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PREFACE 

Th i s  Report i s  the  fo urth ( i . e . , Part IV) i n  a seri es of ongoi ng  studi es 

[Mi ddl eton , 1974, 1976, 1978] of the genera l e l ectromagnet i c ( EM ) i n terference 

envi ronment ari s i ng from man-made and natural EM noi se sources , and i s  a l so 

part of the  cont i nu i n g  ana lyti cal  and experi mental effort whose genera l  a ims 

a re [Spaul d i n g  a nd  Mi ddl eton , 1975, 1979] : 

(1). to provi de q uanti tati ve , stati s t i ca l  descri pti ons of man-made 

and natura l  e l ectromagnet i c  i n terference ( as i n  th i s  seri es } ; 

( 2 ). to i ndi cate and  to g u ide experi ment , not on ly  to obta i n per

ti nent data for urban and other EM envi ronments , but a l so to 

generate standard procedures a nd  techn i ques for asses si ng such 

envi ronments ; 

(3). to determi ne and  predi ct sys tem performance i n  these genera l  

e l ectromagneti c mi l i eux , and to obta i n  and eval uate optima l 

sys tem structures  there i n ,  for 

( a ) . the genera l purposes of s pectrum management;  

( b ) . th e estab l i s hment of appropri ate data bases thereto ; 

and  

( c ) . the a na lys i s  and  eva l u at i on of l a rge- sca l e  te l ecommuni ca

ti on systems . 

Wi th  the  a i d of (1) and ( 2 )  o n e  can p redi ct the i nterference characteri 

sti cs of sel ected reg i ons  of tne e l ectromagneti c spectrum , and  wi th the re � 

s u l ts of (3), rat i ona l  cri teri a of  performance can be devel oped to predi ct 

the s uccessful  or  uns uccess fu l  operat ion of te l ecommun i cati on l i n ks and  

sys tems in  vari ous c l asses of  i nterference . Thus , the combi nat i on of the 

res u l ts of (1)-(3) p rovi de speci fi c ,  q uanti tati ve procedures for spectra l 

management , and  a rel i ab l e  techn i cal base for the cho i ce and i mp l ementati on 

of po l i cy dec i s i on s  thereto . 

The man-made EM envi ronment ,  a nd most natura l  EM noi se sources as wel l , 

a re ba s i ca l l y  1 1 i mpu l s i ve '', i n  the  sense that the emi tted waveforms have a 

h i g h ly  stru ctured character ,  wi th  s i gn i fi cant probab i l i ti es of l a rge 
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i nterference l evel s .  Th i s  i s  noti ceab ly  d i fferent  from the us ual normal 

( gauss ian ) no i se  processes i nherent i n  transmi tti ng  and rece i v i ng e l ements . 

Thi s hi gh ly  structured cha racter of  the i nterference can drasti cal l y  de

grade performance of conventional  systems , wh i ch are optimi zed , i . e . , 

des i gned to operate most  effect i vely , a ga i nst  the customari l y  ass umed 

norma l background  noi se proces ses . The present Report i s  devoted to the 

probl ems of (1), ( 2 )  a bove , namel y ,  to provi de adequate stati s ti cal  phys i ca l  

model s ,  veri fi ed by experiment ,  of these genera l 1 1 i mpu l s i ve 1 1 , h i g h ly  non

gauss i an i nterference processes , whi ch consti tute a p ri nci pal  corpus of the 

i nterference envi ronment ,  and whi c h  a re requ i red i n  the success ful  purs u i t  

o f  (3), a s  wel l .  The pri nci pal new res u l ts here a re :  

( i ) . Ana lyti cal  and empi ri cal methods for determi n i ng the ( fi rs t-order ) 
parameters of both the approxi mate and  exact C l ass  A and  B noi se  

model s ; *  

( i i ) . Procedures for measuri ng  the accurac y  of the s amp l e esti mates of 

these model parameters . 

Fi na l l y ,  we emphas i ze ,  agai n .�that i t  i s  the  q uanti tat i ve i nterp l ay 

between the experi men ta l l y  esta b l i shed , ** ana l yti cal  model - b ui l d i ng for the 

e l ectromagneti c envi ronment , and  t he eva l uati on of  sys tem performance 

there i n ,  whi ch p rovi des essenti a l  too l s for predi cti on and performance , for 

the devel opment of adequate , approp riate data bases , procedures for effec

ti ve standardi zati ons , a nd  spectrum assessment , requ i red for the effecti ve 

management of the spectra l -use envi ronment . 

* Cl ass  A and C l ass B noi se are di sti ngu i s hed , qua l i tati vel y ,  by h a vi ng 
i nput bandwi dths whi c h  are respect ive ly  narrower and  broader than that 
of  the ( l i near ) front-end stages of the typi ca l  ( narrow-band ) rece i ver 
tn use .  Mo re p rec i se defi ni ti ons  are deve l oped i n  the text fol l owi n g. 

** Excel l ent experi mental corroborati on h as been achi eved , on the bas i s  of 
enve l ope data for both the Cl ass A and  B i n terference processes [cf .  
Mi ddl eton , 1976, Sec . 2 . 4] .  An equi val ent corrobora ti on for the  cor
respondi ng ampl i tude data i s  accord i ng ly  i nferred . 
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F i g ure 2 . 1 

F i g ure 2 . 2  

LI ST OF  F IGURES 

Schema of Cond i ti on ( s )  ( i ) - ( i i i ) · , Eq.  ( 2 . 1), for 5 
j oi n i ng the approximat ing  pdf1s wl - I , I I ' accordi ng  

to  Eq s .  ( 2 . 4), ( 2 . 5), for the  C l ass  B no i se model 

Sc hema of ( the approx imate )  P1_8 , Eq s .  ( 2 . 4),  ( 2 . 5 ), 6 
obta i ned by jo i n i ng the two approximati ng forms 
P l - I , I I ' accord i ng to the cond i t i ons of Eq . ( 2 . 1). 

[Th i s i s  the PD  form of F i g .  2 . 1. ]  
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STATIST I CAL- PHYS I CAL MODELS OF  MAN-MADE AND 

NATURAL RAD I O  NO ISE  

Part I V: Determi nati on of the Fi rs t-Order Parameters 

of C l ass A a nd  B I nterference * 

by 

Dav i d  Mi ddl eton** 

ABSTRACT 

Methods of determi ni n g  the fi rst-order parameters of both the approxi 
mate a nd  exact C l as s  A and  B no i se mode l s are deri ved , for both  the i deal  
cas e  of i nfi ni te samp l e data and  the pract i cal cases of fi ni te data s ampl es .  
I t  i s  shown that a l l ( fi rs t-order )  parameters o f  these  mode l s can , i n  pri n
c i p l e ,  be obtai necr:-exactly or approxi mately , from the i deal  or practi cal  
measurements . [Al l fi rst- order parameters of C l ass  A but only - tne· ( f i rst�· 

order )  even moments of the  C l ass B model s are exactly obta i nab l e  i n  the 
i dea l  case . ]  .Procedures for es tab l i s h i  ng mean i ngfu l measures of the ac
c u racy of the  pa rameter es t imates i n  the  pract i ca l  cases are i denti f i ed :  
s u i tab ly  adj uste d ,  non parametri c ,  sma l l - sampl e tests of " goodnes s-of-fi t 11 

( s uc h  as Kol mogorov-Smi rnov tests ) prov i de the pri nci pa l  techn i q ues for 
establ i s hi ng accuracy , at an appropri ate ly  sel ected s i gn i fi cance l evel (q0). 
The  ro l es o f  robustness a n d  stabi l i ty of the pa rameters and  the i r  estima
tors a re a l so d i scus sed . 

* Thi s work i s  based on mater ia l  p repared for the Nati onal Te l ecommun i cati ons 
and  I nformati on Admi ni s trat i on ( NT IA ) , U. S .  Department  of Commerce . 

**· The author i s  a Contractor to the  I n sti tute of Tel ecommun i cat i on Sci ences , 
NT IA ,  U. S .  Department  of Commerce , Boul der ,  Col orado ; ( 212-831-8565 ) .  



STATISTICAL- PHYSI CAL MODELS OF  MAN-MADE AND 

NATURAL RAD IO  NO I S E  

Part I V :  Determi nat i on _of the F i rs t-Order Parameters 

of Cl ass A and  B I nterference 

Sect i on 1. I ntroduct ion :  

I n vari ous recent [Mi ddl eton , [ l ]- [3] ;  1977 , 19 ?6 , 1974] and ongoi n g  stud i es 

[Mi ddl eton ,[4] , 197 8 , [5 ] , 1.9 7 8-; Spa ul di ng  and Mi ddl eton , 1977]  stati sti .ca l -p hys i cal  

mode l s of man-made and natural e l ectromagneti c ( EM )  i nterference have been 

deve l oped whi ch are both analyti ca l ly tractabl e and i n  exce l l ent agreement 

wi t h  experiment for a broad range of practi cal  examp l es .  The specifi c sta

t is t ics obta i ned  so far are fi rst-order probabi l i ty di stri but i ons  ( PD ' s ) and  

dens i t i es (pdf 1 s ) , assoc iated moments , and the  perti nent parameters n eeded 

to s peci fy the approximati ng forms of t hese PD1s and pdf ' s .  The pri nc i pa l  

i nterference model s a re t he  so-ca l l ed Cl ass  A and  Cl ass  B types [Mi ddl eton , [ l ] ,  
1977] respecti ve ly  di sti ngui shed by i nput spectra l  ba ndwidths (L'.fN .

} smal l er 

than or l arger than the bandwi dth (L'.fARI ) of  a typi cal receiver's Qinear )  

front-end stages . The approxi mati ng Cl ass A noi se mode l s are described by a 
s i ngl e fi rst-order characteri s ti c  functi on ( c. f. ) wi th three para meters , whereas 

the C l ass B types req u i re two , s u i tab ly  connected , c . f . 1s (or correspondi ng  

pdf ' s or  PD 1 s ) and s i x parameters . [We stress that these parameters are not 

at a l l ad hoc ,  but are deri ved from the underl yi n g phys i ca l  model , and  are 

themsel ves exper imental observab l es ,  as noted earl i e r  [Middl eton , 19 77 ,  1976] , 

and as  discussed further bel ow . ] 

Bas i c  probl ems i n  apply i n g  Cl ass  A and  B model s to experi men tal  obser

vati on a re determi ni ng parameter val ues , and  addi ti onal l y  i n  Cl ass  B cases , 

effecti ng a s u i tab l e " j o i n i ng 11 o f  t he approximati ng  pdf's (or  PD's ) .  

Accord i ng l y ,  the purpos e  of thi s Report i s  threefol d :  ( i ) ,  to  i ndi cate an 

imp�oved method ( v i s - �-v i s  Sec . 3 . 2 :1 of  [Mi ddl eton , [ l ] ,  1977] ) of  achi evi ng 

the 11j o i n i ng 1 1  of the  approxi mati ng pdf's (or  PD ' s ) for Class  B models ; ( i i ) ,  

to outl i ne effecti ve formal procedu res for determi n i ng not on l y  the model 

parameters for the ( fi rst-order )  approxi mate fo rms , but a l l the parameters 
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associated with the corresponding exact first-orde r characteristic functions 

(pdf ' s ,  etc . ) ;  a nd  ( iii) , to indicate in prel imina ry fas hion useful and  

necessary p rocedures for estimating  these pa rameter val ues for the l imited 

data samp l es avail abl e in practice . I n  this pure ly  ana lytic report our 

in terest is to initiate a technical bas is for subsequent practical  appl ica

tions to both experimenta l mode l studies and the measurement of EM interference 

environments genera l l y .  I n addition , of  course , t hese model s p l ay a critical 

rol e  in determin ing the p erformance of optimum and s uboptimum receiving sys 

tems in s uch  real istic environments .[Spau l din g and  Middl eton ,  1 975 , 1 977 , 1 97 9] .  

Fina l l y ,  t his study is organized as fo l l ows : Section 2 describes the 

new ,  exact 1 1join ing 1 1  proces s genera l l y  and in some anal ytic deta il for Cl ass  

B noise ; Sections 3 and  4 p resent formal determinations of Cl ass  A and  B 

mode l p a rameters , respective l y ;  whil e  Section 5 is devoted to identifying 

procedures for determining the accuracy of the parameter estima tes when 

fi.nite s a mp l es a re u s ed .  Section 5 a lso surveys some of the empirical 

s tati.st ical cons iderations imposed by the fin ite data samp l e  s izes avail ab l e 

a n d  the pos s ib il ity of instabil iti.es in t he underlyin g  mechanisms generating 

the data themsel ves . [On l y  the pertinent envel ope s tatis tics are con s i

dered here (for the mos t part ) , s ince it is enve l ope data wh ich are con

ven ient ly  obta ined , and  s ince t he parameters of t he enve l ope and  corres 

ponding ins tantaneous amp l itude distributions a re n ecessaril y  the same .] 

The paper concl udes with a s hort summary of resu l ts a nd  s ome importa,nt next 

steps in extend ing theory and  appl icat ions .[Section 6 ] . 

Section 2. Rema rks on the Joining Procedu re for Cl a,s s B N.oi.s e Mod el s :  

Becau se  the exact c ha racter istic function ( c . f . ) for Cl ass B inter

ference [cf .  ( 2 . 38 ) , [Midd l eton [ 1 ] ,  1 977] ; ( 2 .87 ) , [Middl eton , 1976]]  must  

be  approximated , with two distinct c . f . ' s ,  F
l - I ' F

l - I l  [cf . Sec . 2 . 6 . l ,  [Mid

d l e ton [ l ] ,  1 97 7] ] ,  it is essential  t hat  the resu l ting  two pdf ' s ,  wl - I , I I ' 
be s uitably connected or  joined , at  some appropriate (norma l ized') envelope 

1. I t is convenient a na l ytica l l y  t6 use  the normal ized forms of the envel ope 
E: £. = Ea ( A ) ' Ea s, where aA , a8 a re given respectivel y  in ( 3. 2b ) , ( 4. l a ) .  
Thus , a l so , £0  = EqaA B , Es=E sa8 , etc . , in the  fo l l owing ; cf .  Section I I I, 
[Middl eton , 1 '977 J . ' 
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va l ue ,  t
B ' as shown i n  Fi g .  2 . 1. Th i s  val ue , i n  turn , i s  determi ned by the 

condi ti ons p l aced upon these pdf ' s  at  EB ' as we s how in the  fol l owi ng :  

The  cond i t i ons on wl - I , I I  at S = EB [and correspondi ng ly upon the PD ' s ,  

P l - I , I I ] ,  wh i ch we choose are : *  

( i ) .  No  " mass-po i nts " or  de l ta fun ct i ons i n  wl - I , I I  at£.= E
B ; 

vi z . , P l - I = Pl - I I  = P1 are conti nuous  at  l = e
B ; 

( 2 . 1) ( i i ) .  The pdf ' s  a re conti nuous at  eB; v i z . , w1_ I = wl - I I  = w1, or  

dP 1_ I/dC:
B = dP1_ I I/ dt:B ( d:dP1/d fB) :  the deri vati ves of 

the PD ' s  a re conti nuous at eB ; 

( i i i ) .  The pdf ' s  a re " s mooth " at  .SB, v i z .  dw1- r/d £B = dw1_ I I /dtB 
( ,;dw1/d£B) ' or d2P1_I /d[� = d2P1_ I I / dt§ ( �d2P1/ d £� ) : the 

second deri vati ves of the PD�s are l i kewi se conti nuous at EB. 
I n fact , C-B i s  the 11turn i n g  poi nt "  o r  poi nt of i nfl exi on ( d2P1/d t� = 0 )  
of the exact PD , P1, and  i s  a l ways esti mated from the empi ri cal PD , or  excee

dance probab i l i ty P l -expt ' l . ' Cf . Fi g .  3 . 5 ( I I ) , [Mi dd l eton , 1976 , 1977] , and 

as s hown i n  Fi g .  2 . 2  h ere . Condi ti on ( i ) ,  ( 2 . 1) ,  i ns u res that the approxi mati ng 

PD i s  Pl - I for t�CB and  Pl -I I  for l.::_lB . Condi ti ons ( i i ) ,  ( i i i )  ins ure the mutual  

conti nui ty and  s moothness of the associ ated p df 1 s at  the j o i n i ng poi nt  t'B . Cont i  n

ui ty and  s moothness  of t he approxi mati ng pdf ' s ,  wl - I , I I ' e ·lsewhere , i s  i nsured by 

the i r  respecti ve characteri sti c funct i ons  [c . f . Secs . 3 ,  4 ,  be l ow .  [Cond i ti ons 

( i ) - (i i i ) a l s o·provide s i x  analyti c re l at i on s *  wh ich  may be us ed i n  deter-

mi n i ng the s i x g l obal ( o r  generi c )  parameters of the a pproxi mati ng P D ' s  (and 

pdf ' s  and c . f . ' s ) , cf .  Sec . 4 ff . ] 

The s tated consequences of  Condi ti on ( i ) are eas i l y  demonstrated; l et 

us cons i der  some thres �ol d (0 � t0 1  �EB ) and  cal cul ate P1 us i ng the approx i 

mate pdf ' s . From Fi g .  2 . 1 i t  i s  at  once evi dent  that 

( 2 . 2 )  

* See , however , Eq . ( 4 . 15 ) ,  and  the di scuss i on l ead i ng to ( 4 . 12 ) -(4.15 ) ;  a l so 
Eq . ( 4. 18) . 
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cord i ng  to Eqs .  (2 . 4), (2 . 5), for the C l a s s  B noise model. 
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for wh i ch the  ri ght member is equ i va l entl y wri tten 

or 

But, from Cond i ti on ( i ) ,  ( 2. 1 ) , i t  fol l ows at o nce that 

S i mi l a rl y, when E02 (� e: B ) ,  we h ave d i rect ly  

( 2 . 2a )  

( 2 . 3 )  

( 2. 4a )  

( 2. 5 )  

c f .  Fi gs .  ( 2. 1 ) . ( 2. 2) , Equat i ons  ( 2 . 4 ) ,  ( 2. 5 ) exh i bi t  the des i red res u l t, 

e mp l oyed i n  the  p revi o us ana lyses ,  cf .  [Mi ddl eton, 1 976,  1 977, Refs . [ l ] ,  [2] , 

[4] ] ,  t hat when the thresh �l d  t.:0 l i es be l ow the 1 1 turn i n g  po i nt 1 1, C] we must use 

the type I approxi mat io � ( Fl - I + w1 _ I 'Pl - I ) ,  and  when EC, fal l s  above EB, the 

type I I  app ro xi mati on ( Fl - I I + wl - I I 'pl - I I ) .  

I n  order to p roceed fu rther w i th the determi nati on of ( fi rst-order )  Cl ass 

B mode l parameters, i t  i s  necessary fi rst to cons i der the corresponding prob l e ms 

for C l ass A mode l s ,  whi ch  are o f  concern here i n  the i r own ri g ht, and whi ch 

p rovi de s tructures a nd  p rocedure s  needed i n  the  Cl ass B cas es . 

7 



Secti on 3 .  Forma l Determi nati on of Cl ass A Model  Parameters : 

We begi n by ci ti ng the exact characteri s ti c  functi ons ( c . f . 1 s ) , deter

mi ned earl i er ( [Mi ddleton , 1 974 , 1 976 , 1 977-Refs . [l ] - [3] ] ) a nd  the ( exact ) ex

pres s i on for the even-order  moments (of the envel ope ) .  From thi s we proceed 

to the formal determi nation of t he three ( fi rs t-orde r )  parameters of t he appro

x imate analyti ca l model , and � the ( fi rst-order )  parameters of the exact 

mode l . These resu l ts ,  i n  turn , may be di rectly app l i ed to the actua l esti mati o 

of the parameters from l i mi ted exper imenta l  data , as i n i ti ated i n  Secti on 5 

fol l owi ng . 

The exact fi rs t-order  c . f. for Cl ass A i nterference , wi th an i n dependent 

gaus s i an component , may be expressed i n  two pri nci pa l  forms : 

Eg. ( 2 . 5 0 ) , 

[Mi ddl eton , 1 976] 

or 

( I  ) : 

( 3 . l b ) 

obta i ned on  expandi ng J0 i n  ( 3 . l a ) , where spec i fi cal l y  [ (2.75d) , [Mi ddl eton , 

1 976] ] ,  

and  

( 3 . 2b )  

where cr�, a s  before , i s  the  i nten s i ty of  the ga us s i an component , a n d  Q2A i s  

the mean i ntens i ty of  the nongauss i an o r  " impu l s i ve "  component , o f  the Cl ass 

A noi se model ; AA i s  the Impu l s i ve I ndex , cf.  ( 2 . 1 6 ) ,  ( 2 . 1 8 ) , et seq . [l] , 

wh i c h  i s  a key measure of the non-norma l character of the i n terference 
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[Middleton, 1 977, 1 976 ]. The second, equivalent form of the exact c.f ., (3.la ), 
from which the required approximate form (3.6 ) below is obtained, follows from 
{(2.76 ) in (2.6 9 ), (2.5 9 ), in (2.50 ), [Middleton, 1 976 ]}, and is 

(II): I 
I 
i 

I 
_____________________________ _J 

with 

cf. (2.75 ), (2.75a-d ), [Middleton, 1 976 ]. 

(3.3 ) 

(3.3a ) 

The exact forms of the even moments of the (normalized ) envelope are 
obtained from (3.lb ) in 

2k (k !)222k k d2k A • 

(E A ) = (2k )! [(-1 ) 
d>.2k F1( 1a>. ) ]  

>.=O 
(3.4 ) 

cf. (5.lOa ), [Middleton, 1 976 ], and Sections 5.2a, [Middleton, 1 976 ] generally. 
The results are specifically 

S] 9S"l 

l 
IF 6) = 6 A  + 4 A  + 6 ' etc . 
\- . r23 (l+r ' )3 r22 ( l+r' )2 j 2 A  A 2 A  A 

9 

(3.5 ) 



3.1 Exact Parameter Determination ( Class A ): 
We start by indicating a procedure for determining the three basic first 

order parameters (a2 A, A A,r' A ) of both the approximate and exact Class A models. 
We then go on to show how all the parameters of the exact (first-order ) model 

can be found in principle. Here, as in Sec. 4, we for the time-being assume that 
we are dea ling, both 1 1experimentally 11 and analytically, with the infinite-population 
(or 11ideal-experimental11 ) and limiting theoretical distributions and their 
parameters. Later, in Section 5 below, we shall briefly consider how to treat 
the practical cases of finite data samples and estimates of the theoretical 
or infinite population parameters, P D's and pdf 1 s. 

The desired approximate Class A model is obtained from the exact c.f., 
(3.3 ), by omitting the terms £>2. The result is [cf. (3.2 ), Middleton, 1 977 ], 
(3.5 ), [Middleton, 1 976] the e ;panded version2 

m A2 2 
A • 

• 

- A A 00 A A -am A:\ /2 
F 1( 1a:\ ) A+G = e l �, e 

m =O m. (3.6 ) 

The three (global )-parameters appearing in this approxim ation are (a2 A, A A,r A ), 
cf. (3.2 ). The assotiated P D  is from (3.3 ), [Middleton, 1 977 ]: 

- A  oo Am _[2;2;2 
p ((> c ) � e A l _A e o m A  c· = E a ( 3. 7 )  1 _ 1.-0 A m = 0 m ! ' o o A • 

( The associated pdf is given by E q. (2.3 ), [Middleton, 1 977], E q. (4.2 ), 
[Middleton, 1 976]. The P D, (3.7 ), and pdf, here are a proper PD  and pdf, 

cf. footnote 8.] 
To determine the three parameters we. must 11fit11 in some sense (3.7 ) to 

the .(postulated ) given 1 1ideal-experimental11 data for Pl- A" An apparent diffi 
culty, however, is that Pl- A' (3.7 ), is an approximate form for all (E.,0>0,<00), 

2. The a2 in E qs. (2.1 ), (3.2 ), [Middleton, 1 977 ] should be omitted. 

1 0 



while the data are infinite-population, or 11exact11 data. This difficulty 
can be overcome by noting that for small (f0,E) the form of the PD (and pdf) 
is governed principally by the behaviour of the c.f. as A becomes large, 
which means that for the nongaussian component process (A) the exponential 
term in the exponent of (3.3) is controlling here (as well as for A+O, for 
the large L £0). But this is the c.f. (3.6), which is now the exact c.f. 
as (E,S0+0), and which correspondingly leads to the exact PD, (3.7), as 
�[Of course, for (E'0,£) at intermediate values,(3.6), (3.7), and pdf, 
are approximate, albeit excellent approximations, as the data of Figs. 2.1, 
2.2, [Middleton, 1976] indicate, for example. These analytical forms become 
exact again as A+O or ([,C.-+<x>), also.] Consequently, this suggests that ' 0 
we employ the limiting properties of the (ideal) data sample along with the 
analytic forms (3.7) as �0+0. These are: (1), the PD, and (2), dP/d[�, as 
Ec,+O. The required third relation is the expression for the (exact) second 
moment3, cf. (3.5), (E�) ='(£�)/a�= 2st2A(l+rA). According.ly, the needed 
three relations for determining the infinite-population parameters 
(st2A,AA,rA) are: 

l 
--------------------�----------------·----·-- ! 

( i). 

(ii). 

(iii). 

l 
2nd moment: /E2\ 

\ A / idea 1-xpt. -
(EA

2) = 2st (l+rA) . 2A (analytic) 
(3.Sa) 

PD at l imitingly [Pl l " 2�o']i-expt = (Pl 1 ; 2�o) (analytic) small thresholds:4 � � � � o 0 (3. Sb) 
slope of PD at 
limitingly small 
thresholds:4 

2 . . 2 I [(dP1/dSO) 2 J = [ (dP1/dl0)- 2 J . I E +O i-expt. t +O (analytic) I 0 0 I (3.sc) I ! l 
��--..-.�--·- -- w. ••-------- --•-# ....... -�. _.,., .. --..----.. ..,. .._ •-· ·-•-•,.�o-·-_,. 1.• •- ,.. •• � 

3. It is apparent by inspection of (3.5) that using higher-order (even) 
moments alone always introduces one additional parameter, st2k,k>2, etc., 
cf .. (3.10), (3.11) ff. 

4. We take€.�, rather than [0, as the variable here, because of the particular 
form of ( .:S. 7). 

11 



Applying Eq. (3.7) to (3.8b,c) then gives explicitly (for the limiting 
value E0+0): 

( i i ) . l i m (1 -pl ·) = 
to +O [2 i-xpt 0 

lim (l-Pl ) /E2>' 
E +O -E2 . t \ A J 0 

O 1-Xp 

( 3. 9a) 

(iii). 

(3.9b) 

where the limits are non-zero (positive) [approximated in practice, of course, 
by taking E0 = Eo,xpt;O, for a P1 =1-l0-2, or l-lo-3, for example, cf. Sec. 
5 ff.] The 11approximately equal symbols ( 11�11, 11;11), are replaced in these 
limits by equaliti.es, and the parameters involved are the theoretical, or 
11infinite-population 11 parameters. Note, also that both5 GA, HA=GA

2 are indepen
dent of �2A' cf. (3.8a), a further simplification resulting from the parti
cular analytic form of the PD, (3.7). Although a search procedure is still 
needed, it is now greatly simplified6 vis-�-vis the approximative 

5. The result (3.9b) is established directly by noting that for small �· 
P1 = exp(-Kt02), which applied to (3.9a) gives K=GA' so that P1 = 
exp(-GAE 2). Next, using this in (3.9b) yields at once the indi-
cated re�ult, with the interesting identify [Eq. (3.9a)J2 =HA' (3.9b). 

6. In fact, from the observations noted in Appendix A-I, A.I-1, it is 
possible to get good 11starting 11 values of the parameters (AA,rA'�2A) 
directly from <EA

2� and the PD,PlA' For more refined values one can 
use these to initiate the computational search. Typical parametric 
behavior of (3.7) with rA and AA is indicated in Figs. 3.l(II), 3.2(11), 
[Middleton, 1977]. 

12 



11brute-force11 approach using the approximate form (3. 7 )  and any 3 points 
( Q < t� 1 ' Co 2 ' t� 3 < oo ) • 

We can go on now to obtain, in principle, the infinite set of param-
eters, Q2k' k�, which, with (Q2A,AA,rA)' completely specify the exact (first
order) Class A model, whose c. f. is given by (3.1) or (3.3). Rewriting (3.5) in 
unnormalized form gives 

( 3. 1 Oa) 

( 3. 1 Ob) 

(��> = Q6A+9Q4AQ2A(l+rA)+6Q�A(l+rA�3 ( 3. 1 Oc) 

(E�k) = Q2k ,A+Q2k-2 f 2(Q2A ( l+r A ))+Q2k-4 f 4 ( Q2A ( l+r A))+·· · · 

( 3. 1 Od) 

from which it is immediately apparent that by computing (E�k)i-expt(=(E�k)) 
from the (ideal) experimental (infinite population) data, and using (J.1 Oa) for 
Q2A(l+r,A.), we can obtain all the (scale) parameters Q2k,A by iteration. 
For example, we have from (3.lOa-c), 

I 4 1 /_ 2' 2 ;· 4. / 21 2 1 (i 2\ 2 2 1 /. 2" 2 E \. - - rE \ = E , - (E11 / + - 2 EA ,,· = var EA + -2 n\, EA,) (>O) \ A/ 2 \ A/ \ Al rv 
· · (3.lla) 

/E6 '9/E4 / 2\ 3 Ii 2·3 
\ A/ - 2� A/ \EA/ + \EA/ (>O), etc. (3.llb) 

With (Q2A,AA,rA) obtained above according to (3.8), (3.9), Eq. (3.11) then 
provides the complete limiting experimental specification of all the parameters 
of the exact (first-order) Class A model. Incidentally, it is also evident from 
(3.10), (3. 11) that we can obtain the Q2k,A (k.:::_ 2) apart from having to determine 
the basic parameters (Q2A,AA,rA).] 

13 



3.2 Approximate Parameter Determination (Class A): 
In those cases where the approximate forms (3.6), (3.7) yield acceptably 

close agreement with the experimental PD (and we do not wish to determine 
the higher order parameters n2k,A associated with the exact model [cf. (3.1), 
(3.3)]), we can obtain approximate values of the 3 basic parameters, (n2A' 
AA,rA_), from the first three even moments of the data, on replacing n2k,A 
therein, cf. (3.5), (3.10), by an appropriate function of n2A. 

We first use the summed form of (3.6), viz. (3.3) with the i:::_2 
terms omitted, expand the exponential and compare witr (3.lb). The result 
is the replacement form of n2k,A' [cf. Appendix A-I, Sec. A.1-1], e . g. 

n 
A k I (A

2A) k ' k 2 n2k,A + A ' 
> ' A 

(E�) = 2n2A(l+rA_) 

(E4 > � sn2 (-1 + (l+r• )2) A· 2A AA A 

(3.12) 

Inserting these in (3. lOa-c) then 

(3.13a) 

( 3. l 3b) 

(E6) � 48n3 (-1 + .L(l+r' )+(l+r' )3) , etc. \A 2A A2 AA A A (3.13c) 
A 

These three relations can now be solved explicitly for (n2A,AA,rA_). Letting 
z = l+rA_ in (3.13) we first obtain z = (Ei;/2n2A = l+rA_ and apply this to 
(3.13b,c), solving for AA and finally n2A. The results are easily shown to 
be 

. 
----,,.-----
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;IE2k, 
- \A) ( 3. l 4a) 

(3. 14b) 



r' � A - 1 ( 3. l 4c) 

where, of course, all these approximations must be positive to be accepted. 
The advantage of these approximate relations for the three basic Class 

A parameters is that they do not require the search procedure involved in 
the "exact" calculations (3.8), (3.9). On the other hand, the disadvantages 
are two-fold, that: (1), the results are approximate; (2), they necessarily 
[cf. (3.12)] do not provide all the (first-order) p�rameters of the exact 
model (including S12k,A). [See Appendix A-I for further discussion]. 

4. Formal Determination of Class B Model Parameters: 
From the general results of Section 3 preceeding we are now i.n a posi

tion to extend the analysis to the more complex situation of determining 
the basic parameters for Class B interference models. The situation is more 
complex because now the exact characteristic function, and hence the corres
ponding pdf and PD, w1_8,P1_8, must be approximated by a pair of characteri
stic functions, pdf' s and PD's [cf. (2.4),(2.5), and the discussion in 
Section 2 above, generally]. 

The exact c.f. for Class B interference, along with an independent 
gaussian component, may as in the Class A cases, be expressed by equivalent 
series forms, in this case three, each of which is particularly sui.ted to 
one of the three tasks: (i), exact determination of the (even) moments; 
(ii), approximation for small and intermediate envelope values, and (iii), 
a suitable approximation for large envelope magnitudes. From these forms we 
can then obtain all the desired parameters of the (first�order) Class B 
statistics, as we shall show below. From Eqs. (2.51), [Middleton, 1976], 
(2.23), [Midd·leton, 1977] the exact closed-form expression for the c.f. here 
is 

A o 2 2 2 (00 A 1\ F1(1aA)B+G = exp{-aGaBA /2+A8 Jo ( [J0(a8AB08)-l]/�,� , dz} , 

with now, cf. (2b), 

15 
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(4. la) 

where ( )8, = !�( )8,dz, �· = A08,e0y,aRI' etc., i.e., all relevant, 
N W random parameters of the typical input signal envelope, as discussed in 

detail in Section 2 [Middleton, 1977, 1976], e.g. cf. (2.87d), (2.87c), 
[Middleton, 1976]. It is, of course, the analytically infinite domain of 
z, i.e.,(O .::_ z .::_ 00 ) , which reflects the physically, infinitely long-decaying 
transient effects, which in turn qualitatively and quantitatively distin
guish Class B interference from the Class A types, cf. (Sec. (2.4), (2.5) 
in [Middleton, 1977]. 

The various series forms of (4.1) are obtained first by observing that 
the desired c.f. can be expressed as the limit 

(4. 2) 

with F-1 (iat-Jz0)B+G g!ven by (4.1) with the improper integral ,f�( )dz, replaced 
by the proper one, J50\J0-l)dz. [As noted earlier (Sec. 5.28, [Middleton, 
1976]), this permits the series expansion of the integrand.] Thus, for the 
first series form we have here the analogue of (3.lb): 

------·----

where now 

cf. (3.2a). As before, A8 is the Impulsive Index, �28 the intensity of the 
nongaussian component, and r� the ratio of the intensities of the (independent) 
gauss to this nongaussian term. 
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The second, equivalent series from of the c .f.  is found by the methods 
described in Sections (2 .3)-(2 . 6), [Middleton, 1 977], and Sections (2 .3), 
(2 .5), (2 . �), [Middleton, 1 97 6], applied to F1(ia \ l z0)B+G and followed by 
the limit z0�, cf . (4 .2) . The result is Eq . (2 .87), [Middleton, 1 97 6] ;  
Eq . (2 .38), [Middleton, 1 977]: 

(I I): 

(4 .4) 

where (cf. (2.38a-d), [Middleton, 1 977]) 

; !32 \ 
b = (4- a) , oB/ = 2 a 2- a 2 

(4 .4a) 
Here a is the s patial density- pro pa gation parameter, {cf .  (2 .37), (2.24), 

(2 .2 6)}, [Middleton, 1 977], such that 0 < a <  2 in the above . [ The details 
of the derivation are provided in Section (2 .7), [Middleton, 1 97 6] .] 

The third, equivalent series form of c .f .  is obtained from (4 .3) in 
direct comparison with (3 .lb). The result is 

(II Ia ) : 

A 

i----- --- -·- . -· -------------- ··---- ·---·--··---------------·-·--·-· -- - -- - - - .. . -- -·----- - - . ·------ -------··-···· .. -------------i 
. 

2 2 fl l 
A • 2 2 2 -aB>. 1128 00 (112 sl AB) iA : 

' ' I 

F1( 1a \)B+G 
= e xp {- A8-0GaBA /2 +A8e [l+ l fl 2 (-1) c2!l i=2 2 (i!) 

(4 .5) 
1. -··-- --- -- -- - - - . . .. . ---·-- --··- ----- - - - - - ·- -- -- ....... -

with c2!l given by (3 .3a) on replacing A A by A8, etc . therein . This e xpression 
is the equivalent of (4 .3) . We shall need, however, an appropriate alter 
native to the steepest-descent form of (4 .4). This is readily 
accomplished by the procedures described in (2 . 91) - (2 . 93), [Middleton, 
1 97 6] or (2 .41)-(2 .42), [Middleton, 1977], applied to (4 .4), to yield 
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(IIIb): 

where the coefficients Bk are found directly by a series of recursion 
formulas, cf . (2 .4lb), [Middleton, 1 977], in terms of b(2i+2) a· 

As we have noted above, all these forms (I-IIIb) of the characteristic 
function are equivalent, provided, of course, that all terms in the respec 
tive series are retained . It is when we seek m anageable anal ytic approx i 
m at ions to the c .f ., that is, when we reta in only those few terms which 
principally influence the structure of the associated pdf (and PD ) , t hat 
these different forms lose their equivalence . Because of the p resence of 
the fractional power, Aa, in II, (4 .4), it may seem that this form of the 
c .f.  is basically different from the others . However, a little reflection 
shows that this effect is counterbal anced in the (totality) of the series 

(4 . 6) 

E, where e ach term is a function of a, cf . (4 .4a), leaving only an (infinite) 
£ 

series of (even) integral powers of A .  In fact, by reversing the steps : 
(2 .5 9), (2 . 67b) in (2 . 65), (2 .7 9)- (2 .87), [Middleton, 1 97 6], we return to 

the generic form (4 .l) from which (4 .3), (4 .5), are alter nativel y der ived . 
Now, before going on to determ ine the parameters c �2B'AB, rB,blCi ,a, . .. 

etc .) of the Class B model, we ca n use form I, (4 .3),to get directl y exact 
expressions for the even moments of the (normalized) envelope, [, b y  
differentiation of this c .f.  with the help of (3 .4) . Since the form of 
(4 .3) is identical with (3 .1b) for the Class A cases, we can write at once 
from (3 .5) 

/fO) = \ B 
� 

= 1 ; \ f 4,i = 4B + 2 B �2 ( l+ r, ) 2 
2B B 

6 �6B 9Q4B 
(\c.-B \ = �---=-

+ + 6 etc c... I 2 3 2 2 ' ., 
Q (l+ r 1) Q (l+ r1 )  2B B 2B B 

(4 . 7) 

with E'B = aBE' cf. (4 .la) . [ Although (4 .4) is equivalent to (4 .3), it is 
clearl y inconvenient for the calculation of moments by differentiation, cf . 
(3 .4), becauserof the term (�Aa),which can cause divergencies (as A+ 0) 
unless balanced by the totality of the series, E, cf . remarks above .] 

£ 
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Finally, it is convenient a t  this point to do a further ta xonomy with 
re gard to the model parameters, generally. We have already made a classifi 
cation between global and generic parameters in [Middleton, 1 97 6], Sec. 2.5. 
Here we are concerned with Class A and B global parameters which we shall 

further distin guish as bein g structure parameters, i.e., those governin g 
the form of the P D  (and pdf) primarily, e. g., ( A A,rA), ( A8,r B,a'bl a'b2k,a' 
k�2), and scale parameters, i.e., which primarily set the level and scale 
of the P D  (and pdf), e. g. (b2 a, �2k ; A,B'k�l ; NI). Thus, in our appro ximate 
model forms we have ( A A,r A) as structure parameters, with �2 A  as sole scale 
p arameter, while for Class B, ( A8, rB,a,b1 a) are the structural parameters, 
with ( �28,b2 a, NI) the scale parameters. 

4. 1 11 E xact " Parameter Determination ( Class B) : 
We be gin by introducin g first the two appro ximat in g c.f. 's, respec

tively appropriate for small and intermediate values of the· envelope, and 
for lar ge (and small) envelope values [cf. remanks followin g Eq. (3.7 )]. 
We t hen emplo y (2.4), (2.5) suitabl y joined at the 11bendo ver11 point, £8, cf. 
Fi gs.2.1,2.2 (and Fi g. 3.5, II), [Middleton, 1 977, 1 97 6], to establish 

the desired appro ximate, composite pdf and P D. From these (or the cor 
respondin g c.f's) we obta in the basic parameters of the Class B appro ximate 
analytical (first-order) P D, and pdf. The joinin g process whereb y t hese 
si x parameters may be (i), ideally, (ii), empirically determined, is t hen 
briefl y  discussed, e xtendin g the earlier treatment ( Sec. 3, [Middleton, 
1 977, 1 97 6]) to an ''e xact" procedure. 

The two appro ximatin g c.f.'s are obtained from forms II, IIIb, Eqs. 
(4.4), (4. 6), followin g the rationales described in Sec. 2. 6.1, [Middleton, 
1 977], for e xample. These are respecti vely 

(0.::_£.::_£8) :  Eqs. (2.5a, 3.4a); 
[[l], Middleton, 1 977] 

1 9  

(4.8) 

(4.8a) 



and 

(f8..s_[..s_00): Eq. (2.5b),(3.4b): 
f[l]�-Middleton, 1977] 

The corresponding PD's are: 

(O..s_t�..s.fs): Eqs. (2.7a), (2.5,6): 
[[l], Middleton, 1977] 

with 

A A A A2 00 (-l)nA�r(lr�n) an �2 P1(t'>l0)8_1 � l-l0 I --n...,...,-- - 1F1(1+ 2; 2; -(0) , 
n=O 

and 1F1 a confluent hypergeometric function, and7 

(£8.::_E0<00): Eqs. (2.7b), (3.8): 
[[l], Middleton, 1977 

(4.10) 

( 4. 1 Oa) 

(4. lla) 

(4.llb) 

[The associated pdf's, wl-I,II' for the two regions I: l02..t2..f8), fl: -

((=.'8£li00), cf. Fig. 2.1, are given explicitly by Eqs. (2'.8a,b) [Middleton [l], 

7. The relation (4.lla) appears without the factor (4$�)-l included in 
(2.7b), (3.8), [[l], Middleton,l977], which factor rs the result of an 
earlier, approximate procedure [cf. last paragraph, Section 2.6.l 
[[l], Middleton, 1977]] and discussion here, e.g. Sec. 4.1, (4.21) and 
[[4], Middleton, 1978]. 

-- . � 
20 



1977], and (4.3), (4.4), [Middleton, 1976]. These PD1s and pdf's are 
also proper PD's and pdf's.8] 

The exact c.f.'s (4.3), (4.5) indicate that the basic parameters of the 
Class B model are: (Q28,A8,rB,Q2k:B(k>2)). The equivalent (exact) c.f. 's 
(4.4), (4.6), provide an alternative set: (Q28,A8,r8,a,bla'b(2t+2)a' 
t?_l). The approximate c.f. 's, (4.8), (4.9), which we use to obtain the 
approximating PD's (and pdf's), (4.10), (4.11) above require only the six 
parameters: (Q28,A8,rB,a'bla'NI).9 Because of this, we shall determine 
the parameters of the c.f.'s (4.4), (4.6), here. It is now important 
to note that there is a variety of equivalent procedures for determining 
the desired six parameters of the approximating (and exact) c.f;·'s. (This 
fact was not indicated in the earlier analyses [Middleton, 1977, 1976].) 
All procedures demand continuity of Pl-I,II at c0 = £8, i.e. condition 
(i), (2.1). Moreover, we may also require continuity and smoothness of 
the pdf's att=cn, according to conditions (ii), (iii), (2.lL In addition, 
we may require that the PD's, Pl-I,II' and their derivatives, cf. (2.1), be 
exactlO at C:0=E8, even though they may not be for other values of E0• 

8. A pro£er �df, w1(t),_is su�h that (here yor envelopes w1.::.0, 02_£�. 
and_J0W ] d'"'=l, which is equivalent to P1(t_'.:.O)=l,P1(t>oo)=O, and 
P1 � >£ 0), O<� Q.::.00 is nondecreasing. Corresponding conditions on the 
c.f. are F1TOJ =l, /F1(iaA)/ < 1, F1(00) = O; this last if there are 
no "mass-points", or delta functions, in the pdf. Inspection of 
(4-.3), (4.6) demonstrates that these are indeed proper c.f.'s, and 
hence the pdf's and PD's are likewise proper, in view of the unique 
(here, Hankel transform) relationship between c.f. and pdf (and PD). 

9. The parameter Nr is a scaling parameter on c, cf. (4.lOa), which is 
required because Fl-(B+G)-I, (4.8) does not yield a finite second 
moment on (0,00), and is needed to assist the joining process for 
P-1 -I

j
II both at f0 = t8 and as t0-+- 0, cf. Sec. (3.2.1), [Middleton, [l] 

l gn . 
10. Although the explicit structures of the c.f. 's (4.1), (4.3)-(4.6), 

and their approximations (4.8), (4.9), insure continuity and smooth
ness of Wl-I II in (0.::. t.::. 00), this does not necessarily mean that 
Wl-I�Il are equal to w1-exact at t = t8, without imposing this further 
condition. 
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Various reasonable rationales for combining the approximate PD's, etc. 
and determintng the associated (six) parameters can be given. We shall 
consider two here, for the so-called 11 exact11 parameter determination. 
First, we observe that the type-II approximation (for the c.f., P.O., 
(4.9), (4.ll), etc.) is only exact as A -+ 0 (or E,E0 -+ oo ) , It is not exact 
here for A -+ 00 (or c,£0-+ 0), although it is a Class A form (which ..i.?_ exact 
for actual Class A noise, cf. Sec. (3 .1) preceeding), because here we have 
Class B interference, which even for no independent gaussian component 
(cr�=O) does not have 11 gaps-in-time11 and hence has no 11 spikes11 in the pdf for 
E0=0. This means that we cannot follow a procedure similar to (3.8) above, 
including now the second derivative, and obtain exact values of the parameter 
set f4 = (Q28,A8,rg,a) which are associated with the type II forms [ (4.9), 
(4.11)]. [We can, of course, use such a procedure, but the resulting fJ 
are then necessarily approximate.] 

In any case, we must at least suitably join the PD's at £0=�, where E� is the data point of inflexion of { P1)_i-expt (= Pl-exact)' e.g. 
d P1/dt� = 0. This point always exists, of course, since there must always 
be a finite second moment associated with (P1)_i-expt (= (P1)exact). 
Thus, two relations of the needed six here are: 

( 4. l 2a) 

The second relation in (4.12a) is required, in order to relate the analytic 
forms to the (ideal) real world. Furthermore, for a third relation, we may 
reasonably require that the pdf's are at least continuous at l'..=<£, e.g. 

dPl-I 
d[ B 

= 
dPl-II ' dC: B 

( 4. l 2b) 

(which is not necessarily equal to (dP1/dc8). t unless so specified, nor 
� i-exp 

does (4.12b) follow automatically from (4.12a), in as much as Pl-I,II are 
approximations, not necessarily equal at f8+e, any e). Next, we may reasonably 
require that Pl-I,II become equal as £0 -+ 0. This automatically insures that 
their first derivatives are also equal (as E0-+ 0). For, let us write from 
(4.10), (4.lla) 
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Thus, we have 

( 4. l 3a) 

if we require 1��(P1_1 = P1_II). It is immediately evident that this does 
not insure that d2P /d(E2)2 ( :::" (4)) = d2P /d(E2)2 ( ="·(4)) . Relating the - 1-I o lJ 1-II ·o l II · 

analytic forms again to the (ideal) real world data, we thus have the addi-
tional pair of conditions 

lim . 
E -+0· 0 

The remaining condition is, naturally 

(4.13b) 

(4.14) 

Accordingly, we may summarize our first, approximate procedure for joining 
and parameter approximation by: 

I 
I 

I. 

•-•• &•.-.,- ----------·-- -·---1 
, p 1-I = p 1-I I = ( p 1 ) i -expt ) 

dPl-I dPl-II 
___,d...,...£ - = d E B B 

� ./ 
E = t o B 

lim Eo -+ 
O: pl-I = pl-II = (Pl )i-expt. 

(E�) = 2�s(l+r8) = (E� )i-expt. 

I 

____ J 
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where by (4.13a) the slopes of Pl-I,II are also automatically equal (as 
t +O). 0 

The conditions (4.15) translate specifical.ly, with the help of (4.10), 
(4.11), and the use of the asymptotic form of the hypergeometric function, 

1F1, cf. (3.7), [Middleton, 1977], respectively into 

-A oo Am -c2/2�2 
A r l+a/2) {-

B
a[l+O(f-

B
2 ,a)] = e B l 

m� e B mB = a r 1-a/2 m=O · 

(Pl) i-expt., 

c2; 2''·2 A m -'-B 0mB A ar(l+a/2) N -a -AB 00 ABe a (-I ) t. -a-l [ J E \' r(l-a/2) 2GB B l+ ... - Be l A2 m=O ml crmB 

( 4. l 5a) 

(4.15b) 

(4.15d) 

Other possibilities exist: we may require all the conditions (2.1) to 
hold at E0=fs, viz. (d2P1_I/df�) = (d2P1_II /dE�) , which permits us to drop 
the second moment relation (4.14) in (4.15), for example. Specifically, 
this becomes 

A a a+l)r(l+a/2 
a r 1-a/2 

Other variants might set the various derivatives at E,t� = t'B equal to 
(4. 16) 

• 

their respective (exact) experimental data results, e.g. (dP1/dfB)i-expt., etc. 
In the above set (I) of conditions, and their variations, we have in 

each instance joined Pl-I,II (and automatically their slopes) as f0+0. 
But since Pl-II is not an exact form as E0 + 0 nor does it per se insure the 
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no 11gaps-in-time11 effect (when crG=O) characteristic of Class B noise, and 
Pl-I' here, we may somewhat more logically choose in place of (4.13b), the 
alternative conditions 

1 im 
(: "*° L.o 

dPl-I (dP1 
dt.� = df � ) i -expt. 

' 

so that a second alternative class of procedures becomes 

i--------·------------ ------··---------·---·-- --·---------·- --- ··-----------------, 

dPl-I 
de 

(Pl) i-expt. ) ,. - (.. ",1 
'-o - . 

· B ) j 
� I I . i ! 
I 
I 
I 

B 
= 

) 

I 1E2 - 2,..., (l+r') - 1E2,, 
I \ B' - �G2B B - ' � i-expt. 
I 

t -+ 0 0 

I 
( 
l 

/ 

i l 
! 
' I 

!.... - --· - -·· · · ·- -··· - . . ·- - . ·- ····-· -·-·--·-·--·-·---·-·-· ·- - . -- .. ... ---···----- -· - ·----····- ·- ----·--- - -·-·--- _: 

(4.17) 

(4.18) 

The expli.cit forms of (4.18) are available at once from (4.15a)-(4.15d) by 
inspection, where now specifically the derivative condition as E0-+ 0 becomes 

( ) n ( an ( i ) / 2., � -1 r 2+ T)"n _ lim :l-P1- dP1/dE0 (,E8_, ! .i 2, 
l I A - E 0 2 \ EB 

. 
• 

n=O n. a o-+ E . o i-expt 
( 4. l 8a) 

Variants of II, (4.18) are similarly generated: we may drop the second moment 
relation and use a second derivative at c..:0 = e:8, cf. (4.16). 
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Finally, note that from the ·f6 parameters so obtained above, and in 
particular from the second moment relation (4.14), and with the help of the 
unnormalized form of (4.7), cf. (3.10), since here (E 82k;... t = (E 82k1\, " 1-exp . , 
we may obtain Q2t+2,B' cf. (4.3a,b) in a straight-forward fashion, as in 
the Class A cases, cf. (3.lla,b). It follows at once from this and the 
results of (4.15) or (4.18) in (4.4a), that the remaining model B parameters, 
e.g., b(2t+2)a' t_::.l , are now specified, albeit now approximately, in terms 
of the experimentally observed (E �k>i-expt.. For example, we have explicitly 

( 4. l 9a) 

Other possibilities are 

(4.20) 

This insures exact values of Pl-I,II and wl-I,II at E, c0 = t:8 , but not 
necessarily "smoothness" of wl-I,II' and has the possible advantage of not 
requiring the experimental calculation of[d2P1/df;]c8. 

Another set of approximate relations, essentially used in the author's 
earlier work [Middleton, 1977, 1976, 1978], is 
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I V. 
dP l-I 
d e  0 E = E • o B ' 

with � modified form of the second moment condition 

(4.21) 

(4.2 la) 

(4.2 lb) 

to give the required six re lations. Equation (4.2 lb) is the approximate 
second- moment re lation actua l ly used in [Midd leton, 1 977], cf. Sec. 3.2. l, 
and [Midd leton, 1 97 6], Sec. 3.2- A, which emp loys a suitab ly norma lized pdf, 
w l-II . NII =(w l-II)norm' to determine c� over the entire range ( 0  2. £ ..::. oo ) , 
and which can thus produce errors of somewhat too sma l l  va lues of P 0 for 
large c:0 , c ,  when rB is sma l l. The re lation (4.2 la), a lthough more compu 

tationa l ly invo lved, is more precise and more logica l ly motivated. ] 
Fina l ly, even when the 1 1turning point 11 c8  is not empirica l ly avai lab le, 

it is sti l l  possib le to obtain a l l the mode l parameters approximate ly. 
This is accom plished as fo l lows : choose as the required six re lations 

for � 

v .  
p l-II 

( 
d P1) c..2 d o i-expt 

27 

and 
P l-I = ( Pl _)i-e xpt. @ t:o l  ' t�2 > O, 

(4.22) 



th is last for [0, t_,02, say, when the curve for Pl-I not iceably departs from 
the rale igh l im it (as f0-+0). The turn ing po int, t8 , may be approx imately 
deduced by solv ing (Pl-I = Pl-II), s0-+ f 8  ( >0), for &8 , once the parameter 
set, P6 , ha s been obta ined accord ing to V ,  (4.2 2). 

In all these cases, of course, there is some cho ice, wh ich in pract ical 
appl icat ions we may make as a matter of conven ience (as long as we expl i 
c itly ind icate the part icular procedures used). The fact that there is no 
un i que select ion of relat ions for determ in ing the (approx imate) parameters 
1� stems from the fact that the c.f., and result ing P D's are themselves 

necessar ily approx imate. In pract ice, of course, we perforce deal with 
approx imate forms and data, with a conse quent further degradat ion of 
accuracy. Ho wever, at the present level of accurac ies these var ious ap 
proaches [ includ ing those d iscussed above ] appear to g ive acceptable values 
for the parameters , in the sense of acceptably close agreement bet ween the 
data curves and the assoc iated analyt ical approx imat ions [cf. F igs. (2.1) 
(2.8), Part I, of Ref. 2 here ]. [See also, A pnend ix A-I, Sec. A.l -2 ,  for 

d irect 1 1start-u p 1 1  est imates of P f; J. 
5. Some Procedures for Obta in in g Parameter Est imates with F in ite Data Sam ples : 

In the above analys is we have assumed that we have been deal ing with 
the ideal ized, l im it ing s ituat ion of inf in ite data sample populat ions, so 
that the analyt ic and emp ir ical stat ist ics (moments, pdf 's, etc.) are 
e qual (probab il ity 1). The conse quence of th is, of course, is that the 
var ious parameter est imat ions are prec ise ( in th is sense), e.g. (3. 9a,b), 
(3. 10), etc. yield exact values. Spec if ically, we may wr ite for the 
2kth moments of the envelope E 

< E 2 k) = l i m .l_ f: E � k :: (E 2 k >· , k � l , n-+oo n j =l J i-expt 

in terms of the n sample values E j' ( j =l , ... ,n), and so on for n2k,A' 
(3.11), n2k,B' b2k,a' (4.13), (4.14), etc. 

( 5.1) 

Pract ically, ho wever, we are al ways l im ited to the emp ir ical s ituat ion 
of f in ite data samples (n <00). Th is insures that our est imates are never 
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precise (prob . 1), albeit that they may be good appro ximations. Thus, we 
have now the sam ple moments 

for the empirical estimates of the moments IE2k ) . Similarly, although 
\ 

(5.2) 

we may use the e xact analytic forms for Pl- A' Pl- I, I I' and their derivatives 
etc ., as t0 -+ 0, E, .:.0 + €8 in the procedures ( 3.9a,b), (4 . .  15), (4 .1 5d), a nd 
Sec . (4.2), cf. Sec . ( 3 . 1), (4 .1), (4.2), it is always the e xperimental 

values of P1, dP1/d t0, etc. which are necessarily appro ximate, so that 
the various structure parameters ( A A,r A, A8, . . .  , etc .) are consequently 
appro ximations, as well. 

Letting y ( G l�n) = estimator of G based on the data set (�n = {E j }' 
j=l, .. . ,n), we ca n use (5 .2) directly in ( 3 .  lla,b) to write e xplicitly in 

terms of the (even) sample moments 

y( Q4 A l §n) = (E ! >e - t\E�)� (>O) 

( IE ) =  /E6 ' - � 1E4 ). /E2 ' + 3 /E. 2 ,3 ( 0) t Y Q6 A  ,., n \ A/ e 2 \ A e \ A / e \ A / e > ' e c · 

for the estimators of Q4 A' Q6 A' etc., based on the finite data samples 

( 5 .  3a) 

( 5. 3b ) 

�n ( =  E1 , . . .  ,En)' n < 00 •  Similar results apply for y ( Q2k, s l fn) directly 
using ( 3 .10), ( 3.11), cf . (4.1 4) etc ., an d for y (b2k, a 1Jn) cf . (4.19a,b) . 
The estimators, y( A A I Jn),y(r J\ l .�n) ,y( a i_�n), etc ., for the various structure 

parameters, however, are not e xplicit functions of the sample data, , &n' but 
are, rather, functionals of these data11 through P1, Pl- I, I I' etc ., c f . ( 3 .9) 

11 . An e xception arises i n  the case of Class A noise when the appro ximation 
( 3 .12) ·is used for Q2k A · Then the structure parameters are given 

appro ximately but e xpl {citly in terms of the sample moments, e.g. 

y ( Q2 A'or A A,orr A l �n) � f ( (e2)e, (e4)e, (e6)e) ' 

according to ( 3 .14a,b,c), where now (e2k)e = (E ik �e h ere. Questions 
of accuracy and robustness (cf . Sec . 5 .2 .  ff.) remain, of course. 
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(4 .15), (4 .15 d) Th is leads to qu i te d ifferen t s ta t is tical procedures when 
we address oursel ves to the cr i tical problem of the accurac y and robus tness 
of the parame ter es tima tes, as we shall br iefly ind ica te below . 

5 .1 Remarks on the Accurac y of the Es tima tes : 
Before proceed ing fur ther here we mus t remember tha t we are deal ing 

always w i th em pir ical da ta, wh ich in turn is always l im i ted in quan ti ty .  
To beg in w i th, we do no t generall y know whe ther these da ta belong to the same 

s ta tis tical po pula tion, i .e ., are genera ted by a co mmon s ta tis tical mecha 
n ism (s ta t ionary or no t [M iddle ton, 1 960] ; and (5 .14), and Sec . 5 .2 below) . 
In add i tion, i t  is of ten no t clear tha t the ind iv idual elemen ts (E j' say) 
of the sample, !n' are s ta tis t ically independen t, a cond i tion wh ic h  mus t be 
es tabl ished if the usual, conven ien t and effec tive, s ta tis tic al me thods of 
val ida ting and anal yz ing the da ta are to be successfully em ployed . Thus, 
we mus t f irs t val ida te the da ta [M iddle ton, 1 96 9], wh ich cons is ts essen tially 
of the follow ing procedures, in sequence : 

( i) .  tes t  the sample da ta ( �n) for s ta tis t ical independence12 

(5 .4) (of the E j v is- �-v is the Ek,jfk) ;  
( i i) .  tes t the sampl e da ta for "homogene i ty' ' , i .e ., whe ther or 

no t the (E j) belong to the same s ta tis tical popula tion . 

[ One such tes t  for ( i) is the "runs tes t 1 1 [M iddle ton, 1 96 9] ;  for ( i i), 

12 . In the da ta sampl ing process, to insure independen t samples we mus t 
always be careful to remove any per iod ic (or dc- "s teady") com ponen t .  
Thus, if we sample ins tan taneous (I F) am pl i tudes ( �n), in the rece iver, 

we mus t use 11 j i ttered 11 sampl ing, i .e ., we mus t sample randomly in time 
(w i th no in terval b etween samples less than (appro xima tely) the rec i 
proca 1 ,of the A RI (aper ture xRF xI F rece iver bandw id th), cf . [Plemons, 
e t  al, 1 972], or more conven ien tly, we may sam ple per iod ically a t  a 
per iod incommensurable w i th any per i.od ic i ties in the da ta sam ple, a ma tter 
of e xper imen tal tes ting . If we use envelo pe da ta ( �n), on the o ther han d, 
we mus t remove the (sample) mean, e .g .  use e j �E j- (8 �E j- (E je as the 
typical elemen t of the sam ple . In add i tion, if there are per iod ic i ties, 

we can a pply the " j i ttered " or incommensurable- per iod ic sam pl ing a pproach 
sugges ted for the ins tan taneous ampl i tu de above . 
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non-parametr ic tests, like the Kolmogorov- Sm irnov [M iddleton, 1969 ] are 
part icularly useful because of the ir small-sample (small n )  as well as large 
sample, capab il it ies . A conc ise descr ipt ion and illustrated appl icat ion 
to a class of phys ical problems is g iven in [Plemo ns, et al, 1972 ] . ]  

Hav ing val idated the data accord ing to ( 5 .4) above as a f irst step 
in est imat ing the accuracy of the measurement of the model parameters, we 

next apply a comb in at ion of the class ical theory of sample stat ist ics 
[ Cram er, 1946 ], [ Wilks, 1962 ] and "goodness o f  f it" tests [M iddleton, 

1969 ] to the var ious scale parameters, i .e .  the 2k-moments �2k,A,B ; 
and to th � structure parameters ( A A, A8,r A,r B, a'bl a'b2k-B' etc .) of the 
Class A and B models here . 

We beg in w ith the mth order moments o f  the data th ems elves (for 
example, the independent, instantaneous ampl itudes, X , w ith (X) = 0 )  . . en 
In f irst applying standard techn iques o f  sample stat ist ics we may start 

by determ in ing the var ious ensemble (or stat ist ical) averages ( ( )) of 
t hese f in ite samples . We read ily see for these independent sample values 
that 

( 5 . 5) 

(s ince all x . have the same pdf 1s ), so that all these ensemble means of the J 
sample data moments, odd as well as even, are the same as the e nsemble moments , 
The same result appl ie s for the ad justed envelope values, e j = Ej - (E ), wh ich 

are now also stat ist ically independent, s ince the 11dc11 component (E) has 
been removed . Accord ingly, we say that (xm )e, (em )e' cons idered as est imates 
of the mth-order moments of ( X,e) are unb iased, and independent of sample 
s ize n, as well . For envelope data, !n' it is ; also ev ident that 

( 5 . 5a) 

so that the moment est imates of the mth-order ensemble moment of E are likew ise 
unb iased, and independent o f  sample s ize, as well . The var iances, and 
h igher-order moments, o f  these sample moments, however, do depend on sample 
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size : it is easil y s hown (in t he case of independent samples ) that 

(5 .6 )  

Hig her order statistics are similarl y derived . T he result (5 .6 )  s hows t hat 
lim var( Xm,em )+O : the variance of t he sample m-order moment vanishes O(n-1 ), 
n -+oo ( m . · m . ( m \  / m) ] 
or equivalentl y, t hat the estimates [ X ;e, (e ie J of t he mome nts [ X ;, \e 

improve, from the point of view of a variance measure, 0 (1/ /rl) as sample size 

increases - a well-known result, of course ; [ Cramer, 1946 ] ,  [Wi l ks ,  1962 ] ,. 
However, for t he envelope data �n ), which are correlated t hrou gh their 

d .c .  (and an y possible periodic component12 ), we have instead of (5 .6 )  

(5 . 7) 

and (E �E� ) 'f (E �) (E �) .  It is not now ne cessaril y true that �_: var (Em )e 0, 
as in (5 .6 ) . Similar remarks appl y for t he higher order statistics of the 
envelope moment estimates . This be haviour reinforces t he utilit y of working 
with inde pendent data samples, w nenever possible, cf . (5 .4 ) . 

With t he abo ve in mind we can proceed to appl y t he met hods of st �ndard 
sa mple statistics to obtain esti mates of the accurac y of our {point ) esti 

mators of t he data moments (Em ), or (Xm ) .  For example, using the instan 
taneous amplitude data, X, or t he ad justed envelope data, e, we ma y replace 

� w 

the ensemble variances, var {Xm,em } b y  the sample variances, (vare Xm, 
vareem ) in (5 .6 )  to get 

(5 .8 )  

as a measure of how close t he particular data estimate (xm ) or (em /e is to 
<xm ),or <em ) . This measure is,of course, su bjec t to _fluc tua �ions w hen considered 

over subsets of the infinite data population, and is t hus not invariant o f  
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the particu lar data set e mp l oyed. C ont inuing a l ong this line, h owever, one 
can further deve l op the standard appr oach, at least in pr incip le, t o  derive 
the pdf 1 s  of these moment esti mat 6rs13 and fr om the m obta in the more mean 
ingfu l interva l est i mates13 ass oc iated w ith these orig ina l est imates 
[1 5 ,  Midd let on , 1 965] . Th es e ar e th e pr obabi l it ies tha t nart icu lar ( po i nt es ti 
mates, e.g., y ( Y I X(k)), f or g iven particu lar data x (k ), (k= l,2, ... ), fa l l  

C•V 

w ithin ( l+ \)100 % of the true va lue of the quant ity Y being est i ma ted. 
Fina l ly, by assigning a suitab le c ost functi on t o  measure the err or between 

the true and est imated va lues, one can deter mine the average c ost ( or 
r isk) ass ociated with the use of the p o int esti mat or y ( Y I X), c ons idered 
over a l l p oss ib le data sets X = ( X(k) ,k,= l ... oo ) ) . The i �;erva l est imati on 

"'" vv 
yie lds a pr obab i l ity wh ich is a measure of the eff iciency of the p oint 
est i mat or in any particu lar app l icati on (any particu lar l(k)) ;  the average 
r isk measures the ex pected c ost or avera ge err or in the use of the p oint 
est imat or, over a l l X = ( X(k )  ,k= l, ... oo ) , 

vv .N 

There are, h owever, tw o ma jor techn ica l d ifficu lt ies in the d irect 
app licat i on of standard sa mp ling the ory techn iques, and its extent i ons, 
ab ove, t o  the pr ob le m  of esti mat ing our n oise mode l para meters fr om fin ite 
data sa mp les. These are : (i), the n on independent character of the direct 
enve l ope data, En' wh ich are the most c onvenient in pract ice ; and (i i), 
the ana lytica l c omp lex ity of the esti mat ors the mse lves, wh ich are in the 
case of the structure para meters ( A,r 1 , a ,  etc.) even more inv olved func 
ti ons of the observed data ( f, or thresh old f0) cf. (3.7), (4.10), (4.11). 
The for mer (i), can be large ly re moved by us ing the ad justed e nve l ope 
{e j = E j- (E > } ,  but the latter, (i i), requires an indirect a lternat ive appr oach, 

as we sha l l  n ote direct ly be l ow. 
Thus, f or (i) let us c onsider the mean of the exp l icit esti mat or 

(5.3a) of the sca le para meter n4 A : 

13. We dist inguish between an est i mate of Y based on a spec if ic data set x (k), 
y( Y I X(k)), and the esti mat or of Y,y( Y I X), based on the ent ire ense mb l ; K, of""data. The _ �or mer i s  a f ixed nu mb e"r ; the latter is a rand om var iab le 
[Midd let on, [ 9 ]_, p .  942 � ] 

33 



(5 . 9) 

Th is est imator is generally b iased and depends on sample s ize (n). Sim ilar 
remarks apply for y( Q2k,A,B l tn) and all the var ious poss ible moments of these 
est imators . Even us ing E j = (E ) +e j there in does not remove e ither b ias or 
dependence on sample s ize, although the structure of the var ious corre la 
t ions C(E �E �) , etc ., .cf . (5 . 9) ]  is made expl ic it. If the instantaneous 
ampl itude data fn are used instead of the envelope data !n '  we can take 
advantage of sample independence , and the relat ion 

(5 .10) 

cf . {(5 .llb), [M iddleton, 1 97 6] }, to obta in (for both Class A and B no ise), 
cf . (3 .10), 

(x2) = Q2(l +r ') (x�\ = � Q4 +3 Q�(l +r • )2 

(x6) = � Q6+ �5 Q4 Q2(l +r ') +l5 Q�(l +r •)3, etc ., (5 .11) 

wh ich in turn g ives 

( 5 .  l 2a) 

(5. l 2b) 

the e qu ivalent of (3 .lla,b) earl ier . Cons �der ing now y( Q4 /!n) based on (5 .12a) 
w ith ( )  replaced by th e sample means < )e we see at once that from (5 .5) 
et se q .  
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2 
1 ( �  I X ) ) = 

£
\1 (x4 \ \ _ 2 ,,(x2 \2 > = 

£;x4 , _2 {  var x + I, x2 .\
2 } \ Y 4 '"n 3 J e /  \ -' e 3 ' / n ' 

(5.13) 

so that even here y is st ill b iased, as long as sample s ize is f in ite (n <00). 
H igher order moments and averages are correspon d ingly more complex, w ith 

the est imators rema in ing b iased (n <00). 
We can , of course, for example ,st ill calculate var y( �2k l gn), cf. (5.8), 

subst itut ing the sample var iances (and other sample moments) for the ensemble 
(or "true ") var iances, moments, etc. to obta in measures of est imate accuracy. 
These suffer from b ias, dependence on sample-s ize, complex ity, and the bas ic 

fact that they are random quant it ies, not probab il it ies wh ich measure accuracy 
in a cons istently mean in gful fash ion. F inally, to develop such really i nd icat ive 

measures of accuracy as interval est imators and average error measures here 
is a form idable and as yet unach ieved task. The s ituat ion is even worse for 

the structure parameters , because of the ir vastly more complex dependence on 
�n' or v&n' wh ich in turn probably precludes any d irectly useful analyt ic 
results . All of wh ich leads us to the follow ing, ind irect approach : 

(5. 14). 11 Goodness-of- F it 1 1 Approach : S ince we know the (approx imate) anal yt ic 
form of the PD 1s, Pl- A,B' we use a 
"goodness-of-f it" procedure, whereby we 
test how well these analyt ic PD 1s f it the 
exper imental P D  data, when the ex per imental 
parameter est imates are used in the analy
t ic for ms [M iddleton, 1 969], [ Plemons et al, 
1 972] . 

Th is approach is an appropr iately natural one he �� in v iew of the fact that 
our methods abov e [cf. Secs. 2-4 ]  for est imat ing the parameters of the approx i 
mate no ise models all depend d irectly and expl ic itly on the analyt ic and 
emp ir ical PD (or pdf), as well as on second moment calculat ions, a s ituat ion 
wh ich is not fundamental ly altered in determ in ing all the parameters of the 
exact mode 'l s. Aga in, the Kol mogorov - Sm i rnov tests [M iddleton, 1 969], 
[ Plemons et al, 1 972] are part icularly useful here, espec ially for the 
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smal l - samp l e condi ti ons attend i n g  the acqu i red da ta at sma l l p robabi l i t i es 

( i . e . , the " rare-events " ) , when P 1 i s  0(10-4 or l ess ) . [ Fu rthermore , when 

the parameter est imates a re used i n  the K-S test ,  i n  p l ace of the true 

(exact , i nfi n i te popu l ati on va l ues ) ,  i t  i s  known t hat such K-S tests are 

conservati ve , i . e . , when the test stati s ti c  used i n  the test , Z
samp l e ' 

exceeds Za0 (the appropri a te thresho l d )  the nu l l hypothesi s ,  H0 , ( i . e . , that 

the sampl e P D  "f i ts " the ana lyt i c  P D  (wi th the est imated parameters ) )  may 

be even more safe ly  rej ected than i n  the stri ct case where the ana lyt i c  P D  
em�l oys the true parameters ( at the same test l evel , i . e . , the probabi l i ty 

of  fa l se ly  rej ecti ng H0 ) ( [ Mi ddl eton , 1 969], p .  38).] 

5.2 Remarks on Robustness  and Stabi l i ty: 

I n  al l o ur dea l i ngs wi th ana l yti c mode l s and empi r i ca l  data the not i on 

of robustnes s i s  i mportant .  By " robustness " i s  meant , es sen t i  a l l y ,  the 

fol l owi ng  here : that smal l changes i n  parame ter val ues produce correspond i ng ly  

smal l changes i n  the underly i ng P D  ( o r  pdf ) . I f  l arge changes  resu l t ,  then 

the mo del i s  not robust ,  and two possi bi l i t i es ari s e : (1) , the model  i s  

ba s i ca l l y  correct , and  the  l ack  of robustnes s i s  tru ly  character i s ti c ;  or 

(2), there i s  some i mportant e l ement  mi ss i ng ( i n the model ) wh i c h ,  i f  i n

c l uded , woul d e l i mi nate th i s  spuri ous sens i ti v i ty ,  i . e . , restore robu stnes s . 

Accord i ng l y ,  i n  such  i nstances we s hou l d  reexami ne the model . From the 

v i ewpo i nt of parameter est imati on , robustness i s  a measure of how sen s i ti ve 

o r  i nsens i ti ve the P D  ( o r  pdf)  i s  to parameter i naccurac i es . An ana l yt i c 

perturbat i on of model parameters , e . g .  rA + rA+�r ' ,  AA + AA+�AA ' etc . 

a nd subsequent computati ona l  eva l uati on i s  one method of detecti ng sens i ti 

v i ti es and determi n i n g  ra nges of c hanges (�r ' , etc . ) where i n  robustness may 

s t i l l  rema i n . App lyi n g  thes e  changed val ues to the "goodness -of-fi t "  

approach , (5 .14) , above , thus provi des a probab i l i s t i c  measure o f  robus tness 

or  i ts l ac k .  Of course , there a l ways rema i n the i nevi tabl e s ubj ecti ve e l ement , 

express�d here i n  our  cho i ce of test threshol d ,  ( c ho i ce of  probabi l i ty ,  a ) .  

T h i s ,  however ,  i s  a l ways exp l i c i t  i n  proper ly  formul ated probabi l i ty meas ures 

i nvol v i ng data wi th random components ([Mi dd l eton , 1 960], Chapter 18 ) .  
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I n  add i ti o n  to the  q uesti on of robustness of the model there i s  that 

of the model ' s  stabi l i ty: does the  underlyi ng  probabi l i s ti c mecha n i sm 

rema i n  i nvari ant duri ng  the data acqu i s i t i on t ime (and  duri ng any peri od 

for wh i ch we wi sh  to u s e  the mode l ) ,  or does the mecha n i sm c hange , as 

refl ected , for i ns tance , i n  changes in the form and magni tude of the PD 

(or pdf ) , i n  the val ues  of the mode l parameters , etc? Thi s i s  a par

ti cu l arl y pe rti nent questi on when l ong  data acqu i s i ti o n  peri ods are 

requ i 'red , i . e . , to provi de enough  data to estab l i s h t he 1 1 ta i l s 1 1 or 1 1 rare

event 1 1 proba bi l i ty porti ons of the PD  (and pdf ) . The 1 1 stabi l i ty 1 1  probl em 

i s  es senti a l l y  the same probl em of estab l i s h i ng the va l i d i ty of the data , 

cf .  ( 5 . 4 ) : do the acq u i red data bel ong to the same stati sti cal  popu l ati on? 

Accord i n g l y ,  su i tab l e 1 1 tests of homogene i ty "  a re requ i red here to estab l i s h 

t h i s  fact , the  ( non-pa rametri c }  Ko l mogorov-Smi rnov tes t bei ng parti cu l arly 

effecti ve here , espec i a l l y  when one has to  dea l wi th the sma l l -samp l e cases 

for the " rare-event "  port i on of the PD ( and  pdf ) ; [Middl eton , 1 969], [ P l emons 

et  a 1 , 1 972]. 

6.0 P ri ncipa l Res u l ts a nd Comments 

The centra l purpose of thi s study has been to prov i de methods for deter

mi ni ng the  parameters of the approximate and exact ana l yti c ( fi rst-order )  mo

de l s  of C l ass A and B n o i se ,  and  to i ndi cate procedures for determi n i ng the 

accuracy of parameter e st imates i n  the  pract i ca l  s i tua t i on when on l y  fi n i te 

data s ampl es a re obta i nab l e .  The pri nc i pal  n ew res u l ts of thi s study may be 

s ummari zed conci se l y :  

( 1 ) .  We have shown how to determi ne prec i se ly  the bas i c  ( fi rst-order )  param

eters of the approx imati ng  C l ass  A model , i n  the i deal , l i mi t i ng  case 

of i nfi n i te ( homogeneous ) data popu l at i on s , where i n  pri nc i pl e  the 

ana l yt i c  and empi ri cal  model s a re equ i va l ent [cf.  Secs . 2 ,  3 . 1 , 4 . 1 ] . 

[The bas i c  parameters for the approximate Cl ass  A model s  are 'f3 = 

(a 2A ,AA , rA ) ] . However ,  i t  i s  poss i b l e  to obta i n  on ly  approximate 

val ues of the basi c parameters 1� = (a28 ,A8 , r� ,a , b 1 a , N I ) i n  the 

C l a s s  B cases , [except for a28 , wh i ch can be prec i se ly  determi ned 

i dea l l y] . 
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(2 ). We have also shown how to determ ine in pr inc iple all the (f irst-or der ) 
parameters of the exact Class A mo dels, an d all the (even, f irst 
or der ) moments of the excat Class B mo dels, in the i deal l im it ing 
case of inf in ite data populat ions, in a dd it ion to the bas ic param 
eters note d above in ( 1 ) .  These are { n2k , A} , cf. (3.11 ) ;  
n 2 k , B , cf . ( 4 . 7) ; an d { b 2 k , a} , ( 4 . 1 9 ) , k �2 , cf . Sec s . 3 . 1 , 4 . 1 .  

(3 ). In the case of Class A mo dels, we have obta ine d expl ic it approx imate 
results for the three bas ic parameters 1� = (n 2A ,AA , rA ) ,  in terms of 
the f irst three even moments of the envelope, cf. Sec. 3.2 � FArnen dix A- 1 1 .  

( 4 ) . We have demonstrate d var ious alternat ive, approx imate metho ds of param 
eter determ inat ion in Class B cases, cf. Sec. 4 . 1 . Even if an emp ir i 
cal 1 1turn ing-po int 1 1  datum, r. 8 ,  is not ava ilable, it is st ill poss ible 
to obta in all (f irst-or der ) mo del parameters to goo d approx imat ion 
rAooen dix A-1 1 .  

( 5 ) . We have in d icate d proce dures for est imat ing parameter values in the 
pract ical s ituat ion of f in ite data samples [Sec. 5 ] . Var ious sta 
t ist ics, e.g., the var iance, of sample moment est imates can be useful 
here. But, because of b ias, depen dence on sample s ize, an d part ic 
ularly the complex ity of the parameter est imates ' depen dence on the 
data set ( lr,, gn ), it is necessary, an d natural, to employ su itable 

11 goo dness-of-f it 1 1 tests. The parameter est imates (as determ ine d above 
in ( 1 )  ( 4 ) ) regar de d as the "true 1 1  values, are use d there in to 

obta in probab il ity measures of the accuracy, or more prec isely, the 
acceptab il ity w ith a g iven stat ist ical control (cho ice of a0 , the s ig 
n if icance level of the test ), of the paramete r est imates, cf. Sec. ( 5 . 1 ) .  

In deal ing w ith the cruc ial, i.e. small -probab il ity or 1 1rare-event " reg ion 
of the PD (or p df )  where much of the d ist ingu ish ing non gauss ian character of 
man-ma de an d natural no ise phenomena appear, we must usually employ small 
sam ple stat ist ical metho ds, e.g. Kolmogoro v- Sm irnov tests, etc . ,  s in ce data 
are often relat ively l im ite d here, in or der to avo i d  encounter in g poss ible 
lack of stab il ity in the data source itself : too long per io ds of observat ion 
can l ea d  to the acqu is it ion of inhomogeneous data [cf. ( 5 . 4 ) , an d Sec. ( 5 . 2 ) ] . 

The general proce dure for ju dg ing the accuracy, robustness, an d stab il ity 
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of  the parameter est ima tes , as o utl i ned i n  Sec s .  5 . 1 , 5 . 2 ,  are : 

( i ) .  Fi rs t ,  val i date the  data , cf . ( 5 . 4 ) , i . e . , establ i s h i ndependence 

and homogenei ty o f  the data sampl e .  

( i i ) .  Second , use s u i tab l e 1 1goodness -of-f i t 1 1 tests ( Kol mogorov-Smi rnov , 

etc . ) ,  wi th the s amp l e  estimates , to determi ne whether or not the 

ana l yti c model , w i th thes e  emp i r i ca l  esti mates , acceptab ly  ( i . e .  

wi th cho i ce o f  s i gn i fi cance l evel , ac) 1 1 fi ts 1 1 the empi ri ca l  P D  (or 

pdf) . 

( i i i ) .  Th i rd ,  for robu s tness (o r i ts l ac k ) , vary the parameters i n  the 

ana lyt i c  mode l , e . g . , AA -+ AA+dAA , etc . , computati ona l l y  to deter

mi ne the extent of change in the PD  ( and  pdf ) , wi th part i cu l ar 

attent i on , of course , to the nongau ss i an reg i ons . 

( i v ) . Fo urth , stabi l i ty (data homogene i ty )  i s  estab l i s hed i n  the course 

of ( 1 ) ,  va l i dati ng the  data . An important ques t i on here i s  how 

l ong i s  the peri od befo re i nstabi l i ty not i ceab ly  sets i n .  (Th i s 

wi l l  depend , of co urse , on  the s peci fi c p hys ica l  i nterference 

mechani sms i nvo l ved , e . g . , automob i l es ,  mob i l e  commun i cati ons , etc . , 

a n d  thei r usage peri ods . ) 

Fi nal l y ,  further quest i on s  cl early rema i n :  ( 1 ) ,  the speci fi c ,  q uanti tati ve 

appl i cat i o n  of the resu l ts  and procedu res descr i bed here to empi ri ca l data ; 

(2) , the further devel opment of an est imati on and  samp l e s tati s ti cs theory 

based exp l i' c i t ly  on  thes e C l ass A and B model s ;  (3), the pos s i bi l i ty of a 

tractab l e theory of opti mum es t imati on ( a l ong  the  l i nes d i s cussed i n  Chapter 

21 [Mi ddl e ton , 1 969] , . Chapter 3 [Mi dd l eton , 1 965] , for exampl e ) ; ( 4 )  emp i r i ca l  

exami nati on of t h e  robustness a nd sta b i l i ty quest i ons , i n  app l i cat i ons , 

and so on . S ubsequent studi es i n  th i s  seri es  [Mi ddl eton , [ l ] - [5 ] ]  wi l l  address 

one or  more or these prob l ems , as the work deve l op� . 
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App end ix A-I : 

SOME P RE LIMI NA RY P ROCE DURE S  F OR I NI TI A L  E STIM A TI ON 
OF T HE P A RAME TE RS O F  T HE NOI SE M ODE L 

Fr equ ently (usually for Class B no is e) a 11m esh 11 or curv e-f itt i ng pro 
c edur e i nvolv i ng param et er s earch a nd local izat io n bas ed o n  th e rat io nal es 
d escr ib ed i n  Eqs . 3 .8, 3 .9 for Class A, a nd Eqs . (4 .15), (4 .18), (4 .20) 
(4.22) for Class B no is e, must ult imat ely b e  us ed i n  pract is e to establ ish 
param et er valu es. Nev erth el ess, it is poss ibl e to obta i n  r easo nably ac 
curat e 11ball-park 1 1, or 1 1start-up 1 1, valu es of th es e  param et ers if we tak e 
adva ntag e of a var i ety of (computat io nally) emp ir ical obs ervat io ns, wh ich 
we shall d escr ib e br i efly b elo w .  Th es e  obs ervat io ns ar e fa irly compl et e  
a nd d ir ect for Class A i nt erf er enc e , a nd not so d ir ect or compl et e i n  th e 
Class B cas es .  Ho wev er, i n  both i nsta nc es th ey off er us eful start i ng pro 

c edur es, wh ich ca n v ery co ns id erably r educ e th e labor of param et er est ima 
t io n, part icularly enta il ed, for exampl e, i n  th e var ious 1 1jo i n i ng 1 1 proc e
dur es r equ ir ed for th e doubl e approx imat io ns of Class B .  

A .l Pr el im i nar y Proc edur es for Param et er Est imat io n of Class A No is e :  
A d ir ect proc edur e bas ed o n  th e f irst thr ee ev en mom ents of th e e nv e lop e, 

accord i ng to (3 .14), prov id es expl ic it, approx imat e est imat es of 'f3A = 
( A A, rA, Q2 A). Th e bas ic approx imat io n h er e  is (3 .12), wh ich ca n b e  sho wn 
to b e  equ ival ent to calculat i ng th e ( ev en) mom ents (E2 n) A us i ng t he 
a pprox imat e pdf : 

( ) 
dP1 

• 
wl E A = 

- dEo E =E 0 
- A  co 

e A l 
m= O 

2 2 A2 
m -E a A/2 cr A A E e m 
A 

d er iv ed from (3 .7) . Th e r esult is 
-A 

n ! e A 

a2 n  
A 

4 0  

= wl(E) A-approx 
2 _ (1 1 ) - 1  a A - {2 Q2 A + rA } ' 

( A .1-1) 

( A .1-2) 



which yields (3.13), n > 1, since the resulting series (in m) are readily 
found with the help of 

(A. l-3) 

One useful check on the resulting numerical values in (3.13), where 
the (E2k> xpt are empirical ,

3
is fi�s t  to obta� n � = (AA,rA,ri2A) from (3.13), 

and then to compute (E), (E ), (E ),  etc. using w1(E)A-approx.' (A.1-1), 
with these P3. These results, in turn, are compared with ( E )xpt , ( E3> xpt , 
(E5) xpt , etc., obtained from the empirical envelope data. Analyti cally 
we have from (A.1-1) 

oo Am 
2 1 • 

-AA (2n+l) ! /IT" 1 _fl (2,:2 )n+l/2 < E n+ ) 2 1 2 1 l ' v A = e 2 n+ n !  aA
n+ m=O m. m 

which becomes specifically 

(n=O): 

( n= 1 ) : 

One natural criterion of accuracy here is 

2n+l 

n � 0,  (A.1-4) 

(A.l-4a) 

(A.l-4b) 

(A.l-4c) 

I (E2n+ 1 )  (E2n+ 1) l/(E2n+2)· x
2n
p
+t
2 _< Bn ( <<l)' (A .  1-5) approx-analyt . - xpt 

when we may say that val ues of 1§ determined from (3. 13) are 1 1good 1 1  ap
proximations to the true values as long as Bn is 1 1 small 1 1  in some sense, 
usually vis-a-vis unity, cf. (A. 1-5). Of course, as n i ncreases, the 
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accur acy of our est im ates decre ases, s ince (3.7) becomes progress ive ly 
cruder as n beco mes l arger . 

Another usefu l procedure, wh ich g ives qu ick est im ates once (E2 )x pt 
and the P D, P1, h ave been determ ined from the d at a, is to use the em p ir ic al  

observ at ion (from both com put at ion and ex per iment) th at when A A is 0(0.5 or 
less), then A A is approx im ate ly 

A A ,; P1 at po int where s ham ris e i n  r 1 _A v s . t.0 occurs . ( A . l-6 a) 

cf . F ig .  (2.1), (2.2), (3 .2)II of Ref. l .  For 0 .1 ::_ A A < 0 .6 ( approx.) one 
shou ld pick the ord in ate (for P1) where the de parture from the (str aig ht 
l ine) r ayle igh port ion of the curve beg ins to occur, cf. F ig .  (3 .2)II. For 
A A .::. 0.1, it is th � po int ( i.e. v a lue of P1 _A) at wh ich the sh ar p  11r ise 1 1 
in E0 vs. P 1 t akes p l ace. An em p ir ic a l  form of ( A . l -6 a) is 

( A . l -6b) 

Sim i l ar observ at ion for rA c an be m ade : at the po int where P l A  de 
parts (observ ab ly) from its str a ight l ine, r ayle igh beh av ior, the absc iss a 
(E0 ) v a lue yie lds a good approx im at ion of rA(db) . Cou p l in g  th is w ith 
(E2 )x pt ,; 2 �2 A( l+ rA) then g ives us d irect ly 

( >O )  , r A .:_ o ( l ) . ( A. l-7) 

In th is w ay we obt a in from (E2 )x pt and P l-x pt wh at are qu ite good "st art 
u p" v alues of �A' as long as the no ise is re ason ab ly nong auss i an ,  i .e. 
A A < 0(0.6), rA < 0(10) . These resu lts rem a in to be com pared w ith the 
par ameters obt a ined from (3.14), accord ing to the procedures out l ined above. 

A.2 Pre l im in ar y Procedures for P ar ameter Est im at ion of C l ass B No ise : 
The 11st art-u p 11 s itu at ion for in it i a l  par ameter est im at ion in the 

c ase of C l ass B interference is not so d irect, however, as in the C l ass A 
c ases. Th is stems b as ic a l ly from the f act th at two approx im at ing P D1 s 
( and c.f. 1s and pdf 1s) are requ ired for an effect ive (qu ant it at ive) 
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descri pti on of the fi rst-o rder stati s ti cs ( cf .  Sec .  4 earl i er ) . A moment 

approa ch l i ke that of Sec . 3 . 2 l ead i ng to exp l i c i t  re l ati ons l i ke ( 3 .  1 4 ) , 

i s  not ana lyti cal l y  di rect . I n addi t i on , there a re now s i x  parameters , 
�

B = [A8 , rg , Q28 , a , b 1 a , N I ] ,  [ cf .  Sec . 4 ,  ( 4 . 1 ) ,  rather than the three 

i>3A ( =AA , rA , Q2A ) s peci fyi n g  Cl ass A i nterference . Neverthe l ess , wi th 

(E2> xpt and  the PD [= ( P 1 ) xpt ] '  a nd t he fo l l owi ng emp i ri ca l  observati ons , 

we can  obta i n  acceptab l e  1 1 s ta rt- up 1 1 or i ni t i a l  va l ues , of  the defi ni ng param

eters , before u s i ng the  mes h  or  curve- fi tti ng  techn i q ue ,  ba sed on an appro

pri ate set of precomputed PD ' s  whi ch emp l oy parameter va l ues i n  the nei gh

borhood of  the i n i ti a l  es t imates . 

Let u s  bri efly i ndi cate the p rocedure , when the bend-over poi nt  e8 
i s  emp i ri ca l ly known : 

( i ) .  rB , Q28 : Here we u se the  observat i on , s imi l a r to the C l ass  A cases 

( cf .  A . 1 - 7 ) , that rs i s  q u i te cl ose ly  determi ned when the 

enve l ope thres hol d c0 is norma l i zed by (E2)
xpt ) ' by the 

absc i s s a  ((0 i n  db ) correspondi ng to the poi nt on the PD 

where the PD  begi ns to depa rt from rayl e i g h .  For examp l e ,  

we note from Fi gs . 2 . 5 ,  Ref .  l ;  [and  from Fi gs . 2 . 6 ,  2 . 8 , 

Ref .  2 ,  as  we l l as Fi g .  2 . 4 , Ref . 1 ,  where now one must  

use  the  actua l  normal i zati on factors there i n to  correct to 

a norma l i zati on  based on (E� xpt] ,  t hat rB = - 22 db 
(% 8 · 1 0- 3 ) .  

Hav i ng est imated rB , we next use 

( A . 1 -8 )  

t o  get th e es timate o f  Q28 . Note that when the amount of 

gauss i an component i s  sma l l ,  as i s  u s ua l  for moderate l y  

t o  h i g h l y  nongauss i an i nterference envi ronment , e . g .  

rB < <  1 ) ,  t he effect of mi ssestimati on of rA i s  negl i g i b l e  

on Q2B ' 

To est i mate the s tructure factor ,  or  i mpu l s i ve i ndex , A8 , 
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. .  
1 

( i i i ) .  a :  

we s ee here , al so , that an empi ri ca l  re l ati on s i mi l ar to  

(A . l - 6a , b )  hol ds , provi ded we choose as the defi ni ng 

ordi nate ( P1 8 ) that wh i ch coi nci des wi th the turn-over po i nt 

£8 • [ I n  conj unct i on wi th  our  prev ious observati on ,  (A . l - 6 ) ,  

on Cl ass A noi s e ,  th i s  i s  suggested by the fact that a 

Cl ass A form i s  used for Pl - B- I I ' cf .  Sec . 4 above , and  

Sec . 3 . 2 . l , F i g .  3 . 5 ( I I )  of Ref .  l . ] Thu� we have here 

A8 
,; P ( F; � t ) l o B (A . l - 9 )  

for a reasonab l e  1 1 start-up 1 1 va l ue. Aga i n ,  F i gs . 2 . 4 ,  2 . 5  

( Ref .  1 )  and  others , bear th i s  out  cons i stent ly .  

the spati al dens i ty-propagat i on parameter a [ cf .  ( 5 ) , 

Sec . 2 . 3 ,  ( 2 . 37 ) , Ref .  l ] ,  ( 0  < a <  2 ) , i s  more e l u s i ve .  

However , we recal l that a i s  one o f  the 1 1 shape 1 1 or form 

parameters : l arger a ' s  (�O ( l ) )  l ead to more gradu al ri s es 

to the bend-over poi nt £8 , [ cf .  Fi gs . 2 . 4 ,  2 . 5 ;  a l so Fi gs . 

3 . 3 ,  3 . 4 ,  Ref .  l ] .  We may then expect that some measure 

of the s l ope of  P1 _ 8 (vs . E0 ) may y ie l d an  est i mate of a .  
Th i s  i ndeed turns  ou t to b e  the case : we have found that 

the re l ati on 

a ; { [P 1 (t�t�=E
8 ) ,  i n  db]- [P 1 (£�£0=0db ) , i n  db] }/(- l O ) ( db ) , 

(A . 1 - 1 0 ) 

gi ves a s urpri s i ng ly  accurate est imate , wi thi n 0 ( 1 0% ) . 

Agai n ,  t h i s  has been tested on the  resu l ts of Fi gs . 2 . 4 ,  2 . 5  

2 . 5  ( Ref .  1 ) ,  and the cal cu l ated P 1 _ 8 o f  Ref .  2 .  ( Sec . 3 ) . 

W i th  rB ' A8 , and a i n  hand [ ( i ) - ( i i i ) ] ,  the res u l ti ng 

est imate o f  the sca l i ng factor G8 i s  read i l y  made from the 

re l ati on 

( A . 1 -1 1 )  
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( v). 

(v i ) . 
A 

A , or a 

(v i i). E:B not 
known : 

Our reason for determ in ing GB' wh ich is not an independent, 
or bas ic, parameter of the def in in � set �B' stems from 
its relat ion to the normal izat ion e0 = [0( N 1/2 GB)' used 

for Pl-B-I' for the small and intermed iate values of E0, 
cf. (4. 10), (4 � 10a). Accord ingl y, from the e xper imental 

EQ, pl-B - I' 

we seek the N 1/2 GB ( =D8 1) factor wh ich al igns 
• A2 A 

t ical Pl-IB = 1- £0 w ith Pl-xpt as E0�E0) + 0. 
done b y  inspect ion, and thus we ma y use 

the theore 
Th i s is 

( A. 1 - 12) 

where GB is est imated from ( A. 1- 1 1), to obta in the des ired 
est imate of the scal ing factor N 1. 

There re ma in s  the bas ic Aparameter �} [or (B�B )' cf. (4.lOa), 
s ince bl a  = r(l- a/2) ((B0B/ /2) a ) ·2 

�- 1r(l+ a/2), Eq. (2.38a), 
Ref. l.], or A a = 2 abl aa �AB' cf. (3. �a) Ref. 1. For th ese 

we use the expans ion of (4. 10) when £0 � 0, e.g., 

A • 

l-(Pl)x pt l A =  [l- £2 ] r (l + a/2 ) ( >O), ( A.l -13) 
0 

where £0 = e008 1 is g iven above by the procedu re lead ing 
to ( A. 1- 12), w ith E0 = E0/ (E2 )B-xpt' as before. Since 

c.f. (4.lOa), and we have found a, GB above, we now have the 
des ired est imate of A , from �' ( A. 1 . 1 n), wh ich in turn, a 
can g ive us bl a. 

A 

F in ally, when EB is unava ilable, we can get DB' A from 
( A. 1- 12, 13). For est imates of the other parameters ( a , 
r B, AB' �2B) the most d irect procedure is to postulate a 
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I I bend-over potnt EB ' and proceed as i n  ( i ) - ( v )  above . 

Not i ceab l e error can be i nvol ved , however , so that curve

fi tti ng s hou l d be i nvoked , to estab l i s h better estimates . 

Th i s  comp l etes the pre l imi na ry esti mati on procedure for the Cl a s s  B 

parameters , gi v i ng us reasonably cl ose esti ma tes a bo ut whi ch the more re

fi ned compari sons wi th comp uted PD ' s  enabl e us to sel ect more prec i se val ues , 

i f  needed . [ I t  s hou l d  be noted that the paramters of  the theoreti cal com

pari sons wi th exper iment , Refs . 1 and  2 were obta i ned ori gi na l l y  by a curve

fi tti ng  compari son w i th cal cul at i ons  us i ng a mes h of parameter val ues , and  

s ome o f  the 1 1 empi ri cal 1 1 i ns i ghts descri bed a bove here . ]  

A . 3 Remarks on Degree of 1 1 Nongauss i annes s 1 1 : 

I n  add i t i on to provi di ng  us wi th comparati ve ly  q u i c kl y  determi ned 

parameter es ti mates , the se quas i -emp i ri cal  procedures g i ve a good i ndi ca

ti on of  the extent to whi ch the nongauss i an c haracter of the i nterference 

i s  re l ated to the values of the ba si c parameters f3A' �B · Of course , 

g i ven an experi mental  PD the  nongauss i a n  effect i s  at  once general l y  apparent 

by the extent to wh i ch the, " rare events " depart from the ( rayl e i g h , or gauss ) 

l i ne , and  where , i . e .  at  what va l ue of P 1 , thi s occurs . I n  more deta i l ,  

however ,  the  pa rameter esti mates hel p quanti fy t h i s  effect : 

For Cl ass A no i se ,  a s i gni fi cant nongau ss  cha racter i s  exhi b i ted i f  

rA < 1 and the Impu l s i ve I ndex , AA i s  reasonab ly  sma l l ,  e . g .  AA � 2 , 3 ,  

say .  A h i gh ly  nonga us s i a n  natu re i s  exhi b i ted i f  AA i s  0 ( 1 0- l ) or  l es s  

a nd  rA < 0 . 1 :  a s  expected , there i s  l i ttl e gauss  component a nd  t he  non

gaus s i an porti on i s  h i gh ly  s tructured ( sma l l AA). 
S imi l arl y ,  for Cl ass B no i se ,  i ts character wi l l  be strong ly  non-

� 

gaus s i an i f  AB ( or  Aa' A) i s  sma l l ,  0 ( 1 ) o r  l es s , and  rB i s  l i kewi se smal l ,  

0 (_.'.:.1 0- l  ) . Smal l a ( 0  < a < 1 )  l eads to a sha rper r i se  ( i n  [0 vs P 1 , c f .  

Fi g .  2 . 4 ,  Ref .  1 ,  for examp l e )  than does l arger a ( 1  < a < 2 ) , cf .  Fi g .  

2 . 5 ,  Ref .  1 ,  but does not appear to' affect strongly the degree of non

gaus s i anness , wh i c h  i s  primari l y  estab l i s hed by AB (or Aa, A) and rB . 
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l 
I 

A .  A0 
AA , AB 
A a 
aA , aB , a  

APO 

ARI 

ar , aR 

c .  c .  f .  

D .  o1 
0 

E .  

F .  

E , E0 
e Oy ,... 
c, to , [� , � , Eo '[ol  , 02 

e 

,... 

Fl ' Fl 

i F1 
A f N ( Lif AR ( li'f R) 
f 

Gl ossary of  Pri nc i pa l  Symbol s 

= pea k  amp l i tude of tppi cal i nput s i gna l  

= Impu l s i ve I ndexes , ( Cl ass  A , B  i nterference ) 

= effecti ve Impul s i ve I ndex ( C l ass  B )  

= norma l i z i ng factors 

= a  posteri ori p robabi l i ty ; here l -Di stri buti on=P1 
= �omb i ned aperture- RF- I F  recei ver i nput s tages 

= s ource , recei ver  beam patterns 

= spati a l  dens i ty-propagati on parameter 

= s i gn i f i cance l evel  of test of hypothes i s ,  
H0 ; (type I error probabi l i ty )  

= generi c or  typ i ca l  envel ope o f  waveform from ARI 
receiver stage 

A 
= wei ghted moments of  the generi c envel ope B0B 

= cha racteri sti c functi on 

= probab i l i ty d i s tri buti on 

= de l ta ( s i ngu l ar )  functi on 

= i nstantaneous enve l ope 

= l i mi ti ng recei ver vol tage 

= norma l i zed ( i nstantaneous ) envel opes ; c0=enve l ope 
thres ho l d  

= 1 1 bend-over 1 1  poi nt ( C l ass  B ) , empi ri ca l pt . of 
i nfl exi on i n  Pl - B 

= E - <E>  

= characteri sti c functi ons 

= confl uent hypergeometr i c  functi on 

= no i se ,  recei ver bandwi dths 

= frequency 
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H .  

L .  

N.  

0 .  

P .  

s .  

r ( x )  

y ( Y / X ) 
'"-' 

A 
;\ 
;\ 

n � b . 

N I' 

rl2A ' �2B  
w ,wo 
rl 2 k ,A , B  

A 

p l , P l , P l - I  , I I  
pdf 

= a bas i c  waveform 

= geometri ca l factor of rece i ved  waveform 

= rat i o  of ( i ntens i ty of )  gaus s i an component 
to that of the 1 1 i mpu l s i ve 1 1 , or  nongauss i a n  
component 

= gamma funct i on 

= estimator  of Y ,  g i ven  f. 

= exponent of characteri sti c functi on 

= i ncomp l ete r- functi on 

= u n i t  vector  

= Besse l  functi ons , 1 s t- k i nd ,  ( 0  orde r ) . 

= doma i n of  i ntegrati on 
= argument  of the c . f . 

= ( t. , e . � ) . coordi nates 

= narrow-band 

= sca l i ng parameter 

= mean i n tens i ty of the nongaus s i an component 
= a ngu l ar frequenc i es (w0=carri er angu l ar fr . ) 
= s ca l e  parameters of C l ass A , B  mode l s 

= APO or  exceedance probabi l i t i es 
= probab i l i ty dens i ty functi on 
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T .  t , t1 , t2 
= ti mes 

e , e ' = sets of waveform parameters 
- �  .JV 

A 

w . wl ,wl ,w l 
= p robab i l i ty dens i ty functi ons 

x . x = i nstantaneous ampl i tude 

z .  zo 
= a norma l i zed t i me 
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