer program that calcu

lates MKE attenuation for inputs of up to 10 knife-edges. This unpublished program
(designated PAMKE) allows detailed study of attenuation even in the interference
regions. Comparisons of the output from PAMKE with attenuations as calculated from

the ~riginal computer program (also unpublished and designated FAMKE) that made use
of changeover values are shown in the following examples.

A propagation path consisting of four knife-edges arranged as shown in Figure 2
is assumed. It should be remembered that the knife-edge heights are measured from
an arbitrary reference level and that it is their relative heights that are of
interest. The MKE attenuation, (E/Eo) in dB, as a function of receiver height,hR
in meters, is plotted for both PAMKE (with partitions) and FAMKE(with changeover
values). As the receiver rises from the shadow region into line-of-sight, the solid
curve (PAMKE) shows small oscillations caused by interference from the intervening
knife-edges. At larger heights, beyond the range of the figure, the curve
eventually levels off at A(dB)=O as it should.

The output from FAMKE, represented by the dashed lines, show the
discontinuities in attenuation that occur when a changeover point is reached and a
knife-edge is eliminated. A changeover value of amin = -1 was selected for this
example. The attenuations from the two programs are the same until hR = 20m, at

which point the fourth knife-edge (h 4 = 10m) is eliminated resulting in "vO.5dB

difference in the outputs of the two programs. The FAMKE curve is not shown from
hR = 25m to hR =47m because it is practically the same as the solid curve. At
hR = 47m the third knife-edge is eliminated, and at hR = 67m the second is
eliminated. The effective number of knife-edges, Neff' is the number used by FAMKE

over each portion of the curve. At no point is the difference in attenuations
greater than ldB.

Another example glvlng a comparison of the two al~orithms is shown in
Figure 3. In this case a propagation path consisting of five evenly spaced knife
edges (separation distances = 2km) is assumed. The heights are varied
simultaneously such that the diffraction angles Sat all of the knife-edges are
equal in value. A frequency, f=1908.538 MHz, was assumed, this value being chosen

simply for computational convenience.

When clusters of negative e's occur, it is 'sometimes difficult to determin~

changeover values that will assure enough significant figures being retained in the
calculations entering into FAMKE. For this reason a test on the convergence of the
series is also included, and if the test fails, the knife-edge with thellmost

negative" S is eliminated.

12
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Figure 2. Comparison of attenuation by programs FAMKE and PAMKE for a
four knife-edge path as receiver height ;s varied.
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Figure 3. Comparison of attenuation by programs FAMKE and PAMKE for
a five knife-edge path in which all els are equal.
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In Fi gure 3 the outputs of PAMKE and FAMKE are the same for Re S >-0.37. At
this point the convergence test fails and FAMKE thencalc~lates the attenuation for
one less knife-edge (the portion of the dashed curve labeled Neff = 4). Similar
failures occur at -0.42 and -0.62, resulting in the discontinuities at these
values. It can be seen that differences in attenuation from the exact curve as
calculated byPAMKE are always less than 1.5 dB.

The partitioning procedure described in this section provides a means of calcu
lating the MKE attenuation function (equation (28)) for any knife-edge heights
without concern for the problems of discontinuities or significant figure loss.

Details of attenuation variation even in the interference region can thus be shown
for any combination of knife-edges.

4. DISCUSSION
The derivation of the MKE function by Fresnel-Kirchhoff theory as used in this

paper implies certain restrictive conditions regarding the physics of the problem,
e.g., perfectly absorbing half-screens, plane wave propagation, kr»l, and path
difference approximations. However, asa mathematical function, its numerical
evaluation maybe accomplished even when the geometric parameters (h and r) tend to
unrealistic physical values. For instance the use of partitioning provides valid
answers for any kni fe-edge heights subject only to computer limitations. With
regard to separation distances, the limitations are more inherent in the
computational algorithm.

Mathematically, the MKE function can be evaluated for separation distances
ranging from zero to infinity. This is apparent when closed form solutions of the
function are available. For example, Vogler (1982) has derived the attenuation for
three knife-edges under the condition 81=8 2=83=0:

E/EO ~ (1/8)[1+(2/v) tan-1a1 + tan-1a2 + tan-1a3 ],

a1 = [r1(r3+r4)/r2rt]1/2, a2 = [(rl+r2)r4/r3rt]1/2 ,

(37)

For r2 or r3 = 0, (37) reduces to the known expression for a double knife-edge. For
r2 and r3 = 0, (E/Eo)=1/2 which is the value for a single knife-edge.

15



When r2=r3 and r1,r4 take on various combinations of zero and infinity, (37)
'gives the same values as obtai ned from formul as in Lee (1978). In that paper the
MKE attenuation for ge,neral N is derived under the conditions: all ei := 0;

r 2, ••• ,rN~ constant (ro' say)~ and r1, rN+1 = 0 or 00. Six cases are given which
prove useful in helping to determine the validity of the computation series in the
MKE computer program. The factor eN (see equation (9)) is included in each case for
purposes of later discussion.

(38a)

(38b)

(38c)

(38d)

(38e)

(38f)

Comparisons of attenuation for N=10 as calculated from (38) and as calculated
from program PAMKE are shown in Table 1. The values used in PAMKE whenr1,r11
approached 0 or 00 were 10-9 or 108, respectively; in all cases rO was set equal to

unity.

16



Table 1. Attenuation Comparisons for N=IO

Case E/Eo(equat.(38)) E/Eo(PAMKE) CIO

(1) 0.5000 'VO 0

(2) 0.09274(20.66dB) 0.08639(21.27dB) 0.0625

(3) O.05000(26.02dB) O.04998(26.02dB) 0.1398

(4) O.02778(31.13dB) 0.02778(31.13dB) 0.1875

(5) 0.09091(20.83dB) O.09076(20.84dB) 0.1036
(6) O.1762(15.08dB) 0.1551(16.19dB) 0.0442

The maximum number of series terms (160) was used in all cases for the PAMKE
calculations. When CNis close to zero, this number of terms ;s insufficient to
provide a valid answer. In cases (2) and (6) the result is good to about one signi
ficant figure; however, in cases (3),(4), and (5) PAMKE gives three or more signi
ficant fi gures.

The factor CN Provides a good indication as to how "closely the series calcula
tion approaches the correct answer. "Table 1 suggests (and other studies tend to
verify) that for CN~ 0.1, the attenuation is good to about 0.1 dB or better; as CN
ranges below 0.1, the accuracy becomes poorer. Note that the eN in (38) increase as
N~ecreases, which should result in better accuracy. Cases (2) and (6) were run for
N's such that CN=O.125 in each case. For case (2) (N=8), PAMKE gave (E/Eo)=O.1037
as against an exact value of 0.1047; for case (6) (N=7), PAMKE gave (E/Eo)=0.2073
versus the exact value 0.2095. The difference in dB in each case is about 0.09 dB.

The condition, all 6'S=0, ;s a "worst case" situation as far as series conver
gence within a set number of terms is concerned. This is because repeated integrals
of the error function decrease rapidly as the argumentS increases, and fewer terms
are required to assure a given number of significant figures. This fact, combined
with the partftioning procedure~ means that the relationship, eN ~ 0.1, provides a
fairly conservative accuracy test for PAMKE when applied to most propagation paths.

If each and every diffraction angle 6i is large enough such thalt everY'Si»1,
then the attenuation is well approximated by the first term of the series expansion
derived in the original MKE paper:

17



o -0 ' N
E/E 'V2-NCe N NIT erfc(s,.),

o N t=l (39)

(40)

(41b)

where erfc(z) is the complementary error function as defined in Abramowitz and

Stegun (l964;p.297). SinceSi»l for i=l, ••• ,N, erfc(Si) may be replaced by the
first term of its asymptotic expansion and (39) then becomes

1N -0-
E/ EO 'V (2JIT f CNe N/S1• • .(3 N

where RN+1 denotes the total path distance, CYN is defined in (26), and use'has been
made of (2), (9), (21), and (27).

Equation (40) is of interest in that it may also be obtained from the

Geometrical Theory of Diffraction (GTD). If the knife-edge configuration 'is such

that each edge lies well i ntothe shadowregi on of the preceding kn"ffe-edge, the GTD

diffracted fi el dcan be expressed as the 'product of functions of the form

f(s) ~ s-1/2e-iks , (41a)

0(£,0) = (~V2rrk )-1 [csc leo +£)/2I..-t. sec l(cS'~ e)/2(] e-i 'IT/4 •

In the above, s is the slant di stance to the edge, £ and oare theelevati on angles

as measured from the horizqntal to the top of the knife-edge at the source and at

the field point, respectively, and the plus, or minus signs in the Keller diffraction

coefficient D correspond to vertical or horizontal polarization (Keller, 1962).

Since {£+o)=B, the ~tffracted field ud for a singl~ knife-edge accordihg to the
GTD is

-; ks
(e 2/ 1/'S2) , (42)

where the approximate expression is valid for

18



(43)

In the case of multiple knife-edges, the diffracted field is the product of

functions, D(8 i )f(si+1):

a «8. and 8. ~ sin 8., i = 1 N1 1 1 ' ••• , •

(44)

(45)

For a reference free-space field, R~1{2exp{-ikRN+1)' and assuming si ~ r i except
in the phase term where use is lnade of the approximation in (3), we see that the GTD
attenuation obtained from (44) is identical to (40).

Two widely used approximations to MKE diffraction have been suggested by
Epstein and Peterson (1953) and by Deygout (1966). Both approximations consist

simply of products of single knife-edge attenuation functions, the difference being
in the way- the "source" and "receiver" of each knife-edge are determined. If we
designate the single knife-edge function as given in (28) by: As(S)=(l/2)erfc(S),

. the Epstein-Peterson (AEP ) and Deygout (AD) approximations can be expressed as

N N
AEP = II As(sm) , AD = II As(s~) ,

m=l m=l
(46)

wh.ere Bm is defi ned in (21) and B~ has the same form but with the di stances and
diffraction angle 8~ determined from Deygout's "principle mask" method.

Pogorzelski (1982) has pointed out that, under the conditions (45) where the
GTD equation (40) is valid, AEP has the same e dependence but the r and the phase
dependence differs; An has the same r and phase dependence but the. 8 dependence is
different. Thus, asymptotic expressions for the two approximations are

19



(47a)

1/Pl

-cr l

AD ~ e N(i2~k}-N/2FD(r}/ei···eN

, N= 1

(47b)

FD(r} = [RN+l/rl···rN+l]1/2 ·

The difference in dB between the approximations and (40), assuming (45), can be
written as

(48a)

(48b)

Figure 4 compares some of the attenuation formulas discussed in this section.

The propagation path is the same as that assumed for Figure 3, i.e., five evenly
spaced knife-edges with heights simultaneously varying such that all a's are equal
to the same value. The attenuation in dB is plotted versus thisva,lue,. a in mrad,
for the MKE function (from program PAMKE), the GTD (from equation (40», and the two
approximations from (46), AEP and AO•

As expected, the MKE and GTD give the same result for e ~ 0.015 rad. Of
course, for very large 8 the two curves begin to diverge, with the GTD being exact
and the MKE an approximation. For 8 decreasing to zero, no GTO formula for five
knife-edges exists at the present time and the approximation of (40) is not valid in
this region. In fact at 8=0, the attenuation has the value, -20 log(l/6)=15.56dB
(see equation (38e», whereas (40) goes to -~

The Epstein-Peterson and Deygout approximations both have the value

5(6.02)=30.1dB at 8=0, which exceeds the exact value by 14.5dB. When e » 0, A£p

and AD approach constant differences from the exact curve as is indicated in (48).
For AEP the difference is 2Q log(1/CS}=7.27dB; for AD the difference is equal to

20 log[3(3/2)(3/2)]=16.6dB.
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Figure 4. Attenuation·for the same five knife-edge path as in Figure 3
(all 8 1 s equal). Comparisons are shown for MKE, GTD, and
the approximations of Epstein-Peterson and of Deygout.
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5. SUMMARY
Fresnel-Kirchhoff theory has been used to derive an expression for attenuation

caused by multiple knife-edge diffraction assuming plane wave propagation over
perfectly absorbing half planes. The complex attenuation derived in this manner
differs from that derived from Furutsu1s generalized residue series only in the
phase, the phase difference factor being given explicitly in (28). This phase
difference arises from the fact that the reference free-space path in the residue
series consists of the path segments joining the tops of the knife-edges, whereas
the Fresnel-Kirchhoff reference path is the straight li.ne distance from source to
receiver locations.

An improved computational procedure based on the partitioning of multiple
integrals has been developed. The integrals are partitioned as in (29) until all
the arguments of the repeated integrals of the error function are positive, which
eliminates problems of retaining significant figures when negative arguments are
involved. The key step in the analysis is to show that the multiple integral con
taining the limit going from _co to +oois exactly the expression for the MKE attenua
tion over the path with one less knife-edge. This is demonstrated in (33) and the
related equations. Comparisons of results from a computer program using
partitioning (PAMKE) with the original program (FAMKE) are presented in Figures 2
and 3.

Finally, in section 4 results of other approaches to the MKE diffraction
problem are presented and their relationship to the MKE attenuation function of this
paper is discussed. In particular, it is shown that the first term of the MKE
series expansion reduces to the Geometrical Theory of Diffraction (GTD) solution for
certain ranges of the diffraction angles e (see equations (40) and (44)). Other
solutions considered include, Lee1s formulas, (38), and the approximations of
Epstein-Peterson and of Deygout, (46).
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