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PREFACE 

Th i s  Report i s  the th i rd ( i . e .  Part III) i n  a series  of ongoi ng studi es 
[Mi ddl eton , 1 974, 1 976] of the genera l el ectromagneti c ( EM ) i nterference 
envi ronment ari s i ng from man-made and natural EM no i se sources , and i s  al s o  
part of the  conti nu i ng ana lyti cal a nd  experimenta l effort whose general a i ms 

are [Spau l d i ng and  Mi ddl eton ,  1 975 , 1 978] : 

( 1 ) .  to p rov i de q uanti tati ve , stati s ti cal descri pti ons of man-made 

and  n atural e l ectromagneti c i nterference ( a s  i n  th i s  seri es ) ; 

( 2 ) . to i ndi cate and  to g u i de experi ment , not on ly to obta i n  per
ti nent data for urban and other EM envi ronments , but al so  to 
generate standard procedures and techn i q ues for asses s i ng  such  
envi ronments ; 

(3 ) .  to determi ne and  predi ct system performance i n  these general 
e l ectromagnti c mi l i eux , and to obta i n  and eval uate optima l 
system structures therei n ,  for 

( a ) . the general purposes of s pectrum management ; 
( b ) . the estab l i s hment of appropri ate data bases thereto ; and  

( c ) . the ana l ys i s  and  eva l uat i on of l arge- sca l e  te l ecorrrrnn i ca-

ti on systems . 

Wi th the a i d  of (1 ) a nd (2) one can p redi ct the i nterference characteri sti cs 
in sel ected reg i ons of the el ectromagneti c s pectrum , and w ith the resul ts of 

(3 ) ,  rati ona l  cri teria  of  performance can be deve l oped to predi ct the s uc

ces s fu l  or unsuccess ful operati on of tel ecorrrrnun i cati on l i n ks and systems i n  

vari ous cl asses  o f  i nterference . Thus , the comb i nati on of the res u l ts of 

( 1 ) -(3 ) prov i de speci fi c ,  q uanti tati ve p rocedures for spectra l management , 

and a rel i ab l e  techn i ca l  base for the choi ce and i mpl ementati on of pol i cy 

deci s i ons thereto . 
The man-made EM envi ro nment , and most natu ra l EM no i se  sources as  wel l ,  

are bas i ca l l y  11 i mpu l s i ve 1 1 , i n  the sense that the emi tted waveforms have a 
h i gh ly  structured character , w ith s i gn i fi cant probab i l i ti es of l arge 
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i nterference l evel s .  Thi s i s  noti ceably di fferent  from the us ual norma l 
( gauss i an )  noi se processes i nherent i n  transmi tti ng  and  recei vi n g  el ements . 

Th i s  h i ghly structured character of the i n terference can drasti cal ly  de

gra de performance of conventi onal systems , whi ch  a re optimi zed , i . e. 
des i gned to operate most  effecti ve ly , aga i n st  the customari ly ass umed 
norma l background no i s e  proces ses . The present Report i s  devoted to the 

prob l ems of ( 1 ) ,  (2 ) above , name ly , to provi de adeq uate stati s ti ca l  phys i cal  
model s ,  veri fi ed by exper iment , of t hese genera l " impu l s i ve" , h i gh ly  non
gau s s i an i nterference proces ses , whi ch  consti tute a pri nci pal  corpus of the 
i n terference envi ronment ,  and whi c h  are requ i red i n  the s ucces s fu l  purs u i t  of 
(3 ) ,  as  wel l .  The pri nc i pal  new res ul ts here a re :  

( i ) .  Canoni cal ana lyti cal model s for the fi rst-order stati st i cs 
of the i ns tantaneous  ampl i tude and i ts magni tude for Class 8 
noise* ; 

( i i ) .  Procedures for obta i ni ng the (canon i cal ) model parameters , 

from the APD1s ( = exceedance probab i l i ti es ,  P1 (t>£0 ) ,  etc . ) ,  
the ca l cu l at i on of moments , and proba b i l ity dens i ty functi ons 

( pdf ' s ) , and a vari ety of other rel ated stati s ti cs ;  [see the 
Tabl e of  Contents] . 

Fi na l l y ,  we empha s i ze ,  agai n ,  that i t  i s  the quanti tati ve i nterpl ay 

between the experi menta l ly  establ i s hed , ** ana lyti ca l model -bui l di ng for the 
e l ectromagneti c envi ronment ,  and  the eval uati on of system performance 

therei n ,  wh i ch provi des essent i al  tool s for predi cti on and performance , for 
the deve l opmen t of adequate , appropri ate data bases , procedu res for effecti ve 
s tandardi zati ons , and  spectrum asses smen t ,  requi red for the effecti ve 
management of the spectra l - use envi ronment. 

* C l ass  A a nd  Cl ass  B noi s e  are d i st i ngu i s hed , q ua l i tati ve l y ,  by hav i ng 
i nput bandwi dths whi ch  a re respecti ve ly narrower and  broader than that 
of the ( l i near ) front-end s tages of the typ i cal  ( narrow- band )  recei ver 
i n  use . More p reci se defi n i t i ons are deve l oped i n  the text fo l l owi ng. 

** Experi mental corroborat ion has been achi eved on the bas i s of envel ope 
data for both the Cl a s s  A and B i n terference proces5es [cf .  Mi ddleton , 
1976 , Secti on 2.4]. An equ i val ent corroborat i on for the correspondi n g  
ampl i tude data i s  a ccordi ng ly i nferred . 
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STATIST I CAL-PHYS I CAL MODELS OF MAN- MADE AND NATURAL RAD I O  NO I SE 
Part I I I .  Fi rst-Order Probabi l i ty Mode l s of  the I nstantaneous 

Ampl i tude of Cl ass  B I nterference* 

by 

Dav i d  Mi ddl eton** 

ABSTRACT 

Th i s Report i s  the th i rd ( 1 1Part I I I11 ) i n  a conti nu i ng seri es devoted 

to th e devel opment of ana lytical l y  tractab l e ,  s tati s ti ca l -phys i ca l  mode l s 

of man-made a nd natura l  el ectromagneti c i nterference . Here , the fi rst-order 

s tati sti ca l probab i l i ty dens i ti es (pd f's ) and the as soci ated exceedance pro
babi l i ti es ( PD1s , or APD's ) are obta i ned for the i nstantaneous  amp l i tudes 

(X), a nd instantaneou s magni tudes , I XI, of Cl ass  B noi se .  These a re needed 
not on ly for experi men ta l  s tudi es but, al so , pa rti cul arly for the analys i s  

and  eva l uati on of the performance o f  optimum and s uboptimum recei vers i n  
C l ass  B i nterfe rence e nvi ronments . 

As i n  the earl i er s tud i es of the envel ope stati s ti cs of Cl ass  B noi se 
[Mi ddl eton , 1 976] , a two - functi on approxi mati on i s  needed for the character
i st i c  functi on a nd  hence for the correspondi ng pdf's and PD's . Two methods 
of determi ni ng t he s i x  ( ba s i c )  parameters whi ch descri be these fi rst-order 

stati sti cs a nd  thus j oi n i ng the approximate forms ( pdf's and PD's ) are 

outl i ned . Method l i s  approx i mate , was used earl i er [Mi dd l eton , 1 976 , 1 977] , 

and has the advantage of s omewhat greater computati onal s i mpl i ci ty ,  wi th the 
d i s advantage , however , of yi e l d i ng too l ow va l ues of the PD at l ow val ues 
of the argument (X), when the gaus s i a n  component i s  smal l .  Method 2 i s  
1 1 exact11 , and  s omewhat mo re compl ex computat i ona l l y .  The jo i n i ng proces s  

i nvol ved i n  both methods h a s  been essenti a l l y descri bed earl i er [Mi ddl eton , 

* Th i s i s  the third i n  a conti nu i ng seri es of Reports deve l opi ng the fi rst
o rder (and  l ater , vari ou s h i gher-order )  stati sti cs of natura l  and  man
made rad i o  no i s e .  Earl i er studi es i n  th i s  seri es  a re: Part I-OT Report 
74- 36 , Apri l , 1 974 ; Part I I-OT Repo rt 76-86 , Apri l ,  1 976 . 

** The a uthor i s  under contract wi th the U . S .  Department  of Commerce , 
Nati onal Tel ecommunicati ons and I nformati on Admi ni strati on , Insti tute for 
Tel ecommuni cation Sci ences , Bou l der, Col orado 80303. 



1976 , 1977] but i s  devel oped further here . The bas i c  parameters are , i n  

any cas e ,  the s ame a s  those derived for the envel ope stati sti cs . The 
excel l ent  agreement wi th experi ment observed for the envel ope data accor
d i ng ly  appl i es here , a s  wel l . 
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STAT IST ICAL-PHYSI CAL MODELS OF MAN-MADE AND NATURAL RAD I O  NO ISE 

Part I I I .  Fi rst-Order Probab i l i ty Mode l s of the I n stantaneous  

Amp l i tude of Cl a s s  B I n terference* 

by 

Dav i d  Mi ddl eton** 

PART I :  I NTRODUCT ION , RESULTS AND CONCLUSI ONS 

1 .  I ntroducti on: 

Agai n ,  as i n  earl i er s tudi es ( for  exampl e ,  [Mi ddl eton , l 972a , 1 972b , 

1 973 , 1 974 , 1 976 , 1 977] ) ,  our central probl em here i s  to construct analy

ti cal l y  tractabl e mode l s of man-made and natura l  rad i o  noi se ,  based on the 

perti nent s tati s ti ca l -phys i cs and posses s i ng a canon i ca l  s tructure , i nvari ant 

of a ny parti cul a r  source mechan i sms . Th i s  i s  done for three pri nc i pa l  
reasons : 

( i ) .  To provi de rea l i sti c ,  q uanti tati ve descript i ons of man-made 
a n d  natura l el ectromagneti c ( EM )  i n terference envi ronments ; 

( i i ) .  To s peci fy and g u i de experiments for meas uri n g  s uc h  i nterference 

envi ronments ; and , 
( i i i ) .  To determi ne the s tructure of optima l  commun i cation systems and 

to eval uate and compare thei r performan ce wi th that of spec ifi ed 

s ubopti mum systems, when cperat ing  i n  these genera l c l a s ses 

of EM i nterference . 

These three tasks , i n  turn , are central features  of any adequate program of 

s pectrum management (for examp l e ,  [Mi ddl eton , 1 975a] ) . 

* Th i s i s  the thi rd i n  a conti nui ng  seri es of Reports devel opi ng the fi rst
order ( and  l ater , vari ous h i gher-order)  s tati s ti cs of natural and man-made 
rad i o  noi s e. Earl i er s tudi es i n  th i s  seri es  a re :  Part I - OT Report 74-36 , 
Apri l , 1 974 ; Part I I- OT Report 76-86 , Apri l , 1 976 . 

** The author i s  under  contract wi th the U .S .  Department  of Commerce , 
Nat i onal  Tel ecommun i cati ons  a nd I nformati on  Admi n i strati on ,  I nst itute for 
Tel ecommun i cati on Sc i ences , Boul der ,  Col orado 80303 . 
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Accord i ngl y ,  our  a i m ,  a s  i n  prev i ous  s tud i es i n  th i s  seri es [cf . 

Mi ddl eton , Part I ,  1 974 ; Part I I ,  1 976] i s  to p rovi de anal yti cal  model s ,  wh i ch:  

( 1 ) .  comb i ne the appropri ate phys i cal  and  s tat i s ti ca l descri pti ons 
of general EM i nterference envi ronmen ts ; 

( 2 ) . are anal yti cal ly  manageabl e ;  

( 3 ) . possess  canon i ca l  propert i es ,  i . e . , a re not speci al i zed to i nd i 
v i dual noi se mechan i sms , source di s tri buti ons , and  emi s s i on 
waveforms , propagati on l aws , etc . ; and , mos t i mportant , 

( 4 ) . are experimen ta l ly veri fyabl e a nd  predi cti ve . 

I n  addi t i on ,  the bas i c  parameters of s uch  s tati sti cal - phys i cal mode l s mu st 

be measurab l e  quanti ti es  wi th a speci fi ed p hys i ca l  s tructure and i nter
pretati on . 

To ach i eve the above i s  c l early a non-tri v i a l - prob l em ,  as  we have 
noted before [Mi ddl eton , l 972a , 1 974 , 1 976] , c h i efl y becau se  of the i nherent 
h i gh ly  nongauss i an nature of these random processes , a c haracteri s ti c wh i ch 

at once i ns ures compl ex descri pti ons and  ens u i n g  d iffi cul t i es for the 
analys i s  of sys tem performance . That these d iffi cu l ti es can be effecti vely  
overcome for model -bui l di ng and experimenta l veri fi cati on h a s  been demon
strated by recent efforts [Mi ddl eton , 1 976 , 1 977] . For rece i ver  des i gn and 

performance, u s i ng these model s ,  we c i te the recent work of Spau l d i ng and 
Mi ddl eton [l 975 , 1 977] , whi ch  estab l i s hes  the appl i cab i l i ty of the canon i ca l  
model s to recei ver eval uati on i n  these EM envi ronments . 

Speci fi ca l l y ,  earl i e r  work here has focu sed  on  amp l i tude and  enve l ope 
stati s ti cs:  we note 

( i ) .  Mi ddl eton , [1 974] : Fi rst-order stati s ti cs of the i nstantaneous 
amp l i tude (X), C l ass  A noi se ; 

( i i ) .  Mi ddl eton , [1 976] : First-order stati sti cs  of the enve l ope (E) 
and  phase ( � ) , Cl ass  A and C l a s s  B no i se ;  

The p resent effort ( Pa rt I I I ,  1 97 7 )  i s  devoted to the correspond i ng s tati s ti cs  

of the  i nstantaneous amp l i tude (X), for C l a s s  B i nterference , whi l e  Part IV  
( i n  preparati on )  extends the above to the genera l C l a s s  C ( = Cl ass  A +  C l ass  B) 
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envi ronments . *  Sti l l  earl i er ,  i mportant rel ated stud i es have been carri ed 

out ( essenti a l ly  for what i s  now cal l ed C l a s s  B no i s e )  by Furuts u and 
I s hi da [ 1 960] , and  Gi ordano [1 970 , 1 972] and Haber [ 1 972] , whi ch , however , 
a re not canon i ca l  and wh ich focus pr imari l y  on  atmospheri c noi se . The 
pri nci pal  new res u l ts obta i ned here are t he probaoi l i ty d i s tri buti ons ( PD ' s )  
and  probab i l i ty dens i t i es ( pdf's ) , moments , and  characteri sti c  functi ons 
( c . f .  's ) for the Cl ass  B i nstantaneous amp l i tudes (cf. analytical deta i l s  

i n  Pa rt I I  ff. ) .  The ana lys i s  and  approach here i s  s tructured d i rectly  
upon that of Pa rt I I  [Mi ddl eton , 1 976] , wi th appropri ate modi fi cati ons . 
Thus , the present Report i s  organ i zed as  fol l ows : Sect i on 2 conta i ns a 

conci se  account of  the p ri nci pa l res ul ts ;  Secti ons 3- 7 compr i se  the body 

of Part I I  here , v i z . , the anal yt ical deta i l s .  These are : Sect i on 3 , an 

i ntroducti on to the ana lys i s ; Sect i on 4 ,  i n tegral forms for the PD , 

P1 ( X.:::_X0 ) and  pdf ,  w 1 ( X ) , for Cl ass  A ,  B ,  and  C i nterference ; Secti on 5 ,  

the PD's , P1 ( X.:::_X0 ) for C l a s s  B noi se , wi th part icu l a r  attenti on to an 
(earl i er )  app roxi mate method ( Method 1 )  of obta i ni n g  the d i s tri bution  
paramete rs , and  an  exact method ( Method 2 ) , whi ch i s  pert i nent for a l l Cl ass 
B model s� wh i l e Secti on 6 gi ves the p df 1 s ,  w1 (x ) 8 . Sect ion  7 comp l etes 

the Report wi th remarks on moments and  mode l parameters . 

2 .  Resu l ts a n d  Concl us i ons : 

Let us now s ummari ze the pri nci pal  res u l ts of thi s study i n  a conci se  
fas h i on. The a na l yti c detai ls and rep resentati ve ca l cul ati ons ( and  Fi gures ) 
for the PD's and  pdf's a re deve l oped and  presented i n  Part I I  fo l l owi ng . 

The mai n  anal yti c  res u l ts a re :  

Characteri s ti c functi ons ( c . f .  's ) :  
Aal la 2 A 2  2

; A 
• 

-b 1 aA8a A -�oGa A 2 • . 

F1 ( 1aA ) B- I::: e ( = F1 (1aA ) B - I ) ' jz0j ,  jzj�jz08j ,l
, ( Eq • ( 5 .  4a ) j 

( 2 .  l a )  

* See Sect i on 1 .1 (Part I ) ,  Mi ddl eton [1 976] , or Mi ddl eton [1 977] for 
detai l ed defi ni ti ons of Cl ass  A ,  B ,  and  C noi se  ( as s een by the recei ver ) . 
Essent i a l ly, Cl ass  A sources are characteri zed by havi ng emi ss i on spectra 
narrower than the recei ver bandpas s , wh i l e  C l ass  B sources are spectral l y  
broader than the rece i ver bandpas s .  

· 
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A -
I - l /2 where a = {n28 ( l +r8 ) , cf . ( 5 . 2 ) . Here z ,  z0 , z08  a re norma l i zed 

amp l i tu des , e . g . 

The correspondi ng  PD ' s  are 

p l ( Z2:_Zo ) = p l ( Z2:_Zo ) B- I . {-z <Z <Z } ) ( 2 . 2a )  · oB o oB  
B- I I :  {z <- z 8 , z  >z B} 0 0 0 0 

( 2 . 16 )  

( 2 .  l c )  

P1 ( i z i 2:. i z0 i ) = P1 ( i z i 2:. i zo i ) B- I :  O<iz0i.::_z08 ( >0 )  ( 2  2b ) 

------------

B-

_

r

_

r 
=_I z

_
o
_

I >

_

z

_
oB
_. 

) • .  �J 
Wi th 1r1 and e respecti vel y the usual  confl uent hypergeometri c functi on and 

error i ntegra l , we have from ( 5 . 11 ) for the Pl - B- I :  
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( 2 . 3a )  

( 2 . 3b )  



Fo r the Pl - B- I I ' we have from ( 5 . 1 9 ) :  

Here , s pec ifical l y , we have 

( 2 . 4b) 

r 1 +4-a " a a " "' 2 B 2-a Aa = A/2 GB ; z0B = z0 , BN 1 / 2 v2 GB ; GB = 4(l +rB) , Eq. ( 5 . 20p) ; 

( I  z0B I >O , cf .  p .  37 • ) 

( 2; �B= )  ��B = (m/AB+r8) / ( l +r8) ; AB = (t�)AB ' cf .  ( 5 . 7c ) ; 

[A , cf. Eq. ( 5 .  l l c )  a 
a , cf .  Eq. ( 4 . 24b) ] .  

The associ ated pdf1s , w1 ( z ) B ' are from ( 6 . 7 )  a nd  ( 6. 8 ) : 

( - �oB<�<�oB ) ' ; = zN I/ 2/2 GB } 
�oB = 2oBN I/ 212 GB 

( 2 . 6a )  
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I I 

wl ( I z I ) B- I ' I I  = 2wl ( z ) B- I ' I I ' z > 0. 

(z < -zoB ' z > zoB 
( 2. 5b) 

( 2. 5c ) 

Figures 5. 1 ,  5. 2 ; 5. 3 ,  5 . 4 are respecti ve l y  anal ogous to Fi gs .  3. 3 ,  
3. 4 ,  a nd  3. 1 ,  3. 2 [Mi ddl eton , 1 976] and are ca l cul ated: Fig s .  5. 1 ,  
5. 2 from Eq. (2. 3 )  above [or Eq. ( 5. 1 1 ) ] ; Fi gs. 5. 3, 5 . 4 from Eq. ( 2. 4 ) 
above [or Eqs . ( 5. 1 7 ) ,  ( 5 . 1 9 ) ] . The compos i te PD a nd pdf ,  e . g . 

P 1 ( / z / � / z0 / ) = P l ( z�zo ) B- I  = P1 ( / � / � / �o / ) 1 ' ( 0.::_ / z /  , / z0 / < / z08 / ) ; I 

a nd 

= 

wl ( z ) B = �l ( � ) I 

p 1 ( I z I �1 zo I ) B- I I  ' 

A 

l �os l o .::. I z I < 

= wl ( z ) B-I I  , I z I > l 20s l 

I zo / �I zoB I ( > O )  ) 
( 2 . 7a )  

} ( 2 . 7b) 

are il l ustrated, res pect i ve l y, i n  Fi gs .  5. 6, 5. 7 [anal ogous to Figs . 3. 6 ,  
3. 7 , Middl eton [1 976] ] , a nd in Figs . 6. 3 ,  6. 2 ,  which are l i kewi se anal ogous 
to Fi gs. 4. 3 ,  4. 4 [Mi ddl eton , 1 976] . The compos i te PD ' s  exhi bi t  the charac
teri s tic 1 1bend-over1 1 at the smal l er probabi l i t i e s  ( a nd l arger arguments , 
/ z0 /, etc. ) .  Fig. ( 5. 5 )  i l l ustrates the compos i te ,  approxi mat i ng procedure 
schematical l y , cf. Sec. ( 5. 2 ) ff. For smal l / z0 / the gaus s ian character of 
the PD ' s  i s  exhi bited, whil e  for the l arger val ues (and correspondi ngl y 
smal l va l ues of P 1 ) the strong departures from gaus s appear. Simil ar ob
servations a re noted for the p df ' s ,  Fi gs . 6. 1 ,  6. 2. 
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Th e g l obal and  gen eri c parameters for these ampl i tude di s tri buti ons 
are p reci se ly  the s ame a s  for the envel ope di s tri buti ons s tudi ed earl i er 
[Mi ddl eton , 1 976 , Secs . 2 . 2 ,  2 . 3 ,  2 . 5],  i n  these Cl ass  B cases . We revi ew 
them conc i se l y ,  for conven i ence , here : 

( 1 ) .  AB = the Impu l s i ve Index , for the "Cl ass  A- form " of approx imati on 
( l zl>z0B ) ,  u sed i n  the overal l C l ass  B model . The Impu l s i ve 
I ndex i s  a meas u re o f  the  nongauss i an nature of the noi se : the 
smal l er AB ' the more "i mpul s i ve "  the i nterference ; 

( 2 ) . rB : o�/ Q2B = rat i o  of i ntens i ty of the i ndependent gau ss i an component ,  
aG , o f  the i nput i nterference ( i ncl udi ng " front-end " rece i ver 
n o i s e )  to the i ntens i ty ,  Q2B , of  the i mpul s i ve component , i n  
the l arge-amp l i tude approximati on pdf ; 

( 3 ) . Q2B = th e  i ntens i ty of  the above-menti oned i mpu l s i ve ( " C l ass  A-form" ) 
componen t ;  

A 

( 4 ) . A = 2r(l -a/2) A /( BOB )a) 
a 23af2r ( l +a/2 ) Ga B \ /2Q (l +r 1 )  B 2B B 

( 5 ) .  a 

( 5. l l c) , an " effecti ve "  Impu l s i ve I ndex , proporti onal to the 
I mpu l s i ve I ndex AB' wh i ch depends o n  the generi c parameter a ;  

= ( 2- µ ) f ; ( 3- µ) 1 = spat i a l den s i ty-propagati on parameter, cf .  y s ur  y vo 
( 4 . 24h ) ; re l ati n g  the expone nts µ , y of the range power- l aw 
dependenc i es of source dens i ty and propagati on l aw ,  respect i vel y ,  
c f .  ( 4 . 24f , g ) ; 

( 6 ) .  N I = sca l i ng factor wh i ch  i ns ures that P l - B- I ' wl - B- I are properly 
joi ned to pl - B-I I ' wl - B-I I ; 

( 7 ) .  z0B = z0B/h28(l +r8) : the ( norma l i zed ) 1 1 bend-over11 po i nt ,  at wh i ch 
the two approx i mat i ng forms of pdf ( and PD , for Jz l � 0 )  are 
jo i ned , accordi ng  to the procedures di scus sed i n  Sec . ( 5 . 2 ) ff .  
Th i s  i s  an emp i ri ca l ly determi ned po i nt , cf .  Fi g .  5 . 5 .  
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As before , i n  the case of Cl ass  B enve l ope d i stri buti ons , we h ave the fol 
l owi ng  ( s ame ) sets of  gl o bal  and generi c model parameters : 

Cl a s s  B :  Gl obal : 

Generi c :  

A 
Aa ( o r  Aa ) , a ,A8 , rB ,�28 , N I 

2 A A2 AB ,a ,crG'<B�B) ,(BoB)' N I } ( 2 . 8 ) 

I t  i s  i mportant to stres s  the fact that (except for z08 ) a l l model parameters 
are p hys i ca l l y  structu red and hence a re canon i ca l  i n  form : they are not ad 
hoc q uanti ti es .  [We remark , a l so ,  that N I i s  not fu l l y dependent on the other 
generi c parameters and i s  i ndependent of z08 . Thus , N I may be regarded a s  
generi c . ]  We  include two methods , one approxi mate a nd  one exact [cf .  Secs . 
5 . 2- 1 , 2] for obta i ni ng the model parameters . 

Fi na l l y ,  a l though we have no readi l y  obta i nab l e d i rect experimental 
compari sons v i s-a-vi s theory for the i nstantaneous amp l i tude ,  z ,  or  i ts mag
n i t ude , iz l ,  we have i nferenti a l ly ,  demonstrated excel l ent agreement between 
theory and experiment on the bas i s  of the much mo re eas i ly obta i nabl e 
envel ope data [cf .  Fi gs . ( 2 . 1 ) - ( 2 . 8 ) , Mi ddl eton , [ 1 976]] .  S i nce the mode l s 
are bas i ca l l y  the same , we can accordi ng ly  regard the experi mental agreements , 
canoni ca l l y  achi eved over a vari ety of  di s parate ( C l  ass  B )  sources , as  
confi rmi ng the adequacy of  our mode l , a l so canon i ca l l y .  Becaus e  Cl ass  B 
mo de l s contai n the a-parameter they are a l so capabl e of  provi d i ng more 
s tructura l  i nfo rmati on regardi ng t hes e i nterference mechan i sms , vi z . , average 
source dens i t i es ( i n  s pace ) for g i ven power l aws of propagati on . [Th i s  po i nt 
i s  d i s cu s sed more fu l l y ,  p . 82 ,  Mi ddl eton [ 1 976]. ] Aga i n , Ha l l - type mode l s 
are deri veabl e from the B- I cl ass  of approxi mati ons [iz0 l < l z08i) , when the 
addi ti ve ga us s i an component i s  negl i g i b l e ,  cf . Secti on ( 5 . 3 )  bel ow .  Ac
cordi ng l y ,  wi th th i s  Report we h ave accompl i s hed I tem 1 of 11 Next Steps"  
( c f .  Sec . 2 . 7- I ,  Mi ddl eton , [ ( 1976), a n d  wi th current efforts ( FY ' 7 8 )  we 
are underway on I tem 2: fi rst-order stati sti cs of  Cl a s s  C i nterference , for 
vari ous combi nat i ons of the Cl ass  A and Cl ass  B componen ts whi ch  can compri se  
a typi ca l  EM  i nterference env i ronment .  These res u l ts , i n  turn , a re  to 
be emp l oyed i n  the eva l uati on of the performance of optimum and subopti mum 
recei vers i n  s uch envi ronmen ts , a l ong the l ines a l ready devel oped by Spau l d i ng 
and Mi ddl eton [1975 , 1 977]. 
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PAR T I I .  ANALYS I S  

3 .  I ntroducti on t o  th e Ana l ys i s :  

Part I I  of th i s  Report , as i n  Ref .  1 1  earl i er ,  i s  devoted to the deri va
ti on of the fi rst-orde r i nstantaneous ampl i tude s tati s ti cs w1 ( X) , P 1 ( X_::X0 ) ,  
a nd  associ ated moments <I X!s) , pr imari l y  for o ur  stati sti cal -phys i ca l  model 
o f  C l ass  B i n terference . The analys i s para l l e l l s  much of  Secti ons 2-7  
( Part I I )  of  Ref .  1 1 , s tarti ng w i th the bas i c  po i sson  model wh i ch  descri bes 
these broad cl asses of i nterference . We are ab l e here to take advantage of 
our  previ ous res u l ts for the enve l ope stati s ti cs for Cl ass  A ,  B ,  , 
and  C no i se general ly , *  and  Cl ass  B i n  parti cular ,  us i ng the methods deve l oped 
i n  Sec . 2 ( Part I I ) ,  Ref . 1 1 , to obta i n  fi rst the needed characteri s t i c  func
ti ons and  the i r  approx imat i ng forms . Our pri nci pa l  attenti on i s  then di rected 
to the Cl ass  B case . [ Fo r  a fu l l  account of the p hys i ca l  reasoni ng  underlyi ng 
the approxi mati ons , see Sec . 2 ( I I ) ,  Ref .  1 1 . ]  

The materi a l  of  Part I I  here i s  organ i zed as  fol l ows : i n  Sect i on 4 
be l ow we obta i n the genera l  ( i ntegra l ) expres s i ons for the des i red PD ' s  and 
pdf ' s  of the i nstantaneous ampl i tudes , X, for Cl a s s  A ,  B, and C i nterference . *  
Then , i n  Secti on 5 we spec i a l i ze t hese res u l ts to C l ass  B no i s e  and eval uate 

the vari ous i n tegral forms i nvol ved , for P 1 ( X_::X0 ) 8 . Correspond i ng res u l ts 
for the pdf,  w1 ( x ) 8 , a re deri ved· i n  Secti on 6 .  Sect i on 7 presents an  eval ua
t i on of  the general fi rst-order moments (!Xis) , s _:: O ;  and offers remarks on 
the gl obal and  generi c parameters of  the model , a l ong the l i nes of Sec. 
6 ( I I ) , Ref .  1 1 . Appendi x A concludes the ana lys i s  wi th the deri vati on of 
the 1 1jo i  n i  ng 11 condi tions o n  the PD 1 s .  

4 .  I ntegral  Forms : P1 ( X_�:_x0 ) �1 (X) , Cl ass A ,  B, C I nterference : 
Our s tarti ng po i nt for the present a nal ys i s  i s  the ba s i c  poi s s on model 

[Eq . ( 2 . 1 ) ,  Ref .  1 1 ] for the fi rst-order characteri sti c functi on of  the i n
stantaneous amp l i tude , X, of  the recei ved i nterference process  ( at the i nput 
to the I F  s tage of the typi cal narrow- band rece i ver), vi z :  

* C l ass  C model s are to be treated i n  detai l i n  a s ubsequent Report i n  th i s  
seri es ( e . g . , Part I V, 1 978). 
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Here e i s  an epoch i ndi cati ng , v i s- a-v i s  the recei ver 1 s t ime t, when a typi ca l  
s ource may emi t .  [ The bas i c  model here , as  before , cons i s ts of an i nfi n i te 
number of  potenti a l l y  i nterferi ng sources i n  a source doma i n , A ,  and wh i l e  
the bas i c waveforms emi tted a l l h ave the same form , U, thei r sca l e ,  du rati on, 
freq uency , etc . may be randomly di stri buted . Th e fundamental postu l ate of 
th i s  bas i c  i nterference model i s  that : the l ocat i ons i n  space , and emi s s i on 
epochs , i n  t ime ,  are i ndependent , and  hence poi s s on di stri buted , cf .  ( 4 . 1 ) ] 
Th e \ = ( \ , e , ¢ ) are coordi nates , o r  a vector magn i tude , appropri ate to the 

""' 

geometry of  t he  source fi e l d ,  i n  A ,  and  of the rece i ve r ,  wi th .sl,\ (= d\d¢) for 
a s urface di s tri buti on , an d d\ (= d\ded¢) for a vol ume e l ement . The q uanti ty 

vv 

p(1,€) i s  the 1 1 process dens i ty 1 1 of th i s  po i n t  s pace-t ime po i sson i nterference 
proces s ,  e . g . , p .:_O ('V probab i l i ty den s i ty ) . The average <>e denotes a 
s tati s ti ca l  average o ver vari ous  random pa rameters wh ich  may be perti nent to 
the parti cu l a r  mode l , e . g . , dopp l er ,  s i gnal durat i on ,  ampl i tude , etc . F i nal l y ,  
U ( t ; \ ,  . . .  ) i s  the typi cal waveform� i n  the rece i ver , fo l l owi ng the ( l i near )  

vv 

aperture x RF x I F  s tages ( i . e . , ARI s tages ) o f  our  narrow- band recei ver , 
and  X ( t )  i s  the  resu l tant recei ver p roces s ,  g i ven by 

X ( t )  = [ U ( tJ �) dN ( �) 
Z=Axe 

( 4 . 2 )  
,,,, vv "" 

where the {dN} form a ( us ua l l y  zero-mean ) po i s son proces s ( i n  lX�), i . e . , i n  
( \xe) , such  that  ( 4 . 1 )  i s  the fi rst-order characteri sti c funct i on .  

"" .,., 
The des i red PD 1 s  and pdf1s ( probabi l i ty d i s tri buti o ns and probabi l i ty 

dens i ty funct i ons ) a re formal l y  

( 4 . 3 ) 

We can rewri te the expres s i o n  for P 1 i n  the fol l owi ng  form , more conven i ent 
for eva l u ati on : 

* A  further gen era l i zat i on i s  poss i .b l e when the waveform i tsel f (U) i s  re
garded as random : the averages ( >e 1 , become< )e 1 ,U ' cf .  ( 4 . 1 ) ,  etc. 

V\I CV 
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Us i ng w1 (X ) , ( 4 . 3 ) , i n  th i s  gi ves 

x Joo d f 1 
pl ( Xl >X�Xo ) = Fl ( i � ) x 2; -oo x 0 

00 - i �X0 - i �x1 
_ J ( . ) [e -e J d� - Fl 1� X i �  2TI" ' -00 

( 4 . 3a )  

( 4 . 4 )  

and s i nce X ( t )  i s  an i nstantaneous amp l i tude o f  a narrow-band process , 
X i s a zero mean  ( (X) = 0 ) , s ymmetri ca l proces s about X = 0 ,  e . g . ,  w1 ( X) 
= w1 ( - X) and F1 ( i � ) X = F1 ( - i � ) X' i . e . , the c . f .  i s  l i kewi se even i n �
Equati on ( 4 . 4 )  accordi ngly  can be rewri tten as  

( 4 . 4a )  

(4.46 ) 

so that 

( 4 . 5 )  

s i nce ( heuri s ti ca l ly )  

= � cS(�- 0 )  ( a  1 ways ) , ( 4 . 5a )  

and  J�_cS(y- O ) F (y ) dy = F ( O ) . [Note , as expected , that i f  X0 = 0 ,  P 1 (X�O ) 
= 1 / 2 ,  wh i l e  X0 + -00 , P 1 ( X�-00 )  = 1 / 2- (- 1 / 2 )  = 1 , from ( 4 . 5 ) , a l so as  requ i red . ]  

S i mi l arly ,  for the more s peci al case P 1 ( IX l �IX0j) , we have d i rectly 
here [w1 ( x) = w1 (-X) ] :  
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F1 ( i � ) Xd� . 

( 4 . 5b )  
F i na l ly ,  for these symmetri ca l d i s tri but i ons , we obta i n  from ( 4 . 3 )  

( 4 . 6 )  

Both ( 4 . 5 ) , ( 4 . 5b ) , and  ( 4 . 6 )  wi l l  be empl oyed here i n  the su bsequent ana lys i s .  
Our pri nc i pa l  ta s k ,  accord i ng l y , i s  to app l y  ( 4 . 1 ) to these rel ati on s , to ob
tai n ana lyt i ca l ly tractab l e expres s i ons for the vari ous PD 1 s and pdf 1 s of X , 
as  i n  o u r  earl i er stud i es [Mi ddl eton , 1 974 , 1 976]. 

Our next s tep i s  to use (2 . 1 0 ) , Ref .  1 1  for the bas i c  waveform , U ,  in the 
recei ver vi z :  

where B0 (� 0 )  i s  an  enve l ope (cf .  (4 . l Oa ) ) a nd  'l' i s  a p hase , wi th the form 

(4 . 7a )  

Here �S' ¢r , ¢R are respecti vely  the typ i ca l  s ource pha se ,  and the p hase 
ang l es o f  the  (comp l ex )  beam patterns of the source ( T ) and recei ver ( R ) , 
[cf . Sec . 2 . 5 ,  (I I ) ,  Ref . 1 1 ] .  The q uanti ty ed (=µd- 1 ) i s  the s um of the 
re l ati ve doppl ers between a source and  the rece i ver , and i s  a l ways sma l l 
O ( l o- 5  or  l es s ) i n  o ur app l i cat i ons , v i z .  ed = 2v/c = 0 ( 1 0- 6 ) for v= l 05 mph ,  
s o  that B0 i s  i ndependent o f  ed . I nsert�ng (4 . 7 )  i nto ( 4 . 1 ) and app lyi ng the 
narrow- band condi ti ons , e . g., fol l owi n g  the procedure on pp . 44 , 45 , Ref .  11 
( or pp . 24 , 25 , Ref .  9 ) ,  we obta i n  for the c . f .  

( 4 . 8 )  
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whi ch i s  st i l l  essenti a l ly  exact . ( Here J0 i s  a Besse l  functi on of the 
fi rst- ki nd , o rder zero , as before . )  

Our next step i s  to fol l ow the ana l ys i s  [pp . 46- 50 , Ref .  11] ,  maki ng 
the fol l owi ng not very restri cti ve a s s umpti ons : 

( i ) .  average no .  of emi s s i ons per un i t  doma i n  ( dA) and per i nterva l 
de i n  ( O ,T )  a re i ndependent [ ( 2 . 25 ) I I , Ref .  11] ;  

( i i ) .  " l ocal s tat i onari ty": no changes i n  average source numbers 
and emi ss i on propert i es duri ng the observati on peri od ( O ,T ) , 
and the emi s s i on epoch probab i l i ty ( dens i ty )  w1 ( €) i s  un i form 
i n  a l l i nterval s ; 

( i i i ) .  i deal i zed 11s teady-state 11 condi ti on ( T-+«>) ho l ds . 

The res ul t i s  that ( 4.8 ) i s  now reduced to the bas i c  form 

( 4 . 9 ) 

where speci fi cal l y ,  

( 4 .  1 Oa ) 

A0 = ( peak ) ampl i tude o f  the rece i ved enve l ope ( at  output of the IF stage )  
( 4 .  l Ob )  

e = a  l i mi ti ng vol tage setti ng ( i n  s u i tabl e d imens i ons ) ,  a t  wh i ch the Oy 
recei ver wi l l  respond to a test  s i gnal , above recei ver  no i s e ,  at 
the output of the IF  [cf .  ( 2 . 34 ) , I I ,  Ref .  11] ;  

( 4 .  1 Oc ) 
u0 ( z )  = normal i zed e�vel ope wave- form at I F o utput ; ( z=t/Ts ) ;  

= 0 ,  z > Ts/Ts ' z < O ; ( 4 . l Od) 
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Ts = durat i on of  typi ca l  s i gnal from an i nterferi ng  s ource 

= mean durat i on of typ i cal  s i gnal  from an i nterferi ng 
so urce 

e1 = other random parameters of  i nterference waveform ( other 
JV 

( 4 . l Oe )  

( 4 .  l Of ) 

( 4 .  l Og ) 

g ( A )  = a geometri ca l  factor ,  wh ich  descri bes the propagat i on  l aw ,  
"" 

from sou rce to recei ver ( i n  thei r mutual - far  fi e l ds ) ;  ( 4 . l Oh )  

a:.T , t2R= ( comp l ex) beam patterns o f  typi ca l  source and  the recei ver . 
( 4 .  1 Qi ) 

[ Note that ( 4 . 9 )  i s  forma l l y  i denti ca l to exp [ Eq .  ( 2 . 38 ) , Mi ddl eton , 1 976] , 
wi th � repl ac i ng r theri n . ]  

The quanti ty A i s  the  Impu l s i ve I n dex ( as defi ned i n  ( 2 . 37 ) , ( 2 . 38 ) I I  
00 

( Mi ddl eton , 1 976 ) ) .  As noted i n  o u r  earl i er s tudi es [Mi ddl eton , 1 972b , 1 973 , 
1 974 , 1 976 ] , the I mpul s i ve Index i s  a measure of  the temporal overl ap or  
dens i ty ,  at any i ns tant , of  the s uperposed i nterference waveforms at the re
cei ve r ' s  I F  o utput . I t  i s  a key parameter of the i n terference model because 
it c ri ti cal l y  i nfl uences the form of the  pdf1s and  PD1 s o f  the i nterference , 
as  observed at the o ut put of  the i nit i al ( l i near )  s tages of our  typ i ca l  
narrow-band recei ver . Then , for smal l val ues of A t he  stati st i c s  of  the 

00 

res u l tant o uput wave a re domi nated by the overl appi ng of  comparati vely few , 
determi ni s t i c  wavefo rms , of di fferent ampl i tudes and durat i ons . The resu l ti ng 
i n terference has then an 11i mpu l s i ve11 , s tructured character . For i ncreas i ng ly  
l a rge va l ue s  o f  A th i s resu l tant appro aches a norma l  (or  gauss i an )  p rocess 

00 

as o ne wou l d expect from the Central L i mi t  Theorem ( CL T) [Mi ddl eton , 1 960, Sec . 
7 . 7 ] ,  cf. Eq .  4 . 1 9 fol l owi n g .  

We a re now ready t o  u s e  t h e  p rocedures a n d  res ul ts o f  Secti ons 2.3 ,  
2 . 4 ( I I ) , [Mi ddl eton , 1 976]  to obta i n  express i on s  for F1 ( i � ) X when the 
i n terference bel ongs  to Cl a s s  A, B, or  C types . S i nce r (therei n ) -+ � ( here ) , 
we have at o nce , for the genera l Cl ass  C case : 
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-
z ( = T  IT ) <oo 

Fl ( i � ) C = exp � AA/'� o s s 
[J ( �BoA ) - l ]dz)z A e• 

l ·�o 0 o ' u'V 'v-1 

= 

where the i mpul s i ve I ndexes AA , A8 are speci fi ca l ly  

and 

( 4 . 1 1 ) 

( 4. l l a )  

( 4 . 1 2 )  

i n  wh i ch AA = f AP(1)�A = a v .  no .  of emi tti ng  s o urces i n  A. Note that 
B0A 1 B08 , cf. ( 4 . l Oa ) , t hro ugh the waveform u0 ( z ) , e . g . u0 ( z ) 8f0 ( 0  ..::_ z < 00) , 
whereas u0 ( z) A = 0 outs i de ( 0 ,  z0 < 00) , cf .  Fi g .  2 . l ( I I ) ,  Mi ddl eton , 1976 ]  
p .  53 . 

I n  general , there i s  a l ways an accompanyi n g  gauss i an background , wh i ch 
ari ses from a number  of  mechan i sms : 

( i ) .  as system no i se i n  the recei ver ; 
( i i ) .  as  externa l  i nterference , whi ch i s  the resu l tant  of  many 

. ._ . i ndependent sources , none of whi ch i s  domi nati ng v1s-a- v1s 
t he others ( s o  that the CL T appl i es ) ; 

( i i i ) .  as  a mi xtu re of  ( i ) and  ( i i ) . ( 4 . 13 )  

Th i s  component o f  the i nterference i s  al so i ndependent o f  the 1 1 i mpu l s i ven 
component .  Accordi ng l y ,  we  may wri te for the  c . f . of  the  ( s um of )  these 
components: 
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for P ( =  pois s on )  a nd G (=gauss ) ,  where specifically 

2 2 2 crG = crE + crR ' 

( 4 . 1 4 )  

( 4 . 1 5 )  

where cr�, cr� are respectively t h e  variances of the external a nd the receiver 
( gaus s )  components . 

Applying ( 4 . 1 4 ) , ( 4 . 1 5 )  to ( 4 . 1 1 ) ,  a nd noting that for Class A inter
ference (AA >> AB ) ; for Clas s B interference (AB >> AA) ' while for the 
general Class C 1 1mixture 11 , ( AA"' AB ) ,  we have specifically 

( 4 . 1 6 )  

Class A (Amplitude ) I n terference+Ga us s: 

( 4 . 1 7 ) 

Cla ss B (Amplitude) I nterference+Gaus s : 

( 4 . 1 8 )  

I t is Eq . ( 4 . 1 8 )  with wh ich we shall be primarily cons idered here . 
Pa rallelling the analys is of Sec . 2 . 4 ( I I ), [Middleton , 1 976] we readily 

find that for large Imp uls ive I n dexes the c . f . ' s  a re a symptotically gaus s ian , 
e . g . 

(4 . 1 9 )  
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I 
I 

I I 

where 

( 4 .  l 9a ) 

The s pec i fi c  structure of the "correcti on " ( o r  Edgeworth seri es )  terms i n  
( 4 . 19 )  fo l l ows at o nce from ( 2 . 53 ) , ( 2 . 54 ) , [Mi ddl eton , 1976 ] . The associ a
ted pdf and P . O .  for ( 4 . 19 )  are obta i ned di rectly  from ( 4 . 3 ) - ( 4 . 6 ) and are 
the fami l i ar forms 

-x2 / 2cr2 
e o 

�2ncr� ( 4.20 )  

2 
where e(z) = ( 2//;) J�e-t dt i s  the fami l i ar ( tabu l ated ) error i ntegra l . For 
Cl ass  A ,  Cl ass  B no i s e these re l ati ons s i mp l i fy at once on setti ng 

Cl ass  A :  

Cl ass  B :  

( 4. 21) 

There remai ns the fi na 1 reducti on of the c .  f. 1 s to gi ve us  the des i red 
tractabl e  analyti c forms , s u i table for i nvers i on , to obta i n the pdf 1 s  and 
P . D. 1s i nvol ved. At thi s poi nt we take advanta ge of the formal  i denti ty 
of  our  resu l ts ( 4 . 11) , ( 4 . 16 ) - ( 4 . 18 ) , wi th the expres s i ons  i n  Secs . ( 2 . 3 )  
- ( 2 . 5 ) I I ,  [Mi ddl eton , 1976] ,  where now r + �. The same phys i ca l  and ana ly
t i cal  arguments for the reducti on [Sec . 2 . 5 ( I I )  therei n ]  app ly  here , so  that 
we can wri te down at once th e vari ous des i red ( a pproximate ) forms for the 
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c . f .  1 s . These a re :  

( 4 . 22 )  

wi th correcti on terms gi ven speci fi cal l y  by ( 2 . 78 ) I I , [Mi ddl eton , 1 976] , 
r + s. The vari o us pdf1s , PD1 s ,  moments , etc . for the i nstantaneous amp l i tude 
X have been determi ned and di s cussed i n  detai l i n  1 1 Part I11 [Mi ddl eton , 
1 974] for th i s  C l ass A i nterference , and  so  wi l l  not.be cons i dered further 
here . 

On the  other hand , for the ( fi rst-order )  s tati s ti cs of the Cl as s B 
no i s e  proces s ,  X, we must  cons i der the dua l  characteri st i c functi ons * 

( 4 . 23a ) 
( O<a<2 )  

F 1 ( i s ) B+G-I I ( 4 . 23b ) 

where the s ubs cri pt -I i nd i cates the c . f . appropri ate to the range (02IXI, IX01 
.2. I X81) of ampl i tude va l ues , whi l e  th e s ubscri pt -II denotes the c . f . as soci ated 
wi th the amp l i tude range ( I X81.::.IX01.::_ I XI), cf.  ( 3 . l Oa , b ) , [Mi -ddl eton , 1 976 ] . 
The p reci se defi ni ti on of the boundary po i nt ,  IX81, wi l l  be gi ven presently ,  
i n  Sec . 5 . The parameters of ( 4 . 23a , b )  a re 

b r(l-a/2) ;Ga )/"Aay = 
r(l -a/2) 

l a - 2a- l r ( l +a/2 )  '\ oB ·max 2a/2- l r ( l +a/2 )  

A Cl <( BoB ) )  ( >O )  ; 
12 ( 4 . 24a ) 

* Note that we have s+lsl here , s i nce J0(sB0s) = J0(lslB0s), and s i nce the 
c . f . mus t  be an  even functi on of  s, i n  v i ew of the symmetry of  the pdf 
about X = 0. 
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r' 

b = ( 4- a) /G2 );-;._ 2 = ( 4-a)(B2 );2 ( >O )  2a  2-a \ oB max 2- a oB ( 4 . 24b ) 

( 4 . 24c ) 

( 4 . 24d ) 

The key analyti c d i fferences between ( 4 . 23a ) and ( 2 . 90 ) I I , [Mi dd l eton , 1 976] 
i s  the term Is l a : the abs ol ute va l ue of Isl i s  requ i red i n  th i s  approxi mati on , 
to conform to the symmetry cond i t i on impos ed on F1 ( i s ) x , cf . ( 4 . 4 )  et seq . , 
whi ch i s  i n  turn demanded by the narrow-band nature o f  the i nstantaneous 
amp l i tude X, wh ich  i s  symmetri ca l about(X) = X = 0. [ From the p urely ana ly
ti c vi ewpo i nt ,  the exact expres s i ons ( 4 . 1 1 ) ,  ( 4 . 1 7 ) , ( 4 . 1 8 )  a re even i n s :  
hence t h e  above approxi mate forms ( 4 . 22 ) , ( 4 . 23 )  must  be l i kewi se . ]  

Fi nal l y ,  we must  s peci fy the rema i n i ng parameters : \max'Y' a .  These are :  

\ = l i mi t i n g  range ( fc ) ,  dependi ng on e0 [cf . ( 4 . l Oc ) ] ,  of the max Y recei ver ; ( 4 . 24e ) 
y = exponent of the propagati on l aw :  g ( �) = [ gs ( ¢ ,gv ( e , ¢) ]/ ( 4�c\) Y , 

µ 

cf .  ( 4 . l Oh )  above , and [ ( 2 . 6 1 ) ,  Mi ddl eton , 1 976] , e . g .  
g "" l /).Y, O < y ; 

= expone�t of  the dens i ty l aw wi th range ( ""c\) , e . g .  
aS , V( \) = l /\µ , 0 < µ ; cf .  [ 2 . 63 ) , Mi ddl eton , 1 976] ; 

- 2-µ 1 . 3- µ 1 
= -Y- surface' -Y- vo l ume 

( 4 . 24f )  

( 4 . 24g ) 

( 4 . 24h ) 

spati a l  den s i ty-propagat ion parameter ; [ I n  genera l , see Sec . 2 . 7 ,  
and Eq . ( 2 . 82 ) , Mi ddl eton , 1 976 ] . ( For our pres ent app l i cat i ons , 
the range of va l ues  of a i s : 0 < a < 2 . ) ( 4 . 24i ) 

gs , v = ang u l ar geometri ca l factors i n  the propagati on l aw ,  u s ua l l y  taken 
to be un i ty ;  cf . d i scuss i on ,  Sec . 2 . 5 . l  [Mi dd l eton , 1 976 ] . 

( 4 . 24j ) 
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As we have noted earl i er [p . 82 , Mi ddl eton , 1 976] , i t  i s  i mportant to 
di sti ngu i s h the q ual i tati ve di fferences between Cl ass  A and Cl ass B i n ter
ference , i n  the i r ampl i tude stati sti cs ( a s  wel l as earl i er ,  i n  thei r en
vel ope propert i es ) :  

( i ) .  Un l i ke C l a s s  A i nterference , th e ( fi rst- order )  s tati s ti cs of 
C l a ss B noi se  are c l ea rly  sens i ti ve to the comb i ned effects 
of so urce- di s tri buti on l aw ( µ) and propagat i on l aw (y), through 
the generi c parameter a, cf.  ( 4 . 24h ) . 

( i i ) .  Consequently , the sens i ti vi ty to a i s  a rece i ver bandwi dth 
p henomenon , whi ch can be ( i n  pri nc i p l e )  removed by s u i tab ly  
broaden i ng rece i ver bandwi dth 6fR vi s -�-v i s 6fN ' or  hei ghtened 
by s u i tab ly  narrowi ng 6fR v i s -a-v i s 6fN" I n  fact , Cl ass  B opera
t i on is often more des i reab l e from a meRsurement v i ewpoi n t ,  as 
i t  i ncreases the number of descri pti ve parameters of the i nter
ference s o urce from 3 [Cl as s A ,  cf .  ( 4 . 22 ) ]  to 6 [Cl ass  B, 
cf . (4 . 23 )  ] ,  and  thus provi des the potenti a l  for a more detai l ed 
des cri pti on of  s ource s tructu re and  characteri s ti cs , v i a  ( 4 . 24 ) . 

( i i i ) .  The Cl a ss A and B no i se parameters are the same ( a s  we woul d 
expect on refl ecti on )  for both the amp l i tude ( here )  and envel ope 
s tati s ti cs [Mi ddl eton , 1 976] : ( 4 . 1 7 ) , ( 4 . 22 )  and ( 4 . 1 8 ) , ( 4. 23 )  
here . 

5 .  P ro bab i l i ty Di stri but ions P 1 (X�X0 ) B+ G; O  < a < 2 :  

We proceed here to use the des i red approxi mati ons ( 4 . 23a , b )  to the charac
teri s ti c funct i on F1(i � ) B+G i n  ( 4 . 5 , 5b ) , to obtai n the correspondi ng ( approxi 
mate ) forms for P1 ( X�X0 ) B+G · 

Fi rst ,  we remark that j u s t  as  i n  the earl i er ana l ys i s  for the enve l ope 
s tati st i cs of Cl a ss B n o i se the approxi mati ng c . f . 's here [cf .  ( 4 . 23a , b ) ]  
yi e l d  pdf ' s ( a n d  PD's ) wh i ch a re not properly s ca l ed . I n  fact , a s  
we  s ha l l note bel o\'J ,  the  c . f . Fl - I ' ( 4 . 23a ) , yi e l ds a pdf w1 (X ) B-T , 
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wh i ch requ i res a change of scal e  for the argument X (or z = X/(X2)1 12 = 

X/lri28(l +rB ) and.·. X0 (or :?'.0 ) i n  the associ ated PD .  Mo reover, i f  w1 ( x) 8_ I 
i s  used over th e whol e range of X: ( -00 < X < 00 ) , then (x2)I + 00• [On the 
oth er h and , the c . f . Fl - I I ' ( 4 . 23b ) , yi el ds a pdf ,  w1 ( X) B- I I ' whi ch g i ves a 
f i n i te second moment over ( -00,00 ) , e. g . , (z2) r r = 4G�( tl ) ,  cf .  Eq . ( 7  . 4 ) .  bel ow ,  
but a moment whi ch i s  not s u i tabl y normal i zed unt i l  we d i v i de b y  4G�. ] 

wi th 

Wi th thi s i n  mi nd l et us next i ntroduce the fo l l owi ng normal i zati ons : 

. . . 

zo = X/h2B(l +r8) zoB = XoB//ri2B(l +r8) ( >O )  
( 5 . 1 )  

( 5 . l a) 

( 5 . l b ) 
A ( as before, cf . ( 3 . 2a) , [Mi ddl eton , 1 976] ) .  

factor 
Letti ng a be a normal i zi ng 

( 5 . 2 ) 

anal ogous to a = { 2ri28 ( l +rB ) }
- l / 2 ( = 2- l / 2a) , cf .  ( 3 . 3 ) , [Mi ddl eton , 1 976] , 

we can wri te 

A 

z = ax A A z0 = aX0 · z - ax cf ( 4 23 ) ' oB - B ' . . ' ( 5 . 3 )  

wh ere A ,  z, z0 are now di mens i on l ess quanti ti es .  Then the approximati ng 
c . f . 1 s  ( 4 . 23 ) become 

- b A aa1A l a- �cr2a2A2/2 · e la B G 
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- Fl ( i aA ) B- I ; I : ( I z 1, I zo I <  I zoB I ) ,  
( 5 . 4a) 



A2 2 
. • 

- AB 2 A2 2 - b2aa A / 2  
F1( 1�) B- I I  = e exp [- crGa \ / 2+ABe ] _ 

I I  : I z I , I z0 I> I zoB I · 

( 5 . 4b ) 

Th e as soci ated P D ' s are acco rd i ngl y from ( 4 . 5 ) and ( 4 . 5b ) , cf .  Appendi x A: 

:. P 1 ( I z I .=:. I  z0 I ) 

( 5 . 5b )  

for thes e  s ymmetri cal distri buti ons , s ubject to t he  11 joi n i ng 1 1 cond i t i on 
P1(Jzl�Jz0l= l z0B l ) B- I = P1( JzJ�lz08J= Jz081) B- I I ' cf .  ( 5 . 22a) , ( 5 . 26a) . 

5 . 1 Eval u at i ons of Pl-B- I, I I : 
To fac i l itate the i ntegrat i on we rep l ace s i n  \ z0 by i ts equ i val ent 

Bes sel- funct i on form [Watson , 1944] v i z : 

. /rr z0\ s i n  ZOA = � -2� Jl / 2 ( ZOA ) ,  ( 5 . 6 )  

s o  th at ( 5 . 5a, b ) , wi th th e hel p  o f  5 . 4a, b ) , become expl i c i tl y 

/z 00 - b  A aaJ\ Ja-licr2a2\2/ 2  
pl ( z�zo ) B- I '..::. � -� 2� ( A - l / 2Jl / 2 ( zo\ ) e  l a B G d\ Jo-

zs 
( 5 . 7a) 



wi th : 

( 5. 7 c )  

Al so , we have ( from ( 5. 5b ) ) 

( 5.8b )  

wi th ( 5. 7c ) , and  where we have u sed (4 . 24b ) , ( 5. 1 ) - ( 5. 3 )  i n  defi n i ng the 
A2 A parameters cmB ' AB. 

Our pri nci pa l  tas k  now i s  to eval uate ( 5 . 6 ) -( 5. 8 ) .  For th i s ,  we need 
the Hankel i ntegral  res u l t [cf. (A. 1 -1 9) , Mi ddl eton , 1 960 , for exampl e ]  

Re ( v+ µ ) > 0; I a rg b I < 7f I 4 . 

( 5 . 9) 

Our fi rst step i n  dea l i ng w i th the B- I form ( for  0.::. !XI .::. !XBI) para l l el s  
the earl i er  ana lys i s  to obta i n the anal ogou s envel ope stati s ti cs :  
P 1 ( E. > l0 ) B- I = P 1 ( l> f:0 ) ,  Eqs . ( 3. l l a , b ) , [Mi ddl e ton , 1 976] . We  fi rst 
repl ace z0 by z0N 1 i n  (5. 7a), ( 5 . 8a) ,  where N 1 ( >0 )  i s  a scal i ng factor ,  
wh i ch hel ps to i nsure that (x2)B = l .  Next , we defi ne a parameter GB by 

, or 
I 4-a 

2 1 r B+ 2-a GB = 4 ( 1 + r 1 ) ' 

B 
26 

( 5. 1 0 )  



(wh i ch i s  the same as  the G8 , ( 3 .  1 2b ) ,  [Mi ddl eton , 1 976] ) .  The s i mpl es t 
useful form of  res u l t i s  obtai ned by expandi ng  the exponent conta i n i ng 
/A/a and  t hen us i ng ( 5 . 9 ) . We obta i n after a l i ttl e man i pu l ati on 

where 

and where 

( 5 .  l l a )  . 

( 5 . l l b ) 

A 

) n ( na+ l ) 2 / z I 00 ( - 1 r -2- An na+ 1 3 " 2 � 1 - -f I n!  Aa 1 F1 (-2-; 2 ; - /z0 / ) , 
n=O 

( 5 .  l l d )  

Here Aa i s  aga i n the Effecti ve C l ass  B I mpu l s i ve I ndex, whi ch i s . unchanged 
from that quanti ty defi ned i n  ( 3 . 1 2a , b ) , [Mi ddl eton , 1 976] , and i s  proporti onal  

A 

to the I mpu l s i ve I n dex, A8 , here . L i ke A8 , Aa a l so  depends o n  the s pati a l ly 
sen s i ti ve parameter a ,  and  on the rel ati ve gauss  component rB' cf. ( 5 . l a ) . 
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. 1 

Wi th the hel p of Kurnmer ' s  transformati on [ cf. Mi ddl eton , 1 960 , Eq . 
A. 1 - 1 7 ]  we see that when z -+ +oo, 0 -

( 5 .  l 2a ) 

so  that the l ead i ng term i n  the seri es  i n  ( 5 . l l a , b )  become respecti ve ly  

Z + +oo. 0 - ( 5. 1 2b ) 

Accordi ngly , we see , a s  expected , that P1 takes the proper l i mi ts as  z0 + ±_oo, O :  

= 0 ( 5 . 1 3 )  

= 1 /2  

A 

Si mi l arly , we have at o nce P1 (1z l.:::..0 ) 8_ I = l ,  P1 ( lzl>00) = 0 ,  a l so , as expected. 
Thi s  shows that these express i ons  for the PD gi ve the correct l i mi ti ng forms , 
and  are now s cal ed (N1) to permi t proper "jo i n i ng" to PB- I I ' so as to gi ve 
(z2) = 1 (or (x2) = Q28+0� = Q28 ( l +r8) ,  as noted at the begi nn i ng of th i s  
secti on. 

A 

For l arge val ues of  z0 we us e ,  as before , [cf. ( 3. 1 4 ) , [Mi ddl eton , 1 976] ) 
the asymptoti c expans i on 

( .. ) _l'_(§_l_ -a[ ci(a-s+l) + a(a+l)(a-s+l)(a-s+2) + ] l Fl a , S , - x  .'..:'._ m-aT X  l + l ! x  2 · · · ' 

to get for ( 5. l l a ) , ( 5. l l b ) * :  

2! x  ( 5. 1 4 )  

* For ( 5. l l b ) , i n  ( 5. 1 5 )  we repl ace z0 by 1�0 J and mul tp ly  by 2. 
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00 ( l ) n+l Anr ( na+l ) 
PA ( ) \ 

- a -2- /zA /.-na[ l +  ( na+l ) na 1 z.:_zo '\, l n =l !TI n'r ( 2-na ) o Ll.zA2 . 2 . 0 
A 

( O<< ) zo < zoB ( = zoBN I /2/2 GB ) . 

( 5 . 1 5 ) 

�fo note agai n th at thi s as ymptoti c s eri es ( 5 . 1 5 ) *  app l i es here onl y for A A "l arge1 1 z0 , smal l er th an some ( l arge) val ue of z0B . For l arger val ues of 
z0 ( > z0B ) we mus t us e th e second form of the PD, ( 5 . 7b ) , ( 5 . 8b ) , as 
exp l ai ned earl i er. Thi s i s  done i mmedi atel y bel ow . Fi gures 5 . 1 , 5 . 2 ,  
bas ed on (':;. l l b ) , ( 5 . 1 5 ) ,  s hows t yp i cal PD 1 s for P1, p rovi ded / z0 / < / z0B /. 

Fo r  Pl - B- I I ' cf. ( 5 . 7b ) , ( 5 . 8b ) , we us e ( 5 . 9) di rectl y, to obtai n  

m 
1 - AB 00 AB A P1 ( z.:_z0 ) 8_ I I  � -2 { 1 - e L -1 e[ z //2 c B]} , ( regi on I I , cf . ( 5 . 5a) ) m=O m .  o m 

( 5 . 1 6 ) [ ��B ( =2;�B ) = (� +r8) / ( l +r8) ' 
AB 

( 5 . 1 6a) 

l e( x )  = £_ {\-t2 cit , 
/TI lo ( 5 .  l 6b ) 

cf . ( 5 . 7c )  and Eq . 3 . 1 6a) , [Mi ddl eton ,  1 976] . S i mi l arl y, for ( 5 . 8b )  we 
h ave at once 

Note th at ( 5 .  1 6 ) , ( 5 . 1 7 ) h ave th e p roper behavi our as z0 + ±_00, 0, vi z : 

l i m P ( z> z ) = z ++00 1 - o B- I I  0 -
1 / 2- ( 1 / 2  o r  - 1 / 2 )  " 0, 1 ·� 

P l ( z.:_O ) B- I I  = 1 / 2  j 
as was th e cas e above for Pl - B- I , cf .  ( 5 . 1 3 ) . 

* See footnote on preceedi ng page. 
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Figure 5.2 
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I 
Fi nal ly , when z0 i s  l arge , we us e the asymptoti c rel �ti on [Mi ddl eton , 

1 960 , Eq . ( 7 . 5 ) ]  

2 
e-y 1 4 e(y ) -v 1 - - [1 - - + O (y- ) ]  - /;y 2y2 

to wri te ( 5 . 1 6) a s 

1 
V2TI 

-A A m 2 A2 B oo c A -z /2c e l �� B e o mB [ l -O ( z�2 ) ] ,  2o m=O 

( 5 .  1 Sa ) 

(_5 . l 9b) 

when z; >> 1 .  [ For ( 5 . 1 7 ) we s i mp ly repl ace z0 by Jz0 1 (and z by l z J )  and 
mul ti p ly the ri ght member of ( 5 . 1 9b) by 2. ] Fi gures 5 . 3 , 5 .4 i l l ustrate 
P l -B- I I ' Eq . ( 5 . 1 7 ) .  

5. 2 The Compos i te Approxi mati on : 
As we have al ready remarked , the probl em wi th the approximati ng res ul ts 

for P1 _8 i n  the present C l ass B model , cf . , ( 5 . 1 1 ) ,  ( 5 . 1 5 ) for P1 _8_ 1 , ( 5. 1 6 ) 
for Pl -B- I I ' i s  that these forms , stemmi ng as they do from approxi mate 
characteri sti c functi ons (4 . 23a , b) , are not neces sar i l y  properly scal ed i n  
that each approxi ma,ti ng form P1 _ 1 , P 1 _ I I  does not yi e l d the correct mean-sq uare 
val ues of (z� B = 1 ,  or (X2) 8 = ·n28 ( l +r8L cf . ( 7 . 5 ) . The approximati ons 
Pl - I ' (5 . 1 1 ) ,  i n  fact , and the associ ated pdf ' s ,  w1 ( z ) 8_ 1 , Eq . ( 6 . 7 ) , a l though 
sui tably scal ed [e . g . z+z , etc. , cf. remarks ( 5 . 9 ) ff] , i n  accordance wi th 
the "joi ni ng " procedures o utl i ned be l ow ,  cf. ( 5. 22) - ( 5 . 26) , do not possess 
fnni :te mean squares on (-00 ,00 ) , or ( 0 ,oo ) , cf . ( 7 . 3 )  ff. The approx imati ons 
P l -B- I I ' ( 5. 1 6 ) ,  ( 5 . 1 7 ) ,  for Type-A forms , and the i r  pdf ' s ,  wl -B-I I ' Eq . ( 6. 8 ) , 
a l though a l s o proper PD ' s  ( and pdf ' s )  of ( 5. 1 8 ) , l i kewi se do not yi e l d the 
exact mean- square (z2)8 = l ,  but rather a fi ni te (z2)8_ 1 1  � l ,  cf. ( 5 . 20a ) 
be l ow .  

Accord i ng l y ,  we mus t  devi se s ui tabl e  methods of combi ni ng ,  or 1 1 jo i n i n g 1 1 , 
the B- I , I I  approximati on s ,  so as pres erve the proper characteri s t i c s  
[ ( 5 . 1 3 ) , ( 5 . 1 8 ) ]  of the PD ' s ,  ( and as soci ated pdf ' s ) ; prov i de the correct 
second moment , ( 7 . 7b) ; determi ne the vari ous ( s i x )  B-model parameters , and 
thus effectvvely  s peci fy an acceptabl e  approximat i on to P 1 _8 , and w1 _8 , over 
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the en ti re range of  t he arguments ( z , z0 ) .  Two pri nci pa l  methods for accom
p l i sh i ng th i s  a re out l i ned be l ow :  Method No. 1 i s  a somewhat more s i mp l e ,  
but approxi mate one , descri bed earl i er i n  Mi ddl eton  [ 1 976, Sec. 3.2-A ;  
1 977, Sec. 3.2. l ) ;  Method No. 2 i s  prec i se ,  but i n vo l ves more e l aborate 
cal cul at i ons. The former emp l oys a s u i tab ly  1 1 norma l i zed 1 1 pdf , (wl - B- I I ) norm 
for the B- l �  regi on , to determi ne (z2/ B= l , o ver  the enti re range ( -00 , 00 ) , or 
(0 ,00 ) ,  of the random vari ab l es i n  questi on , and can thus yi el d errors of 
s omewhat too s ma l l  va l ues of P0 for l arge (z,z0 ) ,  when rB i s  s mal l .  The l atter 
method however , y i e l ds  the correct va l ues .  The greater comp l exi ty of the 
l atter l i es  i n  t he exp l i cit eva l uation  of (z� B properly u s i ng the approxi 
mat i ng pdf ' s  for the appropri ate reg i ons B- l , Il ,  cf. ( 5.23 ) bel ow .  

5 . 2 . l Method No. 1 :  
Let us o utl i ne Method No . 1 fi rst , fol l owi ng the author ' s  earl i er 

ana lys i s  [Mi ddl eton , 1 976, 1 977 ] . Therefore , s i nce the p rec i s e  mean square 
is (z2) B � 1, cf .  ( 7.5 ) , and s i nce i n  th i s  approach we now use  wl - b- l l  
over  a l l z to estab l i s h (z2) B = 1 , t h i s  means a 1 1 renormal i zat i on 1 1 o f  wl - B- I I ' 
wh i ch i s  accompl i shed as  fol l ows : 

( A ) .  Cal cu l ate ( z2
; 1 1  on ( -00 , 00 ) accord i n g  to ( 7 .4 ) , us i ng wl - B- l l ' 

Eq. ( 6 .8 ) ,  e . g. 

A Am -A 00 Am 
A 

I 2 -
- B � __.§_ �2 = e B \ _§_I ( m/A +r') ( l +r ' ) - l 

\2 ) 1 1  - e 
m�O m l  mB m�O m. B B B ( 5.20 ) 

( 4-a)+r' 2-a B 4G2 ) ) 
. A 

( 2-a ) ( ) = l +r '  = B ( t l  , cf. ( 5 . 10 , wi th AB = 4_a AB. 5.20a 
B 

The requ i red normal i zat i on factor i s  thus Ni = ( 4G� ) - 1, e.g. , 

1 2 (wl - B- l l ) norm = 
4G2 ' wl - B- l l  = N l lwl ( z ) B- l l "  

B 
( 5 .20b ) 

Us i ng ( 6 . 8 ) ,  app ly i ng  N i r  di rectly to ( 5 . 1 6 ) ,  ( 5 . 1 7 )  gi ves us  now 
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( 5 . 2 l a )  

where the doma i ns of  appl i cab i l i ty ( for z0 vs z08 ) are a s  i ndi cated i n  ( 5 . 5a , b )  
above . [ lhese ampl i tude re l ati ons , ( 5 . 2l a , b ) , a re the anal ogues o f  ( 3 . 1 7 ) , 
[Mi ddl eto n ,  1 976] , for the e nve l ope . ]  

( B ) . The case of  w1 _8;.. I ' Eq . ( 6 . 7 ) , requ i res a d i fferent approach , s i nce 
(z2) I on  ( -00 , 00 ) , or  ( 0 ,00 )  i s  i nfi ni te ( O<a<2 ) , cf .  Sec . 7 . 3 .  I n s tead o f  
normal i zi ng w i t h  respect t o  t h e  second moment , [ a s  i s  done i n  ( i ) above , whi c h  
i s ,  of co urse , not pos s i bl e here] , we must  sca l e  z0 (and z )  accordi ng to 
(5 . l l d ) , e . g . , z0+z� = N i z� , wi th z� = X/2 12  G8 1�28(l +ri3) , so  that z0 

= z0N 1/212 G8 . The rati ona l e for t h i s  i s  

1 ) .  The obs ervati on that the approximati ng P 1 _8 I ( and w1 _ 8_ 1 ) must  
have t he  same va l ues i n  the gauss  regi on ( z;<<l ) ,  where P 1 > ( 0 . 9 ) , 
or  more , as  does the preci se PD , r1 _8 ( a nd pdf w1 _8 ) ,  deri ved from 
the exact (but  i ntractabl e )  c . f . [ ( 2 . 89 ) , r+� , i n  Mi ddl eton [ 1 976] ] . 
Hence we h ave ( 5 . 1 1 )  above . 

• •• 2 ) . The sca l i ng factor N I i s  to be determi ned by fi tt i ng the two 
approx imate PD 1 s ,  P 1 _ 1 , P 1 _ 1 1 , together by the procedure outl i ned 
be l ow ,  wh i c h  i s  ba sed on the canon i ca l  properti es of the Cl a s s  B 
model genera l l y .  

The 1 1 j o i n i ng procedu re 1 1  for P l - I , I I  ( and therefore for wl - I , I I ) now 
di rectly para l l el s  that stated i.n [Mi ddl eton , Sec . 3 . 2B ,  1 976 ; Sec . 3 . 2 . l , 1 977] , 
and  uses ( 5 .  l l ) ,  ( 5 . 20 )  spec i fi cal l y : we set 

( i ) . i n  the gauss regi on (e . g .  l z0 l rv0 o r  smal l ) . ( 5 , 22a ) 
Eq ual i ty of the two approxi mati ons i n  thi s re-
g i on i s  requ i re d ,  s i nce both represent t he s ame 
( sma l l - ) amp l i tude behav i our , characteri s ti c  of  
a l l P D 1 s here , and , of course , s i nce both are ap
proxi mati ons to the same , s i ngl e ,  exact PD ; 
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( i i ) .  

( i i i ) .  

( i v ) .  

( v ) . 

i n  the gauss  regi on : for the s ame reasons , 
both approx imat i ng PD ' s  must  have the s ame 
( constant ) s l opes , ( P 1 >0 . 9 ) ; 
at +z08 , i . e .  at the 1 1 bendover 1 1 po i nt ( cf .  
F i g .  5 . 5 ) , z08 ( >0 ) , where the  two approxi 
mati ons  a re j o i ned together . Th i s cond i 
t i o n  i s  requi red for ( 5 . 5 )  to hol d ,  a s  s hown 
i n  Appendi x  A ,  cf .  Eq . ( A . l - 6 ) , et seq . I t 
a l s o  i ns u res that the PD here rema i ns con 
ti nuous . The poi nt z08 i s  empi ri ca l ly deter
mi ned from the data , i . e .  from the experi -
mental  APO , o r  exceedance probabi l i ty curve 

dP P l ( Z_'.:_Zo ) exp · �; I I ) the ( fi ni te )  s l opes of  the PD ' s  mus t  
0 .:!:..20B a l so be equa l  at the bend-over poi n t ( s ) 

+z08 ) .  Th i s  i ns ures that the associ ated 
pdf ' s a re conti nuous  at (+z08 ) ,  and that 

d2P the PD ' s  are smooth here . 
12I I ) (fO) : 

dzo .:!:_zoB 

( 5 . 22b ) 

( 5 . 22c) 

( 5 . 22d ) 

( 5 . 22e ) 

th i s  i s  requ i red by the cond i ti on that the pdf ' s 
be not on ly  conti nuous but " smooth " ,  i . e .  have 
a common tangent , at .:!:_z08 . Th i s ,  i n  turn , i s  
req u i red by the fact that the exact pdf i s  not 
on l y  conti nuo us but smooth , a s  wel l . 

( v i ) .  z08 ( >0 ) : th i s  i s  the po i nt  o f  i nfl ect i on ( d2P 1 /dz�8=0 ) ( 5 . 22f) 
of the exact P 1 , and i s  determi ned as s uch  
( us ua l l y  by i.nspecti on o f  the P l - data ) , wi th 
P 1 +Pl -expt ' cf . Fi g .  5 . 5 .  Th i s  va l ue of z0 
( =+z 8 ) cannot be determi ned ana lyti ca l ly from - o  
e i ther approx imati ng  form , P l - I , I I " 

The  fi ve re l ati ons , ( i ) - ( v ) , w i t h  the  s i xth , (z2)1 1= 1 , e . g . , (x2) I I  = 
2rt28 ( l +r.8 ) = \x2)expt cf .  ( i ) ,  Eqs . ( 5 . 20 ) - ( 5 . 2 l b ) , a re s uffi c i ent to 
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determi ne the s i x  g l oba l parameters (A8 , Q28 , rg , a ,Aa ,N I ) ' as l ong as z08 i s  
empi ri cal l y  a va i l abl e .  

5 . 2- 2 :  Method 2 :  
As noted above , th i s i s  a preci se vers i on o f  ( i ) - ( v )  above , Eq . ( 5 . 22 ) , 

w i t h the s i xth , ( approxi mate condi t i on i n  Method 1 )  rep l aced by the 1 1exact1 ' 
re l ati on (z2) 8 = <z) B-regi on 1+<z� B- reg i on I I - 1 , e . g . , ( 7 . ?b )  i n  ( 7 . 2a ) . 
Now we u s e  the proper ,  approxi mat i ng PD ' s  ( a nd pdf ' s ) ,  ( 5 .  1 1 ) ,  ( 5 . 1 6 ) ,  (and 
( 6 . 7 ) , ( 6 . 8 ) ) in ( i ) - ( vi )  above , cf . ( 5 . 22 ) . These rel ati ons here are 
then expl i c i t ly : 

(5 . 23a ) 

( 5 . 23b ) 

thi s l as t  because of the syrrunetry of the pdf 1 s ,  whi ch a l so ,  cf .  ( 6 . 8a ) ' ,  
a l l ows us to express ( 5 . 23b ) as 

( 5 . 23c ) 

i n  �erms of the pdf for i z l . Then , s i nce w1 ( z ) 8 _ 1 dz = w1 ( � ) d� , where 
w1 ( z ) i s  the " s ca l ed " pdf f�r �eg i on B- I , cf . ( 6 . ?a ) , and z = z0N 1/ 212 G8 , 
cf. ( 5 . l l d ) , we get , us i ng w1 ( z ) , ( 6 . ?a ) , 

A 

2 oB 2 oB 8G8 A2 A A A iz lz 2 
(z f B- reg i on I = 2 0 z wl ( z ) B- I dz = 2 0 ( 

N2
) z wl ( z ) dz . 
I 

The des i red condi t i on u s i ng the correct mean sq uare then reduces to 
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I 

( 5 . 23e ) 

We can eva l uate the second i ntegra l parti a l l y  i n  c l o sed form , u s i ng 
( 6 . 8 ) , ( 6 . 8a ) 1 ,  to get d i rectly  

<z2) B . I I = (oo z2wl ( I z I ) B- I I.d I z I - reg1 on Jz 2oB 

(5 . 24a ) 

( 5 . 24b ) 

[We remark that these res u l ts neces sari l y  reduce to that of ( i ) ,  Method l ,  
above , when we set z08-+0 i n  the ca l cu l at i on of (z2) I I ' cf. ( 5 . 20 ) - ( 5 . 2 1 ) . ]  
The fi rst i ntegra l i n  ( 5 . 23e ) can be obtai ned fo rmal l y  on a term-wi se bas i s .  
We get 

where 

2 00 � 8GB 2 (z l B- reg i on I = N2 · 7T n�O I 

A n A n z ( - l ) Aa na+l ( oB 2 na+l 2 
n ! r (-2-) Jn x 1 F1 (-2-; 1 /2 ; - x ) dx , 

0 ( 5 . 25 )  

08 2 na+l 2 � 2 t2oB Lz ( na+l ) A 2H3 

0 
x l Fl (-2-; 1 / 2 ; -x ) dx = t�O t ! (l / 2)t(2t+3) 

( 5 . 25b )  

Accord i ng ly ,  ( 5 . 24 )  and ( 5 . 25 )  i n ( 5 . 23e ) yi e l d  one rel ati ons h i p  among the 
s i x  gl obal parameters of th i s  C l ass B mode l . 
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The other fi ve re l ati ons a re obta i ned as above ( 5 . 22a- f ) . We have 
expl i c i tl y  h ere , for Method 2 :  

( i ) . 

( i i  ) . 

( i i i ) .  

( i v ) . 

[P 1 - r= P 1 - I I J l z j «l 
f 0 . c . gauss regi on 

5 . 22a ) 

wh i ch becomes 

z 00 : l_ _ _.2. L ( - l ) n r ( n a+l )An / n ! 2 n n=O 2 a 
m 

l � -AB oo AB z �} 
= - 1 -e " - -0- -2 l m ' A 

n ' m=O · c mB 

1 ( 5 . 26a ) 

for both z0 and j z0 j ,  cf .  ( 5 . l l b ) , ( 5 . 1 7 ) . 

m [dP l - I  - dP l - I I J N I 
dzo - dzo I z0 I «l G�l1f 

oo ( )n -A oo A 
L �1 r ( n�+3 )A� = e B � ,�2 n=O n- 0  m . cmB cf . ( 5 . 22b ) gaus s reg i on 

a l so for both z0 and j z0 j 

[dP 1 - I = 
dP 1 - I I J 

'A r ( a+1 ) �-a a 2 oB [ l +O ( z- 2 , a ) J 12 r ( l -a/ 2 ) oB 

where ( 5 .  T5 ) 
A ar ( a+l ) a 2 

and ( 5 . 1 9b )  are used . 

dz0 dz0 +z 
cf . ( 5 . 22d ) - oB /2r ( l - a/2 )  

-A  oo 

rv -1- e B \' 
- 2 l z0B m=O 

l5 ' 26d ) 

aga i n  where ( 5 . 1 5 )  qnd ( 5 . l 9b )  are used 
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( v ) . 

( v i ) .  

2 [d P 1 -t 
= 

dz2 0 
cf. ( 5 . 22e ) , wh i c h  i n sures that the pdf ' s  
a t  :!:_z08 are 11 smooth 1 1 , etc . [The expl i ci t  
ana lyti c form i s  obta i ned from ( 5 . 1 5 ) and 
( 5 . 1 9b )  by di fferenti at i on a s before . ]  

+z 8 : the 1 1bend-over 1 1 poi nts aga i n  a re empi ri cal l y  determi'ned and - o  
used i n  the above , cf .  ( 5 . 22f ) . 

We remark , a l s o , that when the rel ati ons ( i i i ) - ( v )  are used , we may 
need the next set of "correcti on terms " i n  these vari ous asymptot i c  devel op
ments . S ince Cl ass B mode l s i nvol ve s i x  (u l ti mate ly )  i ndependent parameters , 
fi x i n g  any three i n  the above enabl es u s  tn determi ne the other three , from 
any three of the ( i ) - ( v ) , and ( 5 . 23 )  etc . Fi nal l y , we note that t he 1 1 C l a ss 
A 1 1 form ( I I ) i s coup l ed to the " C l ass 8 1 1 form ( I ) through the Cl a s s  B 
parameter , a. ,  and v i ce versa through the " C l ass A 1 1 parameter , rs ,  appeari ng i n  
G8 , common to both approxi mati ons ! , I I . I n any case , we have , for ei. t her 
Method : 

( 5 . 27 

( 5 . 27 b )  

Typ i ca l  di stri butions a re s hown i n  Fi gs . 5 . 6 ,  5 . 7 . 

5 . 3  Hal l -Type Mode l s :  
As i n  the envel ope cases treated earl i er [cf . , Sec . 3 . 28 , [Mi ddl eton , 

1 976] ] ,  we can al so obta i n  a Hal l model form [Hal l ,  1 966] from the P1 _ 1 
approxi mati on used i n  the gauss and i ntermedi ate reg i on 0 .::. \ z0 \ .::. \ z0g l ·  

Thi s i s  achi eved p rovi ded ( 1 ) ,  we omi t the gaus s i an contri buti on i n  the 
c . f . ( 5 . 7a ) , or ( 5 . 8a ) , e . g . , set lia� -r O  there i n , and ( 2 )  set z08-+<x> .  
The res ul ti ng expres s i on for the P D  i s  accord i ngly [cf. ( 5 . 7a ) ]  
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( 5 . l lb ) , ( 5 . 1 7 )  accord ing t o  the p r o c e dur e s  o f  

( 5 . 2 6 ) . 
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( 5 . 28 )  

We may proceed to eval uate ( 5 . 28 ) , fo l l owi ng the approach used on pp . 
1 00- 1 03 [Mi ddl eton , 1 976] . Let us start wi th the form conven i ent for smal l 
val ues of / z0 / (.::_z08 ) and use the fol l owi ng transformat i ons : 

ft _ fta _ - a/ 2  . B = b 1 A8a (-A 2 , cf. ( 5 .  l l c ) )  , a a a 

. A = ( z  / B ) l / a  . dA = 1 -a/ ad /aBl /a 
• • a a ' � 1a 

and 

- z  a e dz a 

Next , we u s e  the Barnes - i n tegral representat i on for J 1 1 2 : 
* 

J ( * l /a ) _ 1 r ( - s  ( 2o ) 2s+l / 2  ( 2s+l / 2 ) /a � 
1 / 2  2o2a - r r s+3/ 2 2 2a 21Ti ' 

( 5 . 29a ) 

( 5 . 29b ) 

( 5 , 29c ) 

( 5 . 30 )  

(5 . 3 1 ) 

cf . Eq . ( 1 3 . 1 06 ) , [Mi ddl eton , 1 960] , when r i s  the contour ( -00+c , i00+c ) , 
wi th c ( <O )  so chosen that the i ntegral over za i n  ( 5 . 30 )  i s  convergent at 
z =O , e . g .  a 

1 + 2s+l / 2  1 ioo 2a a -
-
zad z e z = r ( 2sa

+1 ) ,  Re s > - 1 / 2  
O a a 

App ly i n g  ( 5 . 32 )  to ( 5 . 30 ) , ( 5 . 3 1 ) then gi ves 
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& r ( - ) r ( 2s+l ) ( z* ) 2s+ l / 2  
( ) 1 1 s a o ds p Z> Z ru - - - -

--. , 1 o B- I - 2 " � r ( s+3/ 2 ) 22s+l / 2  2n 1 ( 5 . 32a ) 

whi ch i s  eva l uated (at the ( s i mp l e )  po l es s=O , l , 2 ,  . . .  ) to y i e l d d i rectly 

2n+l zo 
2n+l 

A a a 

[Note that i n  the gauss regi on ( l z I << 1 ) ,  Eqs . ( 5 . 33a , b )  exhi bi t the 0 
A characteri sti c gauss form ( i n  the PD ) ruz0 , cf . ( 5 . 1 1 ) ,  as z0 , z0 -+ O . ]  

( 5 . 33b ) 

( 5 . 33c ) 

For l arge val ues of z0 ( <z08-+m ) (or sma l l val ues of Aa ) ,  we return to 
( 5 . 28 )  and use a Barnes i n tegral representat i on for exp ( - �  \a ) , v i z :  a 

( 5 . 34 )  

to reexpress ( 5 . 28 )  a s  

Pl ( z�zo ) B- I I Ha l l ru l +  _l_ (r ( - s ) i / i -as �. r"'yas- l / 2J (y ) dy , - 2  /1& Jr o 27f1 J0 1 / 2  7f ( 5 . 35 )  
- 1 < Re a s  < 0 • 

where we have empl oyed the transformati on z0\ = y and ( I ) -+ z0-+ �= here . 
Aga i n , we use [Watson , ( 1 944 ) , p .  391 ] to eva l uate the y- i ntegra l : 

f 00J ( t ) tµ-v- l dt = r ( µ/2 ) / r ( v • µ/ 2+1 ) 2v-µ+l , Re µ < Re (v+3/ 2 )  ( 5 . 36 )  J 0 \) 

wi th v = 1 /2 , µ =as+l here ,  and :. 0 < Re (as+l ) <l ( <2 ) , as req u i red . Equati on 
( 5 . 35 )  now becomes 
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( - ) ( as+l ) I  * i -as 
1 - 1 [ r s r 2 zo pl ( z�zo ) B- I  I Hal l 'V 2 + - 1 - liT r r ( l -as/ 2 ) a  -as 

· ----- ----------

ds 
2ni 

( 5 .  37 ) 

whi ch  s hows , as  expected , th at 

l i m p -+ O 
z � 1 0 

l im P -+ l Z -+-00 1 ' 
0 

( 5 . 37a ) 

formal l y .  Thu s , we can u s e  the rel at i ons  ( 5 . 37 )  for l arge val ues of l z0 1 .  

Eq uati ons ( 5 . 33b , c ) , ( 5 . 37 )  consti tute the Hal l - type PD ' s  for Cl ass  B i nter
ference . [As befo re , [Mi ddl eton , 1 976] , there are no Hal l - type model s for 

Cl ass  A noi s e .  [ These res u l ts are general i zati on s  of the Hal l approach , based 
now on deta i l ed p hys i ca l  cons i derati ons , i . e . , those l ead i ng to the res u l ts 

of Sec . 4 above for the c . f . ' s . ] 
Fi nal ly , i n  the s peci al  case a= l  ( as i n  the envel ope cas e ,  cf . pp . 1 02-

1 03 ,  [Mi ddl eton , 1 976] ) we can s um the seri es ( 5 . 33c ) , or ( 5 . 37 ) . Thus , we 

have ( from ( 5 . 3 3c ) ) ,  a l l z0 , 

a=l : 
( ) n ( ) 2n+ 1 

1 
/2 00 - 1 r 2n+ 1 z 

p ( z> z ) I 'V - - - I o 
1 - o B- I Hal l - 2 n n=O n !  ( 3/ 2 ) n 2n A��� l 

( 5 . 38 )  

1 /2 z 00 ( - 1  ) n ( l / 2 )  /2 z 2n ( 1 ) - o I n ( o ) n ( 5 .  38a ) - 2 - 1T Aa= l n=O (3/ 2)n Aa=l � 
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1 2 1 /2 zo = 2 { 1 - ; tan - ( A ) } . 
a 

Here the corrdspond i ng pdf i s  at once 

12 A- l  
= 

dPl = l ( __ 
a
,,_
=

_
1

-=-- ) ' a= l . - dZ n 1 +2z2 I A: _
_ 1 0 Z +Z -.. 0 

( 5 . 38b )  

( 5 . 39 )  

I t i s  a t  once evi den t  that only the (l z i 8/-moment , - l < S<l ,  exi s ts for thi s 
Hal l mode l , and conseq uently (z)-xo ,  as expected from our general ana lys i s  
[cf. Sec . 7 ] . The P D ,  ( 5 . 38b ) , and pdf, ( 5 . 39 ) , correspond to the Hal l case 
BHal l = 2 , for ampl i tu des [cf . Spa ul di n g ,  Mi adl eton , 1 976 , Eq . 2 . 33 et seq . ]  
. Note that P 1 , ( O<a.<2 ) , i s  monotoni cal l y  decreas i ng as z0++ , and that 

1 1 �� P1 = ( 0 , l ) ,  wi th P 1 ( z>O )  = 1 / 2 ,  as requ i red of a proper P D .  I t i s ,  how-zo�oo -ever , an i nappropri ate approxi mate form when �oG i s  at a l l comparabl e to 
( b1 a.AB )

l /a . Al so , i t  i s  not app l i ca b l e  for very l arge z0 , s i nce the true , 
( i . e . , p hys i ca l ) pdf 1 s  must fa l l  off fast enough to guarantee the exi s tence 
of a fi n i te second moment [cf . comments i n  Sec . ( 2 . 7A ) , Mi ddl eton , 1 976] . 
I n any case , Hal l -type PD 1 s  and pdf 1 s  are not pos s i b l e for Cl a s s  A i nter
ference , as noted earl i e r .  Mo reover ,  because of the i mproper sca l i n g o f  
these PD ' s ,  e . g . , P l - B- I ' general l y ,  we must repl ace z , z0 , by N ! z , N i z0 , 
where the scal i ng factor N i a l ong wi th the fou r  other parameters (Aa , a ' r B '  
a28 ) ,  are determi ned by the procedure outl i ned i n  Secti on 2 ( and i n  Secti on 

... 

6C ,  [Mi ddl eton , 1 976] . [ I n the case of the Hal l model here where a= l ,  cf . 
( 5 . 38 ) , ( 5 . 39 ) , there are on ly the four parameters ( N i ,Aa , rB , a28 ) to be 
estab l i shed . ] 

6 .  Probabi l i ty Dens i ti es :  w1�_:_ 
The as soci ated probab i l i ty dens i ti es ( pdf ' s )  for the approxi mati ons 

w1 ( z ) I , I I  for these Cl ass B i nterference model s are now readtly obta i ned , 
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e i ther from 

dP I w ( z )  = - -
1 d zo z �z 0 

or by u s i ng ( the  norma l i zed ) form of ( 4 . 6 ) , v i z :  

( 6 .  1 ) 

( 6 . 2 ) 

for these symmetri c pdf ' s  [deri ved from ( 4 . 6 )  wi th the hel p  of ( 5 . 3 )  and  the 

re l ati on w1 ( z ) 8 = w1 ( X ( z ) ) / dX/dz / ] . Here we h ave , i n  the approx imate form : 

(6 . 3 ) 

----------

correspondi ng to  the associ ated PD ' s ,  ( 5 . 27 ) . For examp l e ,  ( 6 . 2 )  becomes 

expl i c i tl y .  

Let us  use  

'V 1 f"" = - cos 1T 0-

( 6 . 4a )  

( 6 . 4 )  

( 6 . 5 )  

a s  w i th ( 5 . 6 )  i n  ( 5 . 5 )  ( ( 5 . 7 ) , ( 5 . 8 ) ) ,  to fac i l i tate the i ntegrat i on .  The 
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I 
l 

res ul t for ( 6 . 4 ) i s  expl i ci tly  

( 6 . 6a )  

( 6 . 6b )  

Us i ng ( 5 . 9 )  we fi nd di rectly that , *  i n  rep l aci ng  z by zN 1 i n  w1 _8 1 , we obta i n  

expl i ci tly  

r--- -··-----------=-·-·- ---··--·--·-------- - ··- -···--· - - - - - - ---------·--·------ ------·-----·--·- ··--·-·---- - -- � 
1 nAn I I A A 1 00 ( - l ) Aa na+ 1 na+ 1 A 2 : I w1 ( z ) B 1 =w1 ( z )-v - I 1 r (-2-) 1 F 1 (-2-; l / 2 ; - z )  , i { • - • - rr n=O n . 

• 

and  

( - z0B<z<z0B ) ( z " zN 1 / 212GB ; 

�oB =. 2oBN I/ 2/2 GB ; 

00 

I 
m=O 

2 A 2  
Am -z / 2cmB B e iiiT -�---

B

- ' Z.2_--ZoB , z.::_zoB ' 

cf . ( 5 . 7 ) ;AB= ( 2-a ) ( 4-a ) AB . 

( 6 . ?a )  

( 6 . 7a ) 1 

( 6 . 8a )  

( 6 . 8a ) 1 

( 6 . 8b ) ' 

Wi th 1 a rge va 1 ues of J � I ( < z08 ) , ( 6 .  ?a ) may be deve 1 oped i n  the a symptoti c 

* Here we go from z to z 1 =zN 1 ; then from z 1 to �=z ' / 2/2G8 , wi th a j acobi an 

=212 G8 ; thi s removes the factor ( 2/2 G8 ) - 1  i n  the eval uat i on of ( 6 . 6a ) .  
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seri es : 

,... ,... 00 ( - l ) nAn "-n _ 1 ( na.+l ) (�a.1 1 ) + . . .  w1 ( z ) B- r =w1 ( z )� I n ! r(-n�/2) 2 a. [ l +  "2 ] 
/if n= l 2z ( 6 . 9 )  

o < <  / � / � l �os l . 

These forms , wl - B I , I I ' a re , l i ke the i r  correspond i ng PD 1 s ,  con ti nuous at 
the 1 1 bend-over1 1 poi nt , +z08 , cf. ( 5 . 22 ) . Un l i ke the p urel y  Cl ass A i n ter
ference , when rB -+ 0 here there are no 1 1gaps- i n -t ime 1 1 [G8-+ (4-a. ) / 4 ( 2-a. ) ] : 
thi s i s  a consequence of the fact that even i f  the system and external gauss 
no i se component van i s hes effecti ve ly  ( cr�-+O ) , there st i l l  rema i ns an i n herent 
gaus s i an contri b uti on b2a.A8 ( >0 ) , cf . ( 4 . 24d ) , s temmi n g  from the i nteracti on 
between the re l ati vel y broad band i ncomi ng i nterference and the recei ver 1 s  
i n i ti a l ( l i near ) stages , e . g . 4fN > 4fARI ( cf .  comments pp . 74 , 82 
[Mi ddl eton , 1 976] ) .  Fi gures 6 . 1 ,  6 . 2 s how w1 ( z ) 8 , Eq . ( 6 . 3 ) , based on the 
compos i te approx imati on ( 6 . 7 ) , ( 6 . 8 ) . 

[We note ,  fi na l l y ,  that w1 ( z ) , ( 6 . 7 ) , i s  a proper pdf : w1 ( z )2:_0* and 
1:00w1 ( � ) dz = 1 .  We s how here that th i s  l atter cond i t i on i s  sati s fi ed .  Let 

I = b
l� I ( b ) ; I ( b )  = -1T2 I 00 � n=O 

( - l ) n Anr ( l +na. )J b F ( l +na. · l / 2 · - " 2 ) d ,... n !  a. 2 0 1 1 2 ' ' 2 z , 
( 6 . l Oa )  2 

(- l )n Anr ( l +na ), (
b 

y- 1 / 2  F ( l +na .l. _y ) dy 1 00 
= - I 1T n=O n ! a 2 J 0 1 1 2 ' 2 ' - ' 

( 6 ,  l Ob} 
and then expres s 1 F1 i n  seri es form and i n tegrate : 

2 ( na.+l ) ) £ 2 
2 - J b - 1 / 2  na.+l . . _ 

00 -2- i (- l  J b i- 1 /2 Kn ( b  ) = y 1 F1 (�2�, 1 / 2 , -y ) dy - I (l / 2) i i  y dy 
0 i=O £ . 0 

A A 

oo ( n2+1 ) £ ( - 1 )
£2b2i+l 

= iio (1 ; 2)ii !  (2£+1 )  

* Th i s fo l l ows from / F ( i aA ) 1 / .. ::J ,  F1 -+0 , / s /-roo , for the c . f .  

5 1  

( 6 .  1 Oc ) 



aJ 
N 

F igure 6 . 1  

a = l.O 

- 10 0 10 20 30 40 50 60 70 80 
z (dB )  

The ( c omp l e t e )  pdf w1 ( z ) B , ( 6 . 3 ) , O < z <00 o f  the i n 

s t an t an e o u s  amp l i tude f o r  C l a s s  B i n t e r f e r en c e , 

c a l cu l a t e d  from E q s . ( 6 . 7 a ) , ( 6 . 8 a ) , f o r  var i o u s  

Aa , g iven a , [ S e e  F i g . 5 . 6  for  t h e  a s s o c i a t e d  PD 

and p ar ame t e r  v a l u e s . ]  
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I 
I 0

-9 L-----'------'---'------'---'--�I _L___L_____! _ _J____L_-'---'-_J____J _ _l_J'---L_J__l__L_l.l__j 
- 20 - 10  0 1 0  20  30 40 50 60 70 80 

F igure  6 . 2 

z ( d B )  

The ( c omp l e t e )  pdf w1 ( z ) B , ( 6 . 3 ) , O < z <oo , of the 

i n s t an t an eous  amp l i tu d e  f o r  C l a s s  B int e r f e r enc e , 

c a l cu l a t e d  from E q s . ( 6 .  7 a ) , ( 6 . 8 a ) , for  var ious 

a ,  g iv e n  A .  [ S e e  F i g . 5 . 7  for  t h e  a s s o c i at e d  PD a 
and p a r am e t e r  v a l u e s . ]  
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I 

S i nce ( 2�+1 ) ( 1 / 2 )i = ( 3/ 2 )i , we have 

+ r ( l / 2 )  _g_ r ( 3/2 )+0 ( b- na ,n> l ) + 1 ,  as b + 00 •  
7f -

00 

· . I = l ,  or J_ � ( � ) d �  = 1 ,  as requ i red · .  • 00 
- co 

( 6 .  1 Od ) 

( 6 .  1 Oe ) 

Cl earl y ,  w1 _8_ 1 1  i s  a l so a proper pdf ,  wi th w1 2..o , ( by i nspecti on ) as  d i rect 
i n tegrati on or  ( 6 . 8a ) , ( 6 . 8a ) 1 s hows at once . 

7 .  Remarks on Moments and  Parameters : 
Our  di scuss i on here c l o s el y  paral l e l l s  the treatment of  Sect i ons 5-7  

[Mi ddl eton , 1 976] , and s o  we wi l l  content ourse l ves wi th a seri es of  s ummary 
remarks ; deta i l ed eval uati ons  may be fo und i n  the reference above . 

For the Cl ass  B i nterference under di scuss i on i n  th i s  Report we may wri te 
for the general moments ( l z / 8) ,  B�O , ( zi) ,  i = 0 , 1  , 2 ,  . . .  , us i ng ( 6 . 3 ) : 

s _:_ 0 ' ( 7 .  1 ) 

where speci fi ca l ly we empl oy ( 6 . 7 ) , ( 6 . 8 )  above for wl -B- I , I I . S i mi l arl y ,  
we have for the i n tegral moments 

( 7 . 2a )  



( /" > = 0 ' ,Q, = 0 dd . ( 7 . 2b )  

As expected t h e  odd moments vani s h , s i nce w1 ( z )  i s  symmetri cal about z=O .  
Furthermo re , i t  i s  cl ear from the nature of  w1 ( z ) 8_ 1 1 , ( 6 . 8 ) , that a l l 
( fi n i te )  ( amp l i tude )  moments of  C l ass  B i n terference ex i s t ,  a s  requ i red 
p hys i ca l ly .  [Th i s  was found to  be  the  case for the  enve l ope , a s  wel l 
[Mi ddl eton , 1 976 , p .  1 1 3] . ]  

Spec i fi c  moments may be determi n ed by di rect ap l i cati on o f  ( 6 . 7 ) , ( 6 , 8 )  
to ( 7 . 1 ) ,  ( 7 . 2 ) .  I n  fact ,  exact express i ons  for ( z2t> , ( 7 . 2a ) , may be s imp ly  
found from the  characteri sti c functi on , as  we note bel ow , Eqs . ( 7 . 6 ) , 
so  that we do not h ave to emp l oy the approxi mate forms ( 6 . 7 ) , ( 6 . 8 )  i n  ( 7 . 2 ) . 
[A s i mi l ar set  of exact rel ati ons  appl i es for the envel ope moments (c:.2t; 8 , 
a l so . ] Of course , i f  we wan t  ( l z l s > ,  then genera l l y  we must use ( 6 . 7 ) , ( 6 . 8 ) , 
i n  ( 7 .  l ) .  Let us  exami ne a few s peci a l  cases of  i nteres t :  

( i ) .  (I z I s \ � Here we have 

z B ( «lO ) A ( 8) . ( o 8 2 ( - l ) . a J00 " S-a.- l " I z I I � 2j" z (w1 ( z ) 8_ 1 dz + � - " z dz , 
0 !IT 2oB ( 7 . 3 ) 

" S a from ( 6 . 9 ) i n  ( 7 . 1 ) .  The second i ntegral i s  O ( z  - ) :  accordi ng ly , on ly 
moments o f  order S-a.<O or  ( O.::_) S<a. can  exi s t ,  based on w1 ( z ) 8_ 1 . S i nce 
( O< ) a.<2 , th i s  means that (z2> 1-?00 : w1 ( z ) 8_ 1 does not s upport a fi n i te 
moment .  (As noted  earl i er [Mi ddl eton , 1 976 , pp . 1 1 3- 1 1 4] th i s  i s  a l so  
the case  fo r (£2) 1 , for Cl ass  B envel opes . )  

( i i ) .  ( z2) 1 1 : Here we cal cu l ate the second moment of  z ,  based on w1 ( z ) 8_ 1 1 , 
(6 . 8) . Th us , we h ave 
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-- (�=� +rs ) = 4G2 
l + r 1 B , cf .  ( 5 • 1 0  ) , ( 6 • Ba ) 1 , ( 7 . 4 ) 

2 wh i ch demonstrates the proper norma l i zat i on factor (= l /4G8 ) , cf .  
( 5 . 20 ) for Method 1 . Accordi ng l y ,  we  have 

( 7 . 5 ) 

Exact even moments for the i nsta ntaneous ampl i tudes of C l ass  B i nter
ference a re found at once from the res u l ts of  Sec . 5 . 2A , B , and 5 . 3  [Mi ddl eton , 
1 976] , when we note that 

( 7 . 6 ) 
A 

where F1 ( i aA j z� ) i s  gi ven by (4 . 1 8 ) when the upper l i mi t on the i ntegra l 
i s  rep l aced by z� : see the  comments of Sec . 5 . 2B [Mi ddl eton , 1 976] . The 
res u l ts are di rectly 

(z0)8 = (as expected ) ( 7 . 7a ) 
(z2) 8 = (as expected ) ( 7 . 7b ) 
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5 n6B + .!§_ n4B + 1 5  t : 2 3 ( 1 I ) 3 2 2 ( 1  I ) 2 ' e C . ' 
n2B +rB n2B +r B 

whe re ,  as before , 

, cf .  ( 5 . l a ) ; and  

( 7 . 7c )  

( 7 . 7d )  

( 7 . 8a )  

( )  =<fo00 ( ) dz)A0 , e0y , aRT ' A ,  cf .  ( 4 . 1 9a )  ( 7 . 8b )  

c f .  ( 5 . 1 4a ) ,  [Mi ddl eton , 1 976] . 

The odd moments , (z2i+ l)8 , of course , vani s h , by vi rtue of the symmetry of 
w1 ( z ) 8 , or  equ i va l entl y ,  the even (i n �- ) character of  the (exact , and  approxi 
mate ) c . f . ' s  ( 4 . 1 8 ) , ( 4 . 23 ) . [We ca l l  the reader ' s  attenti on , agai n ,  to the 
i mportant condi ti ons  i n  the p rocedures for eval uati ng  these (exact )  C l a ss B 
moments , and  to the genera l canon i cal nature of  the present analys i s  vi s-a-vi s 
the earl i e r  work of  Gi ordano and Haber [ 1 970 , 1 972] , and  Furutsu and I s h i da 
[ 1 960] , d i s cu s sed on pp . 1 1 7- 1 1 9 of [Mi ddl eton , 1 976] . 

F i nal l y ,  we h ave , as before [Mi ddl eton , 1 976 ; Sec . 6 ] , the gl oba l and 
generi c parameters o f  the  C l ass  B ,  whi ch a re ,  as  expected , the same as i n  
the envel ope cases , s i nce we are dea l i ng wi th the same i nterference at the 
recei ver i nput .  These parameters may be obta i n ed , as  i ndi cated earl i er ,  
from envel ope s tati s ti cs [Sec . 6B , Mi ddl eton , 1 976 ] , o r  by anal ogous forms 
us i ng the PD ' s  and  moments deri ved above [Sect i ons  5 , 6 ] . These parameters 
are bri efl y  descri bed aga i n  i n  Secti on 2 ,  preceedi ng . The practi cal con
di ti ons  for C l a s s  B vs . C l ass  A i nteference model s ( v i s -a-vi s the recei ver , 
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"I 

of cours e )  are j ust those a l ready ci ted i n  Sect i on 7 [Mi ddl eton , 1 976] and 
wtl l not be repeated here . 

APPEND I X  A :  The Approxi mati ng PD 1 s :  

I n  order to use  ( 4 . 5 ) ,  ( 4 . 5b )  wi th the appropri ate approx imati ng c . f . 1 s ,  
A 

F1 ( i a\ ) B- I , I I ' we must take care to emp l oy the correspondi ng pdf 1 s ,  wl -B- I , I I  
* i n  the correct fash i on . Thi s i s  done a s  fol l ows , ass i s ted by Fi gure A-1 , 

and  remembering  that wI , I I are symmetri cal pdf 1 s  ( about z=O ) : 
We fi rst d i st i ngu i s h the fol l owi ng cases for the i nstantaneous 

amp l i tu de : 

A .  - 1 . 

A . - 2 .  

A . - 3 .  

z < - z o oB 

-zoB < 2o 

z B < z 0 0 

< 
2oB 

For the fi rst ,  A- 1 . ,  we h ave at once , by defi n i t i on of P 1 

P l ( z>zo l ) =�-zoB 
wl l dz + �zoB 

wl dz + �oo w! I dz 
2ol  - zoB 2oB 

wh ich  can be rewri tten di rectly a s  

(A . l - 1 ) 

(A . 1 -2 ) 

The fi nal term i n  (A . 1 - 3 )  i s ,  wi th the a i d of t he symmetry properti es of 

the pdf 1 s ,  

* I t i s  assumed here that w8_ I I I  wl - B- I  I I  are proper pdf 1 s ,  i . e . , wI I I..:::_O 00 ' ' ' 
a nd  J_00wI , I Idz= l . Th i s  i s  estab l i s hed i n  the text , cf .  Secti ons 5 . 1  , 6 ( end ) . 

5 8  



( A . 1 -4 )  

whi l e  t h e  fi rst  three terms reduce at  once to 

(A . 1 - 5 )  

We next requ i re that P 1 _ 1 , P 1 _ 1 1  be equa l at  J z0 J =z08 : the respecti ve PD ' s  

a re conti nuous at  the 1 1turn i ng poi nt " , z08 ( >0 ) . [Add i ti onal  cond it i ons for 

the compos i te approx imat ion  u s i ng the c . f . ' s  (or  pdf ' s )  for regi ons B-I,II are 
devel oped i n  Sec . ( 5 . 2 ) . ]  Accordi ngly ,  we see from (A . 1 -3 ) - (A . l - 5 )  that now 

s ubject to the 1 1j o i n i ng 1 1 c ond i ti on 

cf .  (A . 1 - 5 )  et seq . 

We proceed i n  s i mi l ar fas h i on for the cases A . l - 2 , 3 ,  to get 

(A . l -6 )  

(A . 1 - 7 )  

(A . 1 -8 )  

( A . 1 - 9 )  

A s i mi l ar procedure for t he  modu l u s , J z l , ( s haded regi ons i n  Fi g .  A . l )  
may be used to give us  d i rectl y  
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P1 ( i z l > l z0 1 )  = P 1 ( i z l �l z0 1 ) 1 ' 0 .::._ i z0 i .::._ zoB ' } 
= P 1 ( I z I � I zo I ) Ir ' I zo I >zoB ( >O )  

( A . l - 1 0 ) 

(A . 1 - 1 1 )  

(A . 1 - 1 2 ) 

wi th the appropri ate doma i ns O.::_l z0 i <z0B , l z0 i >zoB ' respecti ve ly . Hence 
fol l ow Equati ons ( 5 . 5a , b )  i n  the mai n text . ( S i mi l arl y ,  i f  we rep l ace z 
by E, z0B by cB ' etc . , Eqs . ( A . l - 1 0-1 2 )  veri fy our ea rl i er res u l ts , Eqs . 
(2 . 7 ) , [Mi ddl eto n ,  1 976 , 1 977] . )  
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Figure A- 1 
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W1 (z ) s-r , rr 
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Z o2 0 

I 

II 

r - � 

1 

Zo3 Zos Zo4 z-+- + co 

Schema of the pdf ' s , w1 ( z ) B-I , I I ' appropriate to the regions B-I , I I . 



A .  A0 
AA , AB ,A ,A  AA B 00 oo , oo , 

A 
a 

bl a ' b2a ' b2a+2 j a 
s 

C .  c . f . 

D .  o1 
8 

E . E 

A 

F .  F1 , F1 
1 Fl 
Li.fN ,Li.f ARI 
f 

G .  G0 
g (J) 
r '  B 

r ( x )  

y 
H .  

G lossary of Pri nci pa l  Symbol s 

= pea k ampl i tude of typ i cal  i nput s i gna l 

= Impu l s i ve I ndexes , ( Cl ass  A , B  i nterference ) 
= effecti ve Impu l s i ve I ndex 
= norma l i zi ng factor 
= a  pos teri ori probabi l i ty ;  here l - Di stri buti on=P 1 
= combi ned apertu re- I F- I F  rece i ver i nput  stages 
= source , rece i ver beam patterns 
= s pat i al dens i ty propagat i on parameter 

= generi c or typi cal  envel ope of waveform from ARI 
recei ver s tage 

= wei ghted moments of the gener i c  envel ope B0B 
= exponent of moment 

= characteri sti c functi on 

= probabi l i ty di s tri buti on 

= del ta ( s i ngu l ar ) functi on 

= i mpu l se epoch 

= norma l i zed doppl er 

= characteri sti c functi on 
= confl uent hypergeometri c functi on 
= no i se ,  recei ver bandwi dths 
= frequency 

= a bas i c  waveform 
= geometri ca l factor of recei ved waveform 
� rat i o  of ( i nten s i ty of ) gauss i an component to that 

of  the " i mpu l s i ve " ,  or nongau s s i an component 

= gamma functi on 

= exponent of propagat i on l aw ,  wi th range 
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A. 

A. 
IN 

N .  n . b . 

O . rl2B 

p. pl 
p df 

'¥ '  � 
�T ' �R 

Q .  

R .  r 

p 

= exponent of c ha racteri sti c functi on 

= i ncompl ete r- functi on 
= un i t  vector 

= Besse l  funct i on ,  1 st- k i nd , ( 0 , 1  order ) . 
= j acob i a n  

= c . f . vari abl e 

= doma i n of  i n tegrati on 
= argumen t of the c . f .  
= (A. , 6 , � ) ,  coordi nates 

= exponent of source dens i ty l aw wi th range 
= norma l i zed dopp l er 

= narrow-band 

= mean i n tens i ty of the nongau s s i an component 
= angu l ar  frequenc ies  (w0= carri er angu l ar fr . ) 

= APD or Exceedance Probabi l i ty 

= pro babi l i ty dens i ty functi on 

= phase of narrow band wave 
= aperture ph ase 

= c . f . vari ab l e 

= poi s son 1 1dens i ty 11 

s .  
A 2 2 2 cr , crG , cr , �crG , crA , crR , crE = vari ances 

crs ,v = so urce dens i ty 

-

T . Ts ,Ts : B  
t , t, , t2 
e e '  

vv 
,

.,.., 

= emi s s i on d urati on 

= t imes  

= sets of waveform parameters 
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T .  8 

v .  

w .  wl ,wl 

x .  x 

Y. 

= error funct i on 

= bas i c  waveforms out of ARI  rece i ver stage 
= norma l i zed envel ope waveform at output of ARI 

s tages 

= probabi l i ty dens i ty funct i on 

= i nstantaneous ampl i tude 
= a  c . f . var iab l e 

= ( normal i zed ) i nstantaneous amp l i tude 
= a norma l i zed t ime ,  al so , a norma l i zed amp l i tude 

threshol d 

= ( norma l i zed ) 1 1 bend-over 1 1 poi nt 
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