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advancement by improving man's comprehension of telecommuni
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CONF IDENCE L IM I TS FOR D IG I TAL ERROR RATES 

F ROM DEPENDENT TRANSMI S S I ONS 

Edwin L .  C row and Martin J .  Mi l e s *  

Approx imate conf idence l imits f o r  e rror rates 
( probab i l it i e s  o f  an error ) o f  digital commun ica
tion sys tems are der ived under the a s s umptions that 
the s ampl e  is l arge , the e rror rate is constant 
and the dependence between transmis s i on s  is governed by 
a stationary f ir s t- order Markov chain mode l .  F ive 
d i f ferent approximations are g iven : normal distribu
t i on , Edgeworth two- term and four- term , Pear son system , 
and mod i f ied P o i s son-Anderson-Bur stein . Results by 
Gabriel  and by Klotz are used . The l imits are compared 
wi th Ladd's sma l l - s ampl e  l imits and i l lustrated on 
telephone data . Methods for te s t ing the validity o f  
the mode l  a r e  described . A computer program for 
applying the l imits is presented , and an extens ive 
Monte Carlo s imulation to te s t  the accuracy of the 
l imits i s  summari z ed . Methods for designing the experi
ment so a s  to achieve a spe c i f ied pre c i s i on are g ive n . 

Key words : Bernoul l i  tr i al s , chi- squared te s t ,  
confidence l imits , conf idence reg ion , 
design o f  experiments ,  digital communica
tion systems , Edgeworth s e r ie s , Freeman
Tukey deviate s ,  l ike l ihood ratio tes t ,  
Markov chain , Monte Carlo s imulat ion , 
nonstationar i ty , Pear son system 

l .  INTRODUCT ION 

The suc c e s si ve transmi s s ions o f  bits  or words by a communica

t i on system show dependence in the inc idence of errors , error 

" bursts " for examp l e . Hence the c la s s i c a l  Bernoul l i  model o f  

independent tr i a l s  wi th constant error rate ( probab i l i ty o f  

erro r )  is  inadequate for calculating conf idence l imi ts o r  

" error bar s "  for the erro r  rate . One would expect the error 

* The authors are with the Institute for Telecommunication 
Sc ience s ,  Of fice o f  Te lecommun i cations , U . S .  Department o f  
Commerce , Boulde r , Colorado 8 0 3 0 2 .  



bar s  calculated from the Bernoul l i  mode l to be shorter than the 

correct error bars due to the dependence . The purpose of the 

pre sent report is to obtain rea l i s tic conf idenc e l imits by taking 

first-order ac count o f  the dependence between succ e s s ive trans

mi ss ions . Thi s  i s  done by introduc ing j ust one add i tional 

parameter , the conditiona l probabi l ity o f  an error given that an 

error has j ust occurred . The resul ting model is a stationary 

Markov chain with two state s .  

Gabr iel ( 1 9 5 9 ) and Klotz ( 1 9 7 3 ) der ived many properties o f  

thi s  mode l : the exact dis tribution and moments o f  the number 

of errors ( " succe s s e s " ) , s u f f i c ient stat i s tic s ,  estimate s of the 

parameters , and the ir l arge- s ampl e  d is tr ibutions . Ladd ( 19 7 5 )  

p ub l i shed a sma l l - s ampl e  a lgor i thm and tab le s  recently . For 

communi cations app l ic ations the l arge- s ampl e  d i s tributions are 

what are required . Exac t results are imprac t i c a l  and unneces sary . 

Hence f ive d i f ferent approximat ions to conf idence limits for the 

error rate are derived herein based on the work of Gabrie l and 

Klotz . 

F inite Markov chains were introduc ed by A . A .  Markov in 

1 9 0 7  ( Cox and Mi ller , 1 9 6 5 , p .  1 4 1 )  and have been wide ly app l ied . 

Many more comp l icated mathematical mode l s  have been s ugge sted for 

c ommunicat ion sys tems . Perhaps the f ir s t  and simpl e s t  to take 

account of dependence is that of G i lbert ( 19 6 0 ) . He a s s umed that 

the sys tem could have two d i f ferent s tate s , a good one , G ,  that 

is error- free and a bad one , B ,  that has a non- z ero probab i l i ty 

o f  produc ing an error . The mode l has three parameters , the error 

probab i l i ty when i t  i s  in state B and the two transition prob

abi l i tie s ,  from G to B and from B to G .  

E l l iott ( 1 9 6 3 )  general i z ed Gi lbert's mode l  to al low a non

z ero error probab i l i ty in the good state a l s o . Subsequent 

authors ( c f . F r itchman , 1 9 6 7 )  have u s ed six or more parameters 

for the purpose o f  des c r ibing the data more complete ly . The 

mode ls have been appl ied to probabi l i s t i c  descr iption of digit a l  

data transmi s s ion , in particular t o  the eva luat ion o f  code s . 
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To introduce the model assumed throughout thi s  report , we 

fo l l ow Klot z ( 19 7 3 )  and consider a sequence of ident i c a l ly 

distributed random var i ab le s  x 1 , x 2 , . . .  , Xn each o f  which can take 

on j ust two va lue s : 1 ,  c orre sponding to an error , and 0 ,  

corresponding to a correct transmis s i on ( the two states of our 

Markov chain ) . The model has two constant parameter s ,  

p = P [X . = l ]  = 1 - P [ X . =O ] , l l 
A P [ X.= l\X . 1= 1 ] , l l-

i= l , 2 ,  . . .  , n , 

i= 2 ,  3 ,  . . .  , n ,  

( 1 . 1 ) 

( 1 .  2 )  

where P [  ] denote s the probab i l i ty of the indic ated random event 

and P [ \] denotes the cond i t i onal probabi l i ty of the event 

indicated first , g iven that the event indicated second doe s 

occur . By defin ition 

p [ ( X i- 1 = j ) & (X i =k ) ] 
P [ X.= j \X . =k ] = 1 l- 1 P [ X  . 1= k ]  l-

j =O , l ; k= O , l . ( 1 .  3 )  

The constancy of p and A means that the chain i s  stationary , 

and the cond it ion that A i s  made to depend only on the 

immed i ately preceding transm i s s i on ( tr i a l ) is the defin ing Markov 

chain property . S ince there are only two state s , it fo l lows from 

( 1 .  2 )  that 

P [ X . =O \X .  1= 1 ]  = 1 - A .  ( 1 . 4 )  l l-
Just as 1n ( independent ) Bernoul l i  t r i a l s  we let q= l-p . S ince 

P [ X.= l ]  P [ ( X . = l ) & ( X . 1= 1 ) ] + P [ ( X . =l ) & (X .  1= 0 ) ] ,  l l l- l l-
P [ X . = O ] = P { ( X . =O ) & ( X . 1= 1 ) ] + P [ ( X . = O ) & (X . 1= 0 ) ] ,  l l l- l l-

i t  fo l lows frqm ( 1 . 1 ) - ( 1 . 3 )  that 

P [ X . = l\X .  1= 0 ] = ( 1- A ) p/q , ( 1 . 5 )  l l-
P [ X . = O \X .  1= 0 ] = ( l- 2p+A p ) /q .  l l- ( 1 .  6 )  

S ince a l l  of the probab i l ities  are be tween 0 and 1 ,  the para

me ters are restr ic ted by O �p � l  and max ( 0 , 2 - l/p ) � A � l . Furthe rmore 

the probab i l ity properties of an entire samp le of n transmis s i on s  

a r e  determined by p ,  A, and n .  W e  see that 

A p means the transmi s s ions are independent , 

A > p means c lu s ter ing of l ' s  and O ' s , and 

A < p means l ' s  and O ' s  tend to a l ternate . 
3 



I t  can be shown that the above s tationary two - s tate Markov 

mode l  i s  the spe c i a l  case of G i lbert ' s  ( 19 6 0 ) mode l in which 

his  two tran s i t ion probab i l i t ie s  are equal . Although it is  

there fore a very spec i a l i z ed mode l ,  the parameter A does 

take dependence into ac count and appe ars to permit real i s t i c  

approx imat ion t o  conf idence l imits for p ,  as i s  argued 

further in section 1 0 . 1 . 

Section 2 states s ome o f  Klotz's ( 1 9 7 3 )  results and app l i e s  

them to deriving conf idence l imits for p and f o r  A and a j oint 

conf idence region for ( A , p ) based on the asymptotic ( large-
A 

s ample ) normal distribution o f  the e s t imate s (A, p). Sect ion 3 

obtains presumab ly a better approx imation to the conf idence 

l imits for p by us ing a two- term approx imation for the d i stri

bution o f  p, the f irst term being the normal distribution , the 

second be ing proportional to the asymmetry ( skewne s s ) measure 

provided by the third centra l moment of p. Sec t ion 4 gets 

l imits by extending the s ame Edgeworth serie s to four terms 

using the fourth moment . F our-moment a l terna t ive l imits are 

provided in Sect ion 5 using the Pearson system of distribution 

curve s . The s implest approx imate l imits o f  all are sugges ted in 

Sect ion 6 ,  s imply a lengthen ing ( by a ratio o f  s tandard devia

t ions ) of  the Anderson-Burs te in ( 1 9 6 7 , 1 9 6 8 ;  see also Crow , 

1 9 7 4 , 1 9 7 5 ;  and Crow and Mile s , 19 7 6 ) re f inement o f  the Pois son 

approx imation to binomi al conf idence l imits . 

These approx imate conf idenc e l imits are compared in Section 

7 for sma l l  s amples with Ladd ' s ( 1 9 7 5 )  l imi ts , whi ch are exact 

if A is known . The ir use i s  i l lustrated by appl ication to some 

real te lephone data ( C ox and Lewi s ,  1 9 6 6 )  in Section 9 .  In 

Section 10 i t  is shown how the a s s umption o f  the Markov chain 

model can be tested ( as we l l  a s  the a s s umption of independent 

transmi s s i on s ) . Also in Section 10 is a test for ab rupt changes 

in regime , that i s , abrupt changes in {\ , p ) at spec i f ied time s . 

The se tests o f  the a s s umpt ions are i l lustrated in deta i l  on the 

Cox-Lewis data . 

A c omputer program for the f ive pairs o f  conf idence l imits 

for p i s  reproduced in Append ix B and d i s cussed in Section 8 .  
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The va l id ity of the approx imations was tes ted by Monte Car l o  

s imulat ion o f  1 0 0 0  s amples  for a range of parameter va lue s : 

. 0 0 0 3 � p � . 5 ; A = . 3 , . 8 ;5 0 � n� l 0 0 0 ; confid enc e l evel = 9 0 % ,  9 5 % . 

A complex program was developed for performing the s imul at ions 

and recording an extens ive summary of the results of each case . 

The se summaries  are reproduced in Appendix A and discussed in 

Section 1 1 .  

Al l of the above mater i a l  concerns the ana lys i s  of g iven 

data , i . e . ,  a g iven sequenc e of erro r s  and correct transm i s s i ons. 

Sect ion 1 2  cons iders the prior prob lem of des igning an exper iment 

to determine the error rate p and the cond i t ional error rate A 

wi th a spec ified prec i s ion or a spec ified budget . Numerical 

examples are g iven . 

Broad conc lus ions to the entire s tudy are s tated in Section 

1 3 . Sect ion 1 5  compr i s e s  a substantial l i s t  of references ; i t  

does not con s t i tute a c omplete bib l iography . 

2 .  CONF IDENCE INTERVALS AND REG IONS FROM THE 

NORMAL APPROX IMAT ION 

Klot z ( 1 9 7 3 )  ha s der ived e s t imators of p and A that are 

cons i s tent and asymptotically norma l ly d i s tr ibuted , and he 

gives the ir asymptot i c  var iance- covar i ance matr ix . They are 

the s ample mean 

X s/n ( 2 .  1 )  

and 

A A ( p )  = � ( s-p ) - 1
[ r- s +t+ ( 2 s - t- l ) p 

+ { [ r- s +t+ ( 2 s- t- l )  p ]  2 + 4 r  ( s-p ) ( l- 2 p )  }� ] ,  ( 2 .  2 )  

where n i s  the s ample s i z e  ( number of transmi s s ions or tr i a l s ) ,  

n n 
r = L x . 1x . ,  s = ). x . t = x 1+xn ' 

i = 2  l- l i�l 1' 
( 2 .  3 )  

and x . =l if the i th trial results in a succ e s s , x . = O  if i t  l l 
results in a fai lure . ( There are s l ight changes from Klotz ' s  

notation and form . ) If s = O , then 
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r - t = p = 0 ,  

and A i s  indeterminate . 

An intuitive e s t imator of A i s  e s sent i a l ly the re lat ive 

f requency , 

A *  r = s-p 
nr ( s > O ) . ( 2 .  4 )  ( n- 1 )  s 

[After thi s  report was e ssent i a l ly comp leted , Devor e  ( 1 9 7 6 ) 

pub l i s hed "mo d i f ied max imum l ike l i hood" e s t imates o f  p and A that 

d i f f er s light ly in e f fect from ( 2 . 1 ) , ( 2 . 2 ) , and ( 2 . 4 ) and the 

deta i led propert i e s  of which it would be of interest to inve s t i 

gate . ]  

Fol lowing the pattern o f  Pearson and Hartley ( 1 9 6 6 , 

Sec . 2 2 . 2 ) , we seek a central l O O ( l- 2 a )  percent conf idence 

interval for p by determining two values of p ,  pL and p0 , 

such that n 
. L f ( i l pL , A , n ) 
l=S 

= a ,  
s 
L f ( i I Pu, A ,  n )  = a ,  

i = O  
( 2 .  5 )  

where f ( i l p , A , n ) denotes the probab i l i ty function of the random n 
var i able s= L x .  with parameter s  p ,  A ,  and n .  Here A i s  

i=l l 
unknown , a nu.1sance parameter , and we replace it by A from ( 2 .  2 )  

or A *  from ( 2 . 4 ) , relying on a suf f ic iently large n and the 

cons i stency of A to produce about as many interva l s  that f a i l  to 

inc lude p by be ing too s hort a s  ones that inc lude p by be ing too 

l ong . 

To obtain a normal approx imat ion conf idence interva l for 

p ,  we replace the sums in ( 2 . 5 ) by a normal integ ral with mean 

and standard deviation those of s with an appropr iate p value . 

The mean of s is np . The var i ance o f  s ,  g iven by Klotz ( 1 9 7 3 )  

(with an incorrect exponent n rather than n- 1 )  and by Gabriel 

( 1 9 5 9 )  , can be wr itten as  

2 Var s = o s 

n 
npq + 2 pqp ( n- l - p ) , IPI<l, 1-p 1-p 

where p= ( A-p ) /q i s  the correlat ion coe f f ic ient be tween 

( 2 .  6 )  

x. 1 and x . . For large n and p bounded from 1 ,  the term pn 
l-. l 5 0  c an be neglected ( e . g . , 0 . 9  = 0 . 0 0 5 ) , s o  that 

6 



2 0 0 = s 
npq ( l- p

2 -�) .  
( l- p ) 2 n ( 2 .  7 )  

We a s s ume O < p � O . S  from thi s point on , inc luding l ater sections . 

I f ,  further , p i s  assumed to be smal l  relative to q and A and 

c onfidence l imits for p are sought , then the coeffic ient of p 

on the r ight-hand s ide of ( 2 . 7 )  can be e s t imated from the 

samp le by 

v = ( 2 . 8 a )  

where 

( A- p ) /q , for 1!31< 1 .  ( 2 .  8b ) 

We let u denote the upper l O O a  percentage point of the a 
s tandardi z ed normal d i s t r ibution , so that 

00 
-"k: -x2 / 2  J ( 2 1T ) 2e dx = a .  

u a 

( 2 . 9 )  

The normal approximation of the fir s t  left-hand sum in ( 2 . 5 ) is 

00 2 2 00 2 
J ( 2 1T ) -�08

- le- ( x-npL ) / ( 2 0s ) dx = J ( 2 1T ) -�e-u /2 du 
s-� s- �-npL 

0 s 
( 2 . 1 0 )  

whe re the 08 of ( 2 . 6 ) or ( 2 . 7 )  i s  eva luated wi th p=pL and q=qL . 

We approx imate 0s a s  VpL ' us i ng ( 2 . 8 ) . The lower l imit of 

the right-hand integral in ( 2 . 1 0 )  be come s 

s-�-np L 
""k k v 2p 2 L 

which mus t  then equal u . a S imi lar ly , 

= u = -u . 1 - a  a 

( 2 .  1 1 ) 

( 2 . 1 2 )  

So lving quadratic equations for pL and p0 gives the norma l 

approx imation confidence l imits for p ,  

7 



2 - 1  A 2 A 2 2 = ( 2 n ) { Vu + ( 2 s +l ) n+{ IVu + ( 2 s+l ) n] a a 
2 - 1  A 2 A 2 2 = ( 2 n ) [Vu + ( 2 s- l ) n-{ [ Vu + ( 2 s- l ) n ]  a a 

"k 
2 2 2 

( 2 s - 1 )  n } ] , 

( 2 . 1 3 )  

The ambiguity in s ign i s  reso lved by the knowledge that Puo 
should exceed sjn , and s/n should exc eed pL O" I f  Puo tu;ns out 

to exceed 1 ,  then Pu is taken as 1 .  I f  s= O ,  then p and V 

c annot be calculated ; pL= O , o f  cour s e , and Pu i s  indeterminate , 

though we expect from ( 2 . 6 ) that Pu�Pur if ��p , where Pur is the 

upper conf idence l im i t  for independent tr ial s ,  and in any case 

Pu�l-a, which lS the lim i t  for n=l . 

Probab ly more accurate l imits  could be obta ined by taking 

p as pL or Pu throughout Var s ,  but a higher-degree equation 

would r e su l t  and prec lude a s imple exp l i c i t  so lution. Af ter the 

l imits ( 2 . 1 3 )  have been ca lculated , they can be sub s t i tuted for 

p in ( 2 . 8 )  and V corrected in ( 2 . 1 3 )  to produc e corrected va lues 

of Puo and pLO" If these d i f fer apprec iably from the orig inal 

va lues , a further iterat ion can be made , and so on . However , 

i terat ion seems unwarranted in v iew o f  the error o f  the norma l 

approximation and the rep lacement o f  � by \ .  
)o A 

S ince n� ( �-� , p-p ) has a limit ing bivar iate norma l 

d i s tribution with var i ance- covar i ance matrix (� ( 1- \ ) /p 

q� 

q \  ) pq ( l- 2 p+\ ) / ( l- \ ) ( 2 .  1 4 ) 

[ Klotz , 1 9 7 3 , eq . ( 4 . 1 ) ] , it  follows that , approximately , for 

large n ,  [ A 2 p p ( A- . \ ) 
� ( 1- \ )  

2 ( A - A l1P-pl + ll- Al1P-pl
2 , x;�2o ] 

l - 2 p+� pq ( l- 2p+�) 

= l - 2 a ,  ( 2 . 1 5 )  

2 where x2 , 2a is the upper 2 0 0 a percentage point of the chi- squared 

d i str ibut ion with 2 degrees o f  f reedom . The equal i ty wi thin 

the bracket s  of ( 2 . 1 5 )  def ine s the boundary of a conf idence 

region for ( \ , p ) . I t  i s  o f  degree 4 in p and 3 in � .  
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An e l l iptical approximat ion for the reg ion can be obtained 
A 

by tak ing p=p , q=q , A = A  in the variances and covariance . Thi s  

may not be a good approx imation for sma l l  p .  I n  that case a 

better approximation i s  obta ined by rep l ac ing only q by q ( in 

its  one oc currenc e )  and p by p in the combination l- 2p+A . Thi s 

reduces the degree in p to 2 .  Hence the boundary of the l - 2 a  

c onfidence reg ion for ( A , p ) for smal l  p i s  g iven by the solutions 

of the quadrat i c  equation in p , 

2 2 A A 2 p [ A ( 1- A ) + 2 q A  ( 1- A ) ( A - A )  + q ( l- 2 p + A ) (A -\) ] 

- p A  ( 1 - A ) [ 2 p ( l - A ) + 2 pq ( \- A ) + X � , 2 aq ( l- 2 p+\) /n ]  

+ p2 A ( l-\) 2 = 0 ,  ( 2 . 1 6 )  

for a s s igned va lue s of A .  An example of the app l ication of 

( 2 . 1 6 )  is given in Section 9 ( and F igure 1 therein ) . 

The probab i l i ty that the b ivar i ate confidence region 

inc lude s the true ( A , p ) is l - 2 a  ( as ide from the norma l 

approximation and replacement of p by p in three non- critical  

place s ) . Hence the probab i l i ty that the extreme va lues of p 

on the boundary of the reg ion inc lude the true p i s  at least 

l- 2 a ,  whatever the value of A .  The se extreme values provide 

a conservat ive confidence interval for p .  If they enc lose the 

interva l of ( 2 . 1 3 ) , they then furnish a check on the replacement 

of A by A in going from ( 2 . 7 )  to ( 2 . 8 ) . 

An approx imate confidence interva l for A by i t s e lf can be 

obtained from ( 2 . 1 4 ) . With pr�babi l i ty l - 2 a  in large s amp le s , 

lA-\ I 
k [ \ ( 1- A )  I ( np ) J 2 

< u . a 

Approx imating np by np=s and s o lv ing for A g ives the confidence 

l imits 

2 A 2 A 2 "2 2 l 
u + 2 s\+ [ ( u  +2 s A ) - 4 s\ ( u  +s ) ] � 

a - a a 
2 2 ( u +s ) a 

( 2 . 1 7 )  

Rough�r but s impler confidence l imits for A fo l l ow by replacing 

A by A in the s tandard deviation : 

( 2 . 1 8 )  



Examp l e s  o f  ( 2 .13 ) and ( 2.18)  are g iven in S ec tions 9 and 1 2 . 
If s is very sma l l  or very c l o s e  to n, the normal approxi

mation of the probability s ums in ( 2 .5 ) is very poor. However, 
in tho s e  c a s e s ,  at l e a s t  for s =O, 1, n- 1, or n, it is prac tic a l  
to c a l c ul a te the exa c t  prob abilitie s ; s e e  S ec tion 7. 

3. C ONFIDENCE INTERVALS FROM THE EDGEW ORTH 
TW O-TERM APPROXIMATION 

Better approximations for confidence limits for p should 
be obt ainab l e  from more accurate repre sentations of the sum s  
i n  ( 2 .5 ) b y  John son tra n s formations, Pearson curves, or 
Edgeworth expansions. The Edgeworth two- term approximation for 
the prob ability density f unc tion of a s tand ardi z ed variab l e  
( mean 0 and variance 1 )  is {Cramer, 1 9 4 6 ,  eq. ( 17.7.3 ) ] 

f ( u )  = cp ( u )  -
yl¢ ( 3) ( u) 3! 

where y1 is the s tandardiz ed third c entra l momen t, 
2 

cp ( u )  = ( 2 n ) - l/2 e- u  /2 

( 3. 1 )  

and ¢ ( 3 )  ( u )  is the third derivative o f  cp ( u ) . The corre sponding 
c umulative dis tribution f unc tion is 

where 

u yl 2 jf ( x ) dx = � ( u )  - 31cu - l ) cp(u ) 
-00 

u 
� ( u ) = J ¢ ( x ) dx . 

-oo 

( 3. 2 )  

Thus, if y1 is known, the Edgeworth two- term approximation for 
dis c rete probability s ums such as in ( 2 .5 ) can be eva luated 
for any given u f rom readily avail ab le t ab l e s  ( National 
Bureau o f  S tandard s, 1 9 5 3; Abramowit z  and S tegun, 1 9 6 4 ) .  

The third centra l moment o f  s ,  derived by Gabrie l ( 1 9 5 9 ) ,  
is 
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E [ ( s -Es ) 3] npq ( q- p ) + 6 pq ( q-p ) p[ ( n- l )  ( 1- pn+ l ) -3 ( 1- p )  
I PI <1 .  

n ( n+ l )  ( p- p  ) ] , 

( 3 .  3)  

Fo r large n and p bounded f rom 1, the powe r s  o f  p are neg ligib le 
in ( 3 .  3 )  . 

Approximate con fidence limits f or p c an the r e f or e  be 
obtained f rom the two- term Edg eworth expan sion by sub s tituting 
( 3 . 2 )  for the l e f t-hand s ums in ( 2 . 5 )  with u taken a s  ( 2 . 1 1 )  

and the l e f t-hand member o f  ( 2 . 1 2 )  re spec tive ly . Since the 
term in y1 approache s z e ro as n become s in finite, it can be 
approxima ted by sub s tituting s amp le value s  for p, q, and p, 
or, better s ti l l, p

LO and Puo f rom ( 2 . 13 )  since ( 2 . 5 ) is an 
equation to be s o lved for p .  The s o l ution c an then be iterated 
to e liminate any approximation except the use o f  A for A and the 
use of the Edgewor th expansion for the s ums in ( 2 . 5 ) . 

To be exp licit, we l e t  

i = 0 , 1, 2 ,  . . . .  ( 3 .  4 )  
[For A very near 1 and n sma l l ,  the term - 2 p

Li/n o f  VLi should 
be mul tip lied by ( 1 - pL

� ) in accordance with ( 2 . 6 ) ; likewise the 
l a s t  bracket in ( 3 . 4 )  should be r e p l aced by the l a s t  bracket in 
( 3 . 3 ) with p=p

Li"] The notation for upper limit quantitie s 
is ana logous, with L rep l aced by U throughout . If in f a c t  p 
lS a s  sma l l  a s  p

Li ' then the s tanda rdiz ed third central 
moment o f  S is 

E[ ( s - Es ) 3] y = = 1 3 (j s 
( 3 .  5 )  

It fol lows f rom ( 3 . 2 )  - ( 3 . 4 )  that the fir s t  equation o f  ( 2 . 5 )  
is appr oximated by 
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(s-�-np . ) 
<P Ll _ 

h h v z 2 
L, i-lpLi 

i = 1 , 2,  ... , ( 3. 6 )  

which is to be solved for pLi. S inc e the second term on the 
le f t-hand side is expec ted to be rela tively small, an iterative 
solution can be obtained by r eplacing pLi by PL, i-l in it. 
Henc e we d-e fine 

-� 2 
aLl' = a - BL . lpL . l ( u - 1 )  cp ( u ) ( 3. 7 )  , l- ,l- aL, i- 1  aL, i- 1  

where i=l, 2 ,  ... ; aL0 =a; and O<aLi<�. 
we s top the ite r ation and set pL=O. ) 
by 

( I f  aL i�O or aL i��, 
Thence ( 3.5 ) is replaced 

or 
s-�-npLi 

� � VL, i-lpLi 

( 3. 8 )  

( 3. 9 )  

the le f t-hand member of which is of the s ame form a s  ( 2 .1 1 ) .  
The solution is thus of the same form a s  ( 2.13) . The uppe r  
limit Pui follows analogously, except that 

2 
aul· = a + Bu .  1Pu .  1-� ( u  -l ) cp ( u  ) ( 3.1 0 ) , l- , l- au, i- 1  au, i- 1  

where i=l, 2 ,  ... ; auo=a; 
we s top and set pu=l ) . 

and O<au.<�. l -
Thus 

2 - 1  2 2 2 Pul· = ( 2 n ) {Vu . 1u + ( 2 s+l ) n+[{Vu . 1u + ( 2 s+l) n} , l- aui , l- aui 
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pL1. = ( 2 n 2 ) -1
{VL . 1u 2 + ( 2 s-l ) n - [{VL . 1u 2 + ( 2 s -l ) n} 2 

,l- aLi ,l- aLi 
2 2 1: - ( 2 s-l ) n ] 2} 

0 ::; PLi < Pui ::; l, i=l , 2, . ... (3 . 11 )  

The s o l utio n s  Pu and pL wil l have been obtained when suc c e s s ive 
iterate s agree to an a c ceptabl e number of sig nific ant f ig ure s ;  
two o r  three s eem suf f icient in practice. Examp l e s  of appli
c ation o f  ( 3.11) and ( 2 .13 ) are g iven in Section 9 .  

4 .  C ONFIDENCE INTERVALS FROM THE EDGEW ORTH 
F OUR- TERM APPROXIMATI ON 

If the f irst four moments o f  a random variable are avail
able, its c umulative distribution function can be f urther 
approximated by the Edg eworth exp an s ion ICramer, 19 4 6 ,  
e q. ( l 7 . 7 • 3 )  ] 

J f ( x )  dx = ¢ ( u ) - � � ¢ ( 2 ) ( u )  + : 7 ¢ ( 3 ) ( u )  + 
-oo 

l Oy 2 
-----:::-c:---1-¢ ( 5 )  ( u )  ( 4 . l )  6! 

where u has mean 0 and variance l and y2 is the kurto s is 
mea sure ( standardiz ed fourth centra l moment l e s s  3 ) . S ubstitu
tion f or the sums in ( 2 .5 )  may then produc e an iterative 
s o lution for a hig her-order approximation for the confidence 
l imits f or p. 

Gabrie l ( 19 5 9 )  g ive s the a s ymptotic va lue for the y2 
va lue o f  s :  

l-6pq y2 � npq 
2 l+lOp+p 

2 1-p 
( 4 .  2 )  

To obtain an iterative s o l ution f or pL, we approximate py2/ 4 !  
by 

1- 6 P:LiqLi 
2 4 nqLi 

13 

i=O, l, 2 ,  . . . , ( 4 .  3 )  



where the prime s are used to dis tinguish four- term iterates 
from two-term iterate s. We define C Ui ana logous ly. Sub s titu
tion of ( 4 .1 ) for the s ums in ( 2 .5 ) leads to itera tive s o l utions 
o f  the pre cise form ( 3.1 1 )  with aui and a�i rep l acing aui and 

aLi' where 

-� 2 
aU�l. = a + Bul . l Pul . l 2 ( u  I - l ) ¢ ( u I ,l- ,l- aU,i- 1 aU,i- 1 

I - l[C I ,.1\ ( 3 )  ( ) - Pu ·- 1  u · - 1 � u • ,l ,l au,i- 1 
+ "h:B I 2 

,-1\ ( 5) ( ) ] 2 U,i- 1 � u
a1 ' 

U,i- 1 

-� 2 BL
I . lpL

I . l 2 ( u  I - 1 )  ¢ ( u  I 'l- 'l- aL . , aL l 
( 4 • 4 )  

,l-.L ,l-

+ I - l[C I ,.1\ ( 3) ( ) + 1B I2 ,.1\ ( 5 ) ( )] PL "- 1 L ·- 1� u I � L . l � u I I ,l ,l aL,i- 1 ,l- aL,i- 1 

where i=l , 2 ,  ... ; au0 =a�0 =a; O<aUi<�; O<a�i<�. ( I f  aUi�O 
or aui��, we s top and s e t  Pu=l; if aLi�o or aLi��, we s top 
and set pL=O.) The quantitie s BU,i- l and BL,i- l are given by 
( 3.4 ) with prime s added, a nd cU,i- l a nd cL,i- l by ( 4 .3 ) , U 

being sub s tituted f or L for the upper l imit quantitie s .  The 
derivative s ¢ ( j ) ( x )  are tabulated by Abramowit z  and S te gun ( 1 9 6 4 ,  
Tab le 2 6  .1 ) .  

The e f f e c t  o f  using thre e-moment iterate s at various poin t s  
may be negligib le. If the Edgeworth two- term approximation 
has been c arried to convergence prior to s t arting the four- term 
approximation, then it should be a be tter s tarting va lue than 
the normal approximation. 

5 .  C ONFIDENCE INTER VALS FROM THE PEARS ON SYS TEM APPROXIMATI ON 
Whe n  the third and fourth moments o f  s are approximated 

a s  in S e c tion 4 ,  the dis tribution of s can alternative ly be 
repre sented by the Pe arson sys tem of dis tributions. By virtue 
of tabulation of the percentage points o f  the Pears on dis tribu-

2 tions a s  func tions o f  s1=y1 and B2 =y2 +3 by E.S. Pe arson and 
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M .  Me rrington ( 19 5 1) and by John son e t  a l . ( 19 6 3)  ( reproduced in 
Pe arson and Hartl ey, 19 6 6 , 19 72 ) ,  an i terative so lution for 
conf idence l imits for p can be found wi th less c a l c ulati on than 
requ i red by the Edg eworth four-term approx imation . 

Us ing the notation o f  S e c t ions 3 and 4 ,  we c a l cu l ate 
2 - 1  61L, i- l  = 3 6 BL, i- lPL, i- l' 

62 L, i- l  i=l, 2, . . .  , ( 5 .  l )  

wher e  BL i and eLi 
pr ime s i n  ( 4 . 3 ) ] . 
point o f  Tab le 32 

are g iven by ( 3 . 4 )  and ( 4 . 3 ) [de l e t i ng the 
We the n read u as the upper lOOa percent 

aLi 1n Pe a r s on and Har t l ey ( 19 7 2 )  and sub s t i tute 
it in ( 3 . 11)  to f ind pLi . 
the n sub s t i tute in ( 5 . 1 ) 

( Thi s a s s ume s PL, i- l�0 . 5 . ) We can 
to ite r ate i f  nece s s ary . S im i l a r ly, 

we f ind Pu s tarting wi th ( 5 . 1 ) wi th L replaced by U and u 
aui found a s  the lowe r lOOa percent point o f  Pe arson and Har t l ey's 

Tab l e  32 . ( I f  Pu, i- l>0 . 5 , sub s t i tute "uppe r" . )  
The der ivation o f  the s e  approx ima te l imits f o l l ows immedi

ate ly from the de f in i t ion o f  61 and 62 and the approx ima t i on o f  
the sums i n  ( 2 . 5 ) b y  probab i l i ty integ r a l s  o f  Pearson curve s . 

Al l o f  the approx ima t ions in S e c t ions 2 through 5 would 
be expec ted to be b e tter the l arger the s amp le s i z e  n i s ,  the 
sma l l e r  the conf idence level l- 2 a i s ,  the c l o s e r  the cond i tional 
probab i l i ty 
c lo s e r  p or 
sma l ler, and 
( 3 . 7 )  and o f  
i n  values o f  

A 

p 
i s  to the uncond i t i onal probab i l i ty p, and the 
i s  to l/2 . I f  p i s  near z e ro, then pL i s  even 

the oc currence of PL, i- l  in the denominator o f  
P�, i - l  i n  the denominato r o f  ( 4 . 4 ) may result 

aL i and a�i out s i d e  the range ( 0 , 0 . 5 ) .  Thu s for 
p near z e ro, pL may be re la tively poor ly approximated, if  at a l l ,  
wh i l e Pu i s  we l l  approx ima ted . Howe ver, pL=O i s  probab ly a 
good approx imation anyway, and pL i s  o f ten not o f  inte r e s t  for 
sma l l  p, an upper l imit only be ing de s i red . S im i l a r ly, the Pea r s on 
sys tem approx ima tion may f a l l  short by yield ing values o f  
G1 or 62 beyond the l imits o f  Tab le 4 2  o f  Pearson and Har tl ey's 
Vo l .  I ( 19 6 6 )  or Tab le 3 2 of the ir Vol. II ( 19 7 2 )  ( le s s  o f ten 
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for the l atter ) ,  but it may be sufficient the n to use the tabular 
value for the nea r e s t  ( S 1 , S 2) . (Some extrapo lation of the 
tab l e s  is fea sib l e  a l so.) The tria l va lue s  pin ( 2 . 8 ) and pLi in 
( 3 . 4 ) (and Pui likewis e )  may exceed l in ab s o lute value; the 

approximations the n fail. The solutions tend to f ail if the 
trial va lue s of p f a l l  c lo s e  to + l even though below it. Jus t 
how widely p, A ,  n, and a may vary is inve s tig ated empirica l ly in 
Sec tion 1 1 . 

When s=O, A and A* cannot be c a l c ula ted. Consequently none 
of the confidence interva l s  of Section s  2 - 6  can be c a l c ulated. 
However, if an upper bound to A (l e s s  than l )  can be e s tab lished 
from prior experience, this bound can be subs tituted for A in 
the limit formul a s  to obtain conse rva tive (over ly long ) confi
denc e interva l s  for p. The inte rva l based on independent trials 
(C row, 19 7 4 )  is too shor t, s o  the "true " in terva l is somewhere 

between the s e  two. 

6 .  M ODIFIED POIS S ON- ANDERS ON- BURSTEIN APPROXIMATE 
C ONFIDENCE INTERVALS 

The approximating prob ability dis tributions dis cussed thus 
far may tend to be be tter approxima tions of the distribution of S 
the c l o ser p is to �- Is the re an approximation that, like 
the Pois s on r e l ative to the binomia l ,  tends to be be tter the 
sma l l er p is? Any answer is complicated by the need to e s timate 
A ,  for which a large value o f  s is de sirab le. The answer 
provid ed here is a rough but simp l e  modifica tion of Anderson 
and Bur s tein's improvement ( 1 9 6 7 , 19 6 8 ;  C row, 19 7 4 ) of the 
Pois son appr oxima tion of binomia l confidence limit s. 

The roughe s t  sort o f  con fidence limit s  are tho se obtained 
a s  the poin t e s timate o f  the parame ter p lus and minus a factor 
time s the e s timated s t andard e rror of the point e s timate, based 
on asympto tic norma lity. S uch symme tric limit s  become 
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unsatisfa cto ry f o r  asymmetric distributions, f o r  example whe n  
p is very small . A n  alternative is to achieve asymmetry by 
lengthening the con fidence inte rval o f  Anderson and Burstein 
by the asymptotic f actor in the standard error o f  s resulting 
from dependenc e .  Thus we get f rom ( 2 . 7 ) , for p<O . l, 

( if pL 2:0 ) , ( 6 .  l )  

whe r e  Pur a n d  pLI are the Anderson-Burs!ein limits f o r  
ind ependent trials ( Crow, 19 74 ) and p= ( A-p) /q .  If the pL 
c alculated f r om ( 6 . 1 ) turns o ut to be negative, then ( 6 . 1 ) 

should be replac ed by 

( 6. 2) 

Despite their limitations, ( 6 . 1 ) and ( 6 . 2 ) may be better 
than the normal, Edgewo rth, o r  Pearson approximation limits in 
c ertain regions o f  the ( p,A,n,a ) spa c e; see S ec tion ll. 

For small p it may not be o f  interest to bound p below 
( othe r than by z e ro ) . An upper l0 0 ( l-2a) percent con fidence 

limit for p may then be obtained that is smaller than the 
upper end o f  the central lOO ( l-2a) percent confidence inte rval . 
It is in f a ct simply the upper end o f  the central lOO ( l- 4 a )  
perc ent interval . 
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7. C OMPARIS ON WITH EXACT C ONFIDENCE LIMITS 
Be fore con sidering the exac t limit s in gener a l, we sha l l  

provide them f o r  the c a s e s o f  z e ro o r  one error, s=O o r  s=l, for 
then none of the approximations exc ept p erhap s the modified 
Pois son-Anderson-Bur s te in is s atis f actory and it is p ractic a l  
t o  u s e  the exac t limit s. However, a prior value of A mus t  be 
availab le if s=O, as the s amp l e  provid e s  no in formation on A. 

From (1.1 ) - (1.6 ) and (2 .5 ), 
P(s=O i p, A , n] = f (O ! p, A , n )  

n-1 = q[ (l- 2 p+ A p ) /q] , 
P[s=l l p, A , n] f (l l p, A , n )  

n 
I P[l on ith trial & 0 on othe r s ]  

i=l 
n- 2 = p (l- A )  ( (l - 2 p+ A p ) /q] 

( 7. 1 )  

n-1 
+ I q (1-\) (p/q )  (1- \ )  [ ( (l-2p+ A p )  /q] n-3 

i=2 
n- 2 + q( (l-2p+\p ) /q] (1-A ) p/q 

= 2 p (l-A ) [ (l- 2 p+Ap ) /q] n- 2 

+ (n- 2 ) p (l-\) 2 I (l - 2 p+A p ) /q] n-3 

= (p/q )  (1- A )  [nq (l- \ ) + 2 (A -p ) ] 
• [ (l - 2 p+ A p ) /q] n-3. ( 7. 2 )  

If s=O, it is intuitively evident that ther e  is no in forma
tion on \ in the s amp le. This is con firmed by the fact that the 
probability or like lihood of the s amp l e  s=O is 1 for p=p=O 
whatever the value o f  A is. Thu s we c annot c a lculate Pu from 
(2 .5 ) and (7.1) with any A o r  A *  f rom the s ample, and we c annot 

c a l c u l ate Pu at a l l  un l e s s  we are f urnished with a prior va lue 
of A or an upper bound on A. S ince p=O, we take p L=O a l so. 

Provided with a prio r  value of A or an upper bound on A, we 
c an s o lve the right-hand equation (2.5 ) , with (7.1 ) subs tituted, 
by iteration. From 
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we f ind that 
l- (cx/q ) 1/ ( n- 1 )  

u 

2-A- (cx/q ) 1/ ( n- 1 )  
u 

( 7 .  3 )  

Example 1 .  A= . 3 , cx= . 0 5 ,  n= 5 0 , s=O . An initial approx ima-

tion to sub s t i tute for qu on the r ight-hand s ide of ( 7 . 3 ) can 

be found from the mod i f ied Po i s son-Ander son-Bur s tein approx ima

tion ( 6 . 2 ) . From tab le 1 of OT Report 7 4 - 5 1  ( Crow , 1 9 7 4 ) , 

U= 3 . 0 0 ,  so 

qu = 

p l = 

qo = 1-p 0 = 1- 3 . 0 0 ( 1 . 3 ) 1/2  
5 1 . 5  . 7  

1- ( . 0 5 / . 9 2 ) 1/4 9  
= . 0 7 6 1 6 , 

1 . 7 - ( . 0 5/ . 9 2 ) 1 / 4 9  

p 2 = . 0 7 6 2 5 3 , p 3 = . 0 7 6 2 5 2  = Pu '  

= 1- . 0 7 9  = . 9 2 

accurate to at least 5 dec ima l places ( DP ) . I f  A = . B  rather than 

. 3 ,  then we get p 3= . 2 1 4 6 4=pu to at least 3 DP . 

S ince Pu i s  a monotone increasing f unc tion o f  A ,  a prior 

upper bound on A would enab le u s  to compute f rom ( 7 . 3 ) a 

conservat ive upper conf idence l imit on p .  I f  . 8  were an upper 

bound on A in Examp le 1 ,  we could say that we are 9 0 %  conf ident 

that p is . 2 1 5  or l e s s . (Aside from the approx imations , the 

conf idence l imits of sections 2 - 6  are conservative anyway 

because the d i s cretene s s  of s prec ludes atta ining the exact 

conf idenc e leve l l- 2 cx ,  shor t of art i f ic ial po s t- s ampl ing 

random i z ation , and we a lways err on the upper s i de . ) I f  we are 

interes ted at the outset ( prior to seeing the data ) only in 

upper l imits , then we could say that we are 9 5 %  conf ident that 

p i s  . 2 1 5  or les s . As A approache s 1 ,  we have e f fec t ively in 

the l imit j us t  one i ndependent obs e rvation and Pu approache s 

l-ex i f  s=O . I n  Example 1 ,  Pu7 . 9 5  a s  A7l . With A= . 9 9 9 ,  pu= . 9 1 5 0 . 

With independence , A=p , and pu= l-cxl/n= . 0 5 8 2 . I f  A =O ( extreme 

negative dependence ) , pu= . 0 5 5 0 . Thus , in the example n= 5 0 , s=O , 

l -cx= . 9 5 ,  a s  A vari e s  over i t s  entire range f rom 0 to 1 ,  Pu 
increas e s  monoton i c a l ly from . 0 5 5 0  to . 9 5 0 0 .  
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Proc eeding s imilarly f or s=l , we have from ( 2 . 5 ) , ( 7 . 1 ) , and 

( 7 . 2 )  a f ter s ome algebra 

1-A 
2-"A-A ' ( 7 .  4 )  

where 

2 2 - p I ( n- 1 )  ( l-1.. ) - 1 ]  u 

} l/ ( n- 3 )  

L ike ( 7 . 3 ) , this can be solved i terative ly using the Ander son-
-

Bur stein approx imation initia l ly . 

Examp le 2 .  1..= . 3 ,  a= . 0 5 ,  n= 5 0 , s=l . Then p= . 0 2 5 ,  pL=O by 

the Ander son-Burstein approx imation , and 

Po = 
l/2 4 . 7  ( 1 . 3 ) 5 1 . 8 5  . 7  = . 1 2 4 ,  A0 = . 9 1 2 0 1 ,  

p1 = . 1 1 1 6 , p 2 = . 1 0 9 7 , p 3 = . 1 0 9 6 7  = Pu' 

correct to at least 4 DP . 

p 3 = . 2 4 7 8 2=pu to at least 

If  "A=O , then p3 = . 0 8 5 4 =pu 
var ies from . 0 8 5 4  to l .  

4 

to 

I f  

DP . 

4 

1..= . 8 

I f  

DP . 

rather than . 3 then we 

"A=p , the n p 3 = . 0 9 1 4 =pu 
As "A var ie s f rom 0 to 

get 

to 4 

l ,  Pu 

DP . 

I f  s=l , it i s  pos s ib le to calculate "A and "A* from the s ample 

us ing ( 2 . 2 ) and ( 2 . 4 ) , but the only po s s ib l e  value of r is 0 ,  and 

the only pos sible values of t are 0 or l .  With either value of 
A 

t ,  the value of "A in ( 2 . 2 ) I as  we l l  as  of "A* in ( 2 . 4 ) ]  i s  seen to 

be 0 .  The e st imate ( 2 . 2 ) for "A i s  not nece s sarily good for sma l l  

s ( c f . Klot z , 1 9 7 3 , Sec . 4 ) , and thi s i s  def initely the c a s e  for 
A 

s=l ; to take "A=O a lways when "A may in general vary from max ( 0 , 2 -

p- l ) up to l i s  unrea l is ti c . I t  i s  to be hoped that s ome prior 

value or upper bound for "A can be a s s umed . 

For s � 2 , we use Ladd ' s  ( 1 9 7 3 , 1 9 7 5 )  algorithm for sequentially 

calculating the cumulative probabi l i ties ( 2 . 5 ) . The a lgor ithm 

f o l l ows a l l  the pos s ib le " random walks " from the f irst trial 

through the second , . . .  , ( K- l ) th ,  and Kth tr i a l s  ( transmi s s ions in 

the telecommunications app l ication ) wi th a f ork in the path to 

succ e s s  or failure ( er ror or correct transmi s s ion , hit or mis s )  
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at each tria l. We present the formul a s  in Ladd's notation 
except for using our p and q ins tead of his P and 1-P and 
f. =f ( iJp, A , n )  for the prob ability of i succe s s e s  in n tria l s ,  ln 
a s  in ( 2 .5 ) , ins tead of his ¢j, k ( P, Phh'Phm ) .  Le t  

[cf. 

where 

1-Phh 

1-P = hm 

Phh = P[Xi=l!Xi- l =l]  = A ,  

p = mh 

phm = 

p = 
mm 

P[X . =OjX . 1 =1] , l l-
P[X . =l jX . 1=0 ] ,  l l-
P[X . =OJX . 1=0 ] l l-

( 1.2 ) - ( 1.6 ) ]. Then 

t:i, n = 

ni, n = 

f:o, l  = 

no, l  = 

f:o, n  = 

no, n  = 

t:i, n = 

n i, n = 

t:n, n 

nn, n 

f . = t:i, n + l, n 

P[i succe s s e s  in n tria l s  & 

P[i succe s s e s  in n trial s  & 

0 ' t:l, l = p, f l, l = p, 

q, nl, l = 0' fO, l = q; 

0,  

no,n-lpmm qP n- 1 f 0 ; = = 
mm , n  

f: . 1 lPhh + n . 1 lPhm, l- , n- l- , n-

ni, n 

nth tria l 

nth trial 

t;;. 1P h + n . 1P , i=l, 2,  ... n- l; l, n- m l, n- mm 

c P = P n- 1 = f sn- l, n- 1  hh p hh n, n ' 

0 n=l, 2,  .... 

succeed s] , 

f ail s]  ; 

The cumulative probabilitie s ( 2 .5 ) are then found by summing 
( 7 . 5 ) . 

( 7 .  5 )  

( 7 .  6 ) 

A computer program wa s writ ten to solve ( 2 . 5 )  for pL and 
Pu for A ,  s, and n using the exact probabilitie s ( 7 . 5 ) . I t  can 
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of cour s e  be u sed a s  an approx imation when A i s  unknown by 

subst itut ing A from ( 2 . 2 ) . For large n it i s  mor e  economical and 

s u f f ic ient ly accurate to use the program in Sect ion 8 f or the 

approx imate interv a l s  of S ections 2 - 6 , which can be app l ied with 

a pr ior value of A rather than A a l so . We proceed to i l lustrate 

the app l i c ation of both programs . 

Example 3 .  A= . 3 ,  a= . 0 5 ,  n = 5 0 , s=5 . Then p= . l .  The " exac t "  

9 0 %  conf idence l imits f rom the c omputer program based on ( 7 . 6 )  

are pu= . 2 1 0 5  and pL= . 0 2 8 8 0 . The Anderson-Bur s tein l imits ( 6 . 1 ) 

( 6 . 2 )  u s ing p= ( A-p ) /q= . 2 2 2  are 

10 5 1 1  l/2  
Pu = . 1 + ( • - . 1 ) ( -7 ) = . 2 2 4 , 5 2 . 7 5 

PL = . 1 - ( . 1  1 . 9 7 ) ( 1 1 ) 1/2 = 0 2 5  
4 8 . 9 8 7 . . 

The approx imate l im i t s  from the other computer program are 

Norma l 

. 2 4 5 4 6  

. 0 4 2 6 4 6  

Edgeworth 2 

. 210 3 0  

. 0 3 0 2 8 6  

Edgeworth 4 

. 2 1 0 6 0  

. 0 3 6 0 4 9  

Pearson 

. 2 1 0 3 1  

. 0 3 4 1 1 1  

The last  three Pu approx imations are thu s exce l l ent , the other 

two Pu approx imations are a bit high . A l l  the pL approximations 

except the Ander s on-Bur stein are somewhat hig h .  The times for 

running the " exact " and " approx imate " programs on the CDC 6 6 0 0  

c omputer were 3 . 4 8 and 1 . 6 7 s econds , respectively . The 

normal and Ander s on-Burstein formulas can o f  cour s e  be evaluated 

qu ickly on a pocket calculator . 

Example 4 .  ( a )  S ame a s  Example 3 except A calculated from 

r=O , s=5 , t=O . From ( 2 . 2 ) , A=O . S ince the asymptotic standard 

deviat ion of A for A= . 3  and s= 5 i s  approximately ( . 3x . 7 /5)1/2 = . 2 ,  

the value A=O i s  a not improbable samp le result when A= . 3 .  The 

Anderson-Bur stein l imits ( 6 . 1 ) - ( 6 . 2 )  are , s ince p= (A-p ) /q=- 1 / 9 , 

pu= . l 8 9, pL= . 0 4 7 . The " exact " limits from the computer program 
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under the a s sumption A = A =O are pu= . l 8 0 5 , pL= . 0 4 2 0 1 . The 

approximate l imits from the other c omputer program are 

Pu 

PL 

Normal 

. 19 8 0 3  

. 0 4 7 0 8  

Edgeworth 2 

. 1 8 1 1 3  

. 0 4 0 7 8  

Edgewor th 4 

. 1 8 1 1 3  

. 0 4 1 6 6 8  

Pearson 

. 1 8 1 3 6  

. 0 4 1 1 7 5  

Al l o f  the approximations except the normal seem c lose enough 1n 

practice . The t ime s for running the " exac t "  and " approximate " 

programs were 2 . 9 9 and 1 . 5 4 second s , respectively . 
A 

Example 4 .  ( b )  S ame a s  Example 4 ( a )  except A c a lculated 

from r= 3 , s=5 , t=O . From ( 2 . 2 )  A = . 5 9 7 .  Thi s a l so is a not 

improbable sample result when A = . 3 .  The Ander son-Bur s tein 

l imits ( 6 . 2 ) are pu= . 2 9 6 ,  pL=O . The " exac t "  limits from the 

computer program under the as sumption A = A= . 5 9 7  are pu= . 2 6 4 1 ,  

pL=O . The approximate l imits from the other computer program are 

Normal 

. 3 4 8 5 1  

. 0 2 5 4 9 3  

Edgeworth 2 

. 2 6 6 3 8  

0 

Edgeworth 4 

. 2 6 6 9 5  

. 0 2 6 8 7  

Pearson 

. 2 6 7 8 4  

. 0 1 9 9 0 4  

The normal i s  again the poore s t  approximation , aga in on the high 

s ide . Only the Ander s on- Bur s tein and Edgeworth 2 values of pL 
are as c lose a s  de s irab le . The change s in Pu and pL with 

pos s ible var iation s  o f  A in Examp l e s  3 and 4 are intere s ting and 

perhaps not d i s turb ing for thi s sma l l  s amp le si z e .  The time s for 

runn ing the " exac t "  and " approx imate " programs were 2 . 0 1 and 

1 . 5 7 second s , respectively . 

Examp le 5 .  A = . 3 , a= . OS ,  n= l 5 0 ,  s= l 5 . Then p= . l  a s  in 

Examp l e s  3 - 4 , but the s ample s i z e  is 3 time s as large . That is 

the largest sample s i z e  that can be run on the CDC 6 6 0 0 with 

the " exac t "  program a s  wr i tten . The " exac t "  9 0 %  l imits from 

the computer program are pu=- � 5 9 0  and pL= . 0 5 3 7 7 . The Anderson

Bur s tein l imi ts ( 6 . 1 ) taking A=A are pu= . l 6 3  and pL= . 0 5 3 .  The 

approximate l imits from the othe r computer program are 

2 3  



Norma l 
. 1 6 8 8 6  

. 0 5 8 1 9 7  

Edgeworth 2 
. 1 5 9 3 7  

. 0 5 2 9 9 6  

Edgeworth 4 

. 1 5 9 5 9  

. 0 5 3 8 2 3  

Pear son 

. 1 5 9 3 2  

. 0 5 3 6 2 9 . 

Here the approximations , except for the Ander son-Bur s tein , are 

subs tanti a l ly be tter than in Examp les 3 and 4 ,  because of the 

increase in samp le s i z e . The time s for running the " exac t "  

and " approx imate " programs o n  the CDC 6 6 0 0  computer were 2 4 . 9 4  

and 1 . 6 8 second s , respective ly .  Thus the exact program i s  the 

faster only for s amp le s i z e s  up to the order o f  1 0 0  and i s  

impractical  for the samp le s i z e s  needed i n  telecommun ication s . 

Examp le 6 .  ( a )  Same as Examp le 5 except A calcu lated from 

r=2 , s = l 5 , t=O . From ( 2 . 2 ) , A = . l 3 3 . S ince the asymptotic 

standard deviation o f  A for A = . 3  and s = l 5  is approximately 

( . 3x . 7 / 1 5 ) 112= . 1 1 8 , the value r= 2 is not an improbab le samp le 

result when A = . 3 .  The Ander son- Burstein l imits ( 6 . 1 )  are 

pu= . l 5 2 , pL= . 0 6 l .  The " exac t "  l imits from the computer program 

under the as sumption A = A = . l 3 3  are Pu= . l 4 8 8 2 , pL= . 0 6 0 2 0 4 . The 

approximate l imits from the other program are 

Normal Edgeworth 2 Edgeworth 4 Pearson 

Pu . 1 5 5 3 9  . 1 4 9 0 8  . 1 4 9 1 6  . 1 4 9 1 9 

PL . 0 6 3 4 1  . 0 5 9 8 1 6 . 0 6 0 1 4 5  . 0 6 0 1 1 6  

The times for running the " exac t "  and " approx imate " programs 

we re 2 8 . 8 0 and 1 . 6 3  seconds , respec tive ly .  

Examp le 6 .  ( b )  Same as Example 6 ( a )  except A calcul ated 
A 

from r= 8,  s=l5,  t=O . From ( 2 . 2 ) , A = . 5 3 2 . Thi s  a l so i s  a not 

improbab le s amp le result when A = . 3 .  The Anderson- Burstein 

l imits ( 6 . 1 ) are pu= . l 8 4 , and pL= . 0 3 6 . The exact l imits from the 

computer program under the as sumpt ion A = A =O are Pu= . l 8 0 1 4 , 

pL=.0 4 2 5 5 4 .  The approximate l imits from the other program are 
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Normal Edgeworth 2 Edgeworth 4 Pearson 

Pu . 1 9 8 7 8  . 1 8 0 9 5  . 1 8 1 4 6  . 1 8 0 3 6  

PL . 0 4 9 1 8 8  . 0 4 0 6 4 0  . 0 4 3 0 1 3  . 0 4 2 2 8 4  . 

As in Examp les 4 ( a )  and 4 ( b )  , the conf idenc e interva l s  for l arge 

A are longer than for smal l  A ,  as expec ted , but the var i ation i s  

probab ly acceptab le , and the number o f  intervals that are " too 

short " ( i . e . , f a i l  to cover the true p frequently enough ) wi l l  

i n  the long run be e s sential ly ba lanced by those that are " too 

long " ( i . e . , c over the true p too frequently ) . The t imes for 

runn ing the " exac t "  and " approx imate " programs were 2 5 . 7 2 and 

1 . 6 7 seconds ,  re spec t ively . 

The results o f  Examp les 3 - 6  are summari z ed in Tables 1 and 

2 to three dec ima l p l ace s . S ince a l l  of the i terative solut ions 

( Edgeworth 2 - and 4 - term and Pearson ) agree to 3 DP usual ly , only 

the average values are g iven for these , under a common heading . 

The fol lowi ng conc lus i ons c an be drawn , al though they cannot 

nece s s ar i ly be gener a l i zed to o ther conf idence leve l s  or s amp le 

character i s t i c s : 

1 .  The Edgeworth 2 -term and 4 - term and Pearson l imits 

agree to 2 or 3 DP wi th the " exac t "  limits as we l l  

a s  with each o ther . 

2 .  The P o i s son-Anderson-Bur s te in l ower l imit i s  fairly 

c lose to the exact l ower l imi t ,  e i ther above or be low , 

wh i l e  the upper l imit i s  higher . 

3 .  The norma l l imits are the poorest approximations to the 

exac t l imits , both l ower and upper l imits be ing too 

l arge . Thus the length of the interval does not 

d i f fer as much relatively as the l imit s .  

4 .  The change in e ither exact or approximate l imits due 
A 

to var i at ion in A ( and thus in the numbe r r o f  pairs 

of succe s s ive error s ) i s  much greater than the 

d i f ference between any o f  the type s  o f  l imits . Thi s  
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Ex . 

4 a  
3 
4b 

6 a  
5 
6b 

Table l .  Summary o f  Examp l e s  3 - 6  Compar ing Exact and 
Approximate 9 0 %  Con f idence L imits for p When 
p= . l , A = . 3 ,  and E i ther n= 5 0  or n=l 5 0  

A Exact And . - Bur stein Normal Edgeworth 2 I 
& P ear son 

PL Pu PL Pu PL Pu PL Pu 

n= 5 0  

low . 0 4 2  . 1 8 0  . 0 4 7  . 1 8 9  . 0 4 7  . 1 9 8  . 0 4 1  . 1 8 1  
A . 0 2 9  . 2 1 0  . 0 2 5  . 2 2 4  . 0 4 3  . 2 4 5  . 0 3 3  . 2 1 0  
high . 0 0 0  . 2 6 4  . 0 0 0  . 2 9 6  . 0 2 5  . 3 4 9  . 0 2 . 2 6 7  

n=l 5 0  

l ow . 0 6 0  . 1 4 9  . 0 6 1  . 1 5 2  . 0 6 3  . 1 5 5  . 0 6 0  . 1 4 9  
A . 0 5 4  . 1 5 9  . 0 5 3  . 1 6 3  . 0 5 8  . 1 6 9  . 0 5 4  . 1 5 9  
high . 0 4 3  . 1 8 0  . 0 3 6  . 1 8 4  . 0 4 9  . 19 9  . 0 4 2  . 1 8 1  

4 

Tab le 2 .  Computer Execution Times Required for Table l Resu lt s * 
( 9 0 %  Con f idence Limit s  for p When p= . l  and A = . 3 ) 

n Examp le A Exact Limits Approximate L imits  
-

5 0  4 a  low 2 . 9 9 sec l .  5 4  sec 
3 A 3 . 4 8 l .  6 7  
4b high 2 . 0 1 l .  5 7  

1 5 0  6 a  l ow 2 8 . 8 0 l .  6 3  
5 A 2 4 . 9 4 l .  6 8  
6b high 2 5 . 7 2  l .  6 7  

* The above t ime s are in addi tion to the constant comp i lation 
t ime , whi ch is 1 . 8 1 sec for the exact l imits program and about 
7 sec for the approximate l imits program . Both c omp i lation 
and execution t imes wi l l  vary from computer to computer .  
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doe s  not mean that the l imits are wrong due to 

ignorance of A ,  for the interva l s  st i l l  cover the 

true value p in approx imate ly 9 0 %  of the case s , as 

ver i f ied in Section 11, and that is  all that they 

are supposed to do . I t  does mean that the approxima

tions are quite accurate enough . ( The l imits for the 

low value of A are about the s ame as thos e  obta ined 

a s s uming independence . )  

5 .  The change in l imits due to vari ation in A decreases  

subs tanti a l ly wi th s amp le s i z e . For example , the 

ratio of conf idence interva l l engths at high and low 

A i s  about 2.0 for n= S O  and about 1.6 for n= l S O . 

6. The computat ion t ime for the exac t l imits increases  

rapidly wi th s amp le s i ze , whe reas that for the 

approx imate l imits s tays e s sent i a l ly constant . For 

the case con s i dered , the exact l imits take le ss time 

for samp le s i z e s  l e s s  than about 100, more t ime 

beyond that po int . 

8 .  COMPUTER PROGRAM FOR APPROX IMATE CONF IDENCE L IMITS 

Thi s section outl ines the important features of the main 

program (CONL IM)  and e ach of i t s  s ubroutines for calcul at ing the 

approx imate conf idence l imits for p and A der ived in Sections 2-6. 
Comments are scattered throughout the l is t ing (Append ix B )  to 

further a id the user in unders tanding the log i c  o f  the program . 

The program i s  wr itten in FORTRAN IV for the CDC 6600. The 

d imensioned var i ab le s  occupy 13,600 word s .  The comp i lat ion 

time is about 7 seconds , and the execution time is about 2 

se cond s . 

The program uti l i z e s  three routines that are not avai l ab le 

to a l l  user s . The upper l O O a  percentage point of the standard i z ed 

norma l d i s tr ibution , u ( eq .  2.9), and the upper 200a percentage a 
point o f  the chi- squared d i s tribution with 2 degre e s  o f  freedom , 
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x � , 2 a ( eq .  2 . 1 5 ) , are both determined by routines from the Inter

national Mathemat i c a l  Statistical L ibrarie s ,  Inc . Also the 

conf idence reg ion for ( A , p ) is p lotted ( subroutine P LOT ) on the 

CDC-2 5 0  micro f i lm recorder us ing routines deve loped by NOAA . 

Program CONL IM . This i s  the ma in c a l l ing program . I t  

provides for the f ive basic input variables n ,  s ,  r ,  t ,  and a 

( de f ined in sec tion 2 )  and the four pre c i s ion vari ables : 

1 .  NPTS number of points used to de f ine the boundary 

of the conf idence reg ion for ( A , p ) , 

2 .  MAXI T  = max imum numbe r o f  iterations tolerated for 

the Edgeworth and Pear son sys tem approx ima

tions , 

3 .  MINS IG = min imum number o f  s igni f icant f ig ures o f  

agreement desi red from succe s s ive iterations 

( relative prec i s ion ) , 

4 .  MINDEC = minimum number of dec ima l  p l aces o f  agreement 

de s ired from success ive i terat ions ( abso lute 

prec i s ion ) . 

The program c a l l s  subroutine DEPEND whi ch , in turn , c a l l s  

8 other subroutine s . The program a l s o  provides printed output 

of the conf idence l imits for A and p and the po ints of tangency 

for the conf idence region for ( A , p ) . 

the logic among the subroutines . 

See F igure 1 which shows 

Subroutine DEPEND . Thi s  subroutine c a l l s  8 subroutines 

( PARAM , REG I ON ,  PLOT , L IMLAM , NORMAL , EDGEW , P SA ,  and ANDBUR) 

The first , PARAM , defines s ome basic parameters , and must be 

c a l led first . Af ter that , the c a l l ing order i s  immaterial except 

that REGION mus t  precede P LOT and NORMAL mus t  precede both EDGEW 

and P SA .  

Subrout ine PARAM . Thi s subroutine c a lculate s  p, A ,  A * , A ,  

and p, which are def ined in Section 2 and Sec tion 1 1 . 3 .  

2 8  



I 
PAR AM 

N I (Defrnes \.0 
Parameters) 

1 
LIM LAM 

(eq 217) 

� 
CONFIDENCE 

LIMITS 
for 

A 

I I 
REGION PLOT 

(Plots Boundary of (locates 
Tangents) Confrdence Regron 

().,p) on Mrcrofrlm) 

I 
CURVES I 

(eq 2 16) I 

CONFIDENCE 
REGION 

ior 
(A, p) 

CON LIM 

(Provrdes Input Values o..n.r.s.and t. 

Calls Subroutrne DEPEND, and 

Prrnts LrmrtsJ 

l 
OEP END 

I Calls the Followrng Erght Subroutrnes \ 

1 
I I 

NORMAL EDGEW 

(Normal 
(Edgeworth 2 Term 

and 4 Term 
Approxrmatron Approxrmatrons 

eq 213) eqs 3 11 and 4 4) 

I 
r SIGFIG 

(Checks Relatrve 

I Accuracy of 

lteratrons I 

I 
PSA 

(Pearson System 

Approxrmat ron 
eq 5 1) 

I 
PEART 

(Reads Pearson 
and Hartley 

Table 42. Vo 11. 
1966) 

CONFIDENCE 
LIMITS 

for 
p 

I 
SIGFIG 

(Checks Relatrve 

Accuracy of 
lteratrons I 

F igure 1. F low d ia gram o f  compu ter program ,  CONLIM . 

I 
ANDBUR 

(Porsson Anderson 
Burstern 

Approxrmatron 
eqs 6 1 and 6 2) 

-J40 

(Reads Pearson 
and Hartley 

Table 40. 1966) 



Subroutine REGI ON . Thi s subroutine calcul ates the boundary 

and points of vertical and hor i z ontal tangency for the norma l 

approximation conf idence reg ion ( 2 . 1 6 )  o f  ( A , p ) . I t  divides the 

interval O � A � l  into ten equ a l  subinterva l s  and searches for the 

extent of the conf idence reg ion . This i s  done mere ly to u ti l i z e  

better the NPTS points that def ine the boundary ( the tangents can 

be located more accurately than if the points we re spread over 

the entire [ 0 , 1 ] interva l ) . Of course , i f  more subdiv i s i ons are 

used the tangents can be de termined more accurate ly . 

The symbol KX denote s the number o f  points used for the 

micro f i lm plot of the boundary . Here KX= l O O . 

Next , subroutine CURVES i s  c a l led NPTS time s to de fine the 

boundary and to loc ate the vertical and hor i z ontal tangents . The 

two vertical tangents ( l imits on A )  are found by not i c ing when A 

i s  f ir s t  in and then out o f  the conf idence reg ion . The two 

hor i zontal tangents ( l imits on p )  are found by notic ing when , 

moving from A= O to A = l , the s l ope o f  the upper boundary changes 

from pos i tive to negat ive , and the s lope of the lower boundary 

changes from negative to po s it ive . 

The coordinates ( A , p ) o f  the l ower boundary o f  the conf idence 

reg ion are denoted by ( GP , GL )  and those of the upper boundary 

by ( GP , GU ) . 

S ubroutine CURVES . Thi s  subroutine de f ines the lower and 

upper boundary ( PL and PU , respec tive l y )  of the conf idence reg ion 

for ( A , p ) . I t  wi l l  be c a l led once for e ach of the NPTS va lues o f  

A .  I f  A = O  ( e . g .  when r=O ) , we factor A from equation 2 . 1 6 .  This 

i s  hand led in the subroutine by go ing to statement 1 3  ins tead of 

s tatement 1 4 . 

Whenever A l ie s  beyond the conf idence reg ion , ass ign 

PL=PU= - 1 0 6 . This arb i trari ly chosen , unre a l i z able value i s  used 

in subroutine REG I ON to locate the vertical tangents . 

Subroutine P LOT . Thi s  subroutine p lots the boundary o f  the 

conf idence regi on for ( A , p ) . I t  ut i l i z e s  the CDC- 2 5 0  micro f i lm 
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recorder and subroutines pec u l i ar to the NOAA CDC 6 6 0 0  computer . 

Note that GL ( KE ) , GU ( KE ) , and GP ( KE )  are the KE values o f  the 

l ower boundary , upper boundary , and absc i s s a . These are in 

the c ommon block PLT in subro ut ine REG I ON . Users who must write 

their own p lotting subroutine can acces s these values through 

COMMON/PLT/GL ( 5 0 0 )  I GU ( 5 0 0 )  I GP ( 5 0 0 ) , KE . 

Subroutine NORMAL . Thi s subroutine c omputes the normal 

approx imat ion con f idence l imits for p ,  pL O ' and Pu o ( eq .  2 . 1 3 ) . 

Subroutine LIMLAM . This subroutine computes the normal 

approx imation conf idence l imits for A ( eq .  2 . 17 ) . 

S ubroutine EDGEW . This subroutine determine s  the Edgeworth 

2 - and 4 -t erm approximat ion conf idence l imit s f or p ( Sees . 3 - 4 ) . 

The lower and upper 2-term l imits are P L I  and PUI , respect ively . 

The l ower and upper 4 - t erm l imits are PPLI and PPUI , respect ive ly 

( throughout this subrout ine , the extra P in the 4 -term equations 

is added to s imul ate the prime used in S ect ion 4 ) . 

I n i t i a l ly thes e  four l imits are a s s igned the values obtained 

by the normal approx imation . Each succes s ive approximation , 

obtained by iteration , i s  checked with the previous one . Sub

routine S I GF IG is c a l led to determine i f  two succ e s s ive values 

d i f fer by l e s s  than a speci f ied number (MINS I G )  of  s ignif icant 

f igures ( i . e . , relat ive preci s ion ) . A second test is made to see 

whether or not suc c e s s ive values d i f fer by a spe c i f ied number 

(MINDEC ) of digits ( i . e . , absolute prec i s i on ) . I f  succ e s s ive 

values o f  a l l  four l im i t s  pass either test , iteration i s  halted . 

I n  any case , i teration i s  hal ted a f ter MAXI T  iterat ion . MINS IG , 

MINDEC , and MAXI T  are spe c i f ied in the main program . 

Subroutine S I GF IG . This subrout ine tests to determine i f  

two consecutive i terat ive values ( from ei ther subrout ine EDGEW or 

subroutine PSA) d i f fer by l e s s  than J S I G  signif icant f igures . 
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The loop i s  sat i s f ied when the values are mul t ip lied by a power 

o f  1 0  that i s  large enough to render the resulting value equal 

to an integ er with JSIG d ig it s . 

S ubroutin e  PSA . This subroutine determines the conf idence 

l imits for p from the Pearson system approx imat ion ( S ection 5 ) . 

The d i str ibut ion o f  s can be repres ented by the Pearson system o f  

d istr ibution s . 

Subrout ine PEART read s the tabular values , u , for the a 
a= . 0 2 5  or a= . O S O  percentage points o f  the Pearson distribution . 

One table i s  used for the lower l imit and another for the upper 

l imit . Locate S
l L , i- l  and S

2 L , i- l in the tab le . I f  a value i s  

beyond the table , a s s ign i t  the tabul ar value nearest it . S ince 

the table i s  two dimens iona l ,  we use doub l e  interpol at ion to 

determine u ( s imilarly for u ) . Then u i s  substituted aL . 
au

. 
aL . into pL i  ( eq . 1 3 . l l ) . 1 1 

I terat ion proceeds prec i s e ly a s  it does in subroutine EDGEW 

( see above ) . 

S ubroutine PEART . This subrout ine uses the data cards which 

contain ( 2  dec imal p l aces ) the upper and l ower Pearson and 

Hart ley Table 3 2  ( vo l . I I ,  1 9 7 2 ) for a= . 0 2 5  and a= . O S O . I t  

manipulate s the data f rom the c ards to resemble the tables ( for 

interpo lat ion ) .  I t  then extends the tab le s , both up and down , by 

a s s igning as unl isted value s the nearest value li s ted , either 

above or below � [ Pearson and Hartley ' s  Table 3 2  ( 1 9 7 2 ) has been 

used to extend their Tabl e  4 2  ( 1 9 6 6 ) , whi c h  i s  not ind ic a ted in 

Figure 1 . ] 

S ubrout ine ANDBUR .  This subrout ine computes the modi f ied 

Pois son-Ander son- Bur stein approx imate conf idence l imits for p 

( S ection 6 ) . The lower and upper conf idence l imits for 

independent trial s , SLOWER and SUPPER , are provided by subroutine 

PH4 0 .  Thes e  values are then sub stituted in ( 6 . 1 )  and ( 6 . 2 ) 

to determine the modif ied Poi s s on-Anderson-Burstein conf idence 

l imit s , pL and Pu · 3 2  



Subroutine PH4 0 . Thi s  s ubrout ine conta ins the 8 0 , 9 0 , 9 5 , 

and 9 9 %  conf idence l imits for the mean o f  a P o i s s on d i s tr ibution 

( independent error s )  ( Pe ar son and Hartley , 1 9 6 6 , Tab le 4 0 ;  Crow , 

1 9 7 4 , Tab le 1 ) . I t  then interpo lates i f  there are between 3 0  and 

1 0 0  error s .  The tab le c annot be used if s > l O O . The lowe r and 

upper l imit s ,  c a l l ed S LOWER and SUPPER , are used in subroutine 

ANDBUR .  

9 .  APPLICAT ION TO COX- LEWI S  TELEPHONE DATA 

The calculation o f  a l l  o f  the con f idence interva l s  for 

error p robabi l ity ,  p,  of the conf idence interva l  for the 

conditional error probabi l ity ,  A ,  and of the conf idence region 

for ( A , p ) der ived in Sections 2 - 6  is i l lustrated here on tele

phone data . The calculations are e a s i l y , though a l ittle 

ted ious ly for the Edgeworth and Pearson , per formed wi th a 

pocket calculator , and the s teps are recorded here for check ing 

by the interested reade r . However , the s teps are unne c e s s ary 

for those in pos s e s s ion of the c omputer program described in 

Section 8 .  

Cox and Lewi s ( 1 9 6 6 ,  pp . 2 5 6 - 2 5 7 ) tabulate the interva l s  

be tween suc c e s s ive errors i n  a s equence o f  telephone mes s age s , 

wh i ch was " obta ined in j o int work by I BM Germany and the German 

Postal Admin i s tration . "  S l ightly over one mi l l ion characte r s  

were transmi tted and received , but the f irst 2 0 , 0 0 0  wi l l  b e  used 

for thi s  example . I t  wi l l  be a s s umed that the e rror p robab i l i ty 

i s  cons tant for a l l  character s .  S ince only the interva l s  are 

l i s ted , it is not known whe ther the f i r s t  transmi s s i on i s  1n 

e rror or not ,  but i t  i s  a s s umed to be corre c t . There are then 

3 8  errors and 1 3  pairs o f  suc c e s s ive errors in the 2 0 , 0 0 0  trans-

mi s s ion s . I n  the notation of Section 2 ,  

n = 2 0 , 0 0 0 ,  r = 1 3 , s = 3 8 , and t = 0 .  

From ( 2 . 1 ) , 

p = 3 8/ 2 0 , 0 0 0  

From ( 2 . 2 )  and ( 2 . 8 ) , 

. 0 0 1 9 , q = 1- p = . 9 9 8 1 . 

A 

A . 3 4 2 0 9 7 , p = . 3 4 0 8 4 4 . 
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We sha l l  ca lcu late 9 0 %  confidence interva l s , so that a= . 0 5 and 

u =1 . 6 4 4 8 5  [ from Abramowi t z  and Stegun ( 1 9 6 4 ) , Table 2 6 . 5 ,  for a 
examp l e ]  . 

The computer program de s c r ibed in Section 8 g ives 

immed i ate ly the fo l l owing upper and lower conf idence l imits for 

Ander s on-
Burstein Norma l Edgeworth 2 Edgeworth 4 Pearson 

Pu . 0 0 2 7 4 0 6  . 0 0 2 8 0 2 3  . 0 0 2 7 5 8 0  . 0 0 2 7 6 3 3  . 0 0 2 7 5 3 7  

PL . 0 0 1 2 2 0 7  . 0 0 1 2 8 1 7 . 0 0 1 2 4 5 1  . 0 0 1 2 5 1 7  . 0 0 1 2 5 1 7  

The se agree remarkab ly we l l , to 4 or 5 DP and 2 or 3 SF , due to 

the large samp le s i z e  and s ub s tantial values of s and r .  The 

program a l s o  gives the norma l approx imation l imits ( 9 0 % )  on A 

by i t s e l f  ( 2 . 1 7 ) , 

. 2 2 9 8 4  < A < . 4 7 5 3 5 , 

and the c oordinates o f  the vertical and hor i z ontal tangents o f  

the 9 0 %  ( j oint ) conf idence reg ion f o r  ( A , p ) : 

( A= . 4 5 0 0 ,  p= . 0 0 3 6 5 )  

p :  

( . 1 8 0 2 , . 0 0 1 4 8 )  ( . 5 2 3 7 , . 0 0 2 3 4 ) 

( . 3 0 0 0 , . 0 0 1 1 4 ) 

The conf idence region wi l l  be d i s cussed further a fter the pocket 

calcu lator results are obtained step by s tep . 

The mod i f ied Anderson-Bur s te i n  l imits ( 6 . 1 ) or ( 6 . 2 ) are 

the easiest to obtain . By l i near interpol ation in Table 1 of  

OT Report 7 4 - 5 1  ( Crow , 1 9 7 4 ) , U= 4 9 . 6 ,  L= 2 8 . 4 8 .  By the formulas 

given there the conf idence l imits under the a s s umpt ion of 

independent transmi s s ions are 

n+ ( U- s ) /2 = 4 9 . 6  . 0 0 2 4 7 9 , u 

L 
PLr = n- ( s- l- L ) /2  

2 0 , 0 0 5 . 8  

2 8 . 4 8 
1 9 , 9 9 5 . 7  = . 0 0 1 4 2 4 .  

( These are guaranteed to be accurate to only 2 SF , but more 

f igures are carried to avo id roundo f f  error in the final result . )  

Hence by ( 6 . 1 ) 

. 0 0 1 9 0 0  + . 0 0 0 5 7 9 x l . 4 2 6 2  = . 0 0 2 7 2 6  

. 0 0 1 9 0 0  . 0 0 0 4 7 6 x l . 4 2 6 2  = . 0 0 1 2 2 1  
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and it i s  not nec e s s ary to use ( 6 . 2 ) . S l ight d i f ferenc e s  be tween 

the hand calculat ion us ing Tab l e  l o f  OTR 7 4 - 5 1  and the computer 

program results are pos s ible because the program incorporates 

the more accurate P o i s s on conf idence l imits o f  Pearson and 

Hartley ( 1 9 6 6 ) , whi le Tab le l i s purpos e ly rounded because the 

method i s  designed for s imp l i c i ty to guarantee only 2 - digit 

accuracy . 

Proceeding to the norma l approx imation , we f i r s t  c a lculate , 
A 

from ( 2 . 8 ) , V=4 0 , 6 0 4 . 8 .  Then we have immediate ly the normal 

approx imation l imits from ( 2 . 1 3 ) : 

Pu o = ( 8x l 0 8 ) - 1 [ 4 0 , 6 0 4 . 8x l . 6 4 4 8 5 2 + 7 7 x 2 0 , 0 0 0  

+ {  ( 4 0 , 6 0 4 . 8x l . 6 4 4 8 5 2 + 7 7 x 2 0 , 0 0 0 ) 2 - ( 7 7 x 2 0 , 0 0 0 ) 2 } � ] 

= . 0 0 2 8 0 2 3 , 

= . 0 0 1 2 8 1 7 . 

The normal approximation 9 0 %  conf idence l imits for A are , 

from ( 2 . l 7 )  , 

A UO = . 4 7 5 3 5 , AL O  = . 2 2 9 8 4 . 

Somewhat more quickly obta ined but l e s s  accurate normal l imits  

for  A are  ava i lab le from ( 2 . 1 8 ) , wh ich g ives . 4 6 8 6 9  and . 2 1 5 5 1  in  

thi s  case , respective ly 1 . 4 % and 6 . 2 % l e s s  than the ( 2 . 1 7 )  results . 

The use o f  ( 2 . 1 8 )  i s  not recommended except for a quick , temporary 

c a lculation . However , cons ider ing the width of the conf idence 

interva l ,  one would probab ly be s at i s f ied wi th 2 - dig it results 

anyway . Even the ( 2 . 1 7 )  re sults  are p robab ly accurate to no more 

than 3 digi t s . 

The Edgeworth two-term approximation ( 3 . 1 1 )  i s  ini ti ated by 

calculating ( 3 . 4 ) from the normal approx imation l imits Pu o and 

PLO : 

Puo = . 3 4 0 2 4 8 ,  P L O  = . 3 4 1 2 5 2 , 

vu o = 4 0 , 5 1 3 . 4 ,  VL O  = 4 0 , 6 6 7 . 5 ,  

Bu o . 0 0 2 3 0 6 2 6 , BL O = . 0 0 2 3 1 5 0 9 . 

From ( 3 .  1 0 ) and ( 3 .  7 )  

aUl . 0 5 7 6 6 3 4 , aL l = . 0 3 8 6 2 5 1 . 

Hence f rom ( 3 . 1 1 )  

Pu 1 = . 0 0 2 7 5 7 1 , PLl = . 0 0 1 2 4 6 1 .  
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Thes e  d i f fer from Puo and pL O  in the third signif icant f igure 

{ SF ) , s o  we iterate ( 3 . 4 ) - ( 3 . 1 1 ) : 

P u1 = . 3 4 0 2 7 8 , 

VUl 
= 4 0 , 5 1 8 . 0 ,  

BU l 
= . 0 0 2 3 0 6 4 3 , 

au 2 
= . 0 5 7 5 0 9 3 ,  

Pu 2 
= . 0 0 2 7 5 8 0 , 

p L l  = . 3 4 1 2 7 6 , 

VL l  4 0 , 6 7 1 . 1 ,  

BL l  = . 0 0 2 3 1 5 2 9 , 

aL 2 
= . 0 3 8 3 2 8 8 ,  

pL 2 
= . 0 0 1 2 4 5 1 .  

Examining the sequences Puo ' Pul ' Pu2 and pLO ' pLl ' pL2 ind icates 

that the last iterate s are accurate ( as far as the convergence 

to the Edgeworth two-term l imits is concerned ) to at least 4 SF 

and 6 dec imal p l aces ( DP )  . 

The Edgewor th four - te rm approx imation could be initi ated 

u s ing the va lue s calculated from Puo and pLO a l s o , but we have 

presumably better values from the two-term calculations above . 

Hence we start wi th 

P�o 
= . 0 0 2 7 5 8 , P�o 

= . 0 0 1 2 4 5 , 
_. . 3 4 0 2 7 7 ,  P�o . 3 4 1 2 7 7 , Puo  

= = 

v�o 
= VUl I v�o 

= VL l ' 
B�o 

= BUl ' B�o BLl " 

From ( 4 . 3 )  c�0 
= . 0 0 0 0 1 0 4 9 9 5 ,  c�o 

= . 0 0 0 0 1 0 6 1 2 9  . Substituting 

in ( 4 . 4 )  and u s ing the Abramowi t z  and S tegun ( 19 6 4 )  Tab le 2 6 . 1  

give s  

. 0 4 0 2 3 6 8 . 

Then f rom ( 3 .  1 1 )  

p�l 
= . 0 0 2 7 6 3 5 , p�l 

= . 0 0 1 2 5 1 5 . 

The se agree with p�0 and p�0 to 3 SF ,  but we con f i rm wi th another 

i teration : 

p�l 
= . 3 4 0 2 7 4 , p�l 

= . 3 4 1 2 7 3 ,  

v�l 
= 4 0 , 5 1 7 . 4 ,  v�l 

= 4 0 , 6 7 0 . 6 ,  

B�l 
= . 0 0 2 3 0 6 4 8 , B�l 

= . 0 0 2 3 1 5 2 8 , 

c�l 
= . 0 0 0 0 1 0 4 9 9 2 , c�l 

= . 0 0 0 0 1 0 6 1 2 8 , 

a�2 
= . 0 5 6 5 4 2 5 , a�2 

= . 0 4 0 2 8 7 1 ,  

p� 2 
= . 0 0 2 7 6 3 3 ,  p�2 . 0 0 1 2 5 1 6  . 
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The Pearson system approximation could be initiated using 

the values c a lculated f rom Pu o  and pL O  a l s o , but the Edgewor th 

four- term l imits are presumab ly better and prov ide a running 

start ln ( 5 . 1 ) : 

Bu o  = B�l ' BL O  = B£1 ' 
cuo = c�1 , �L O  = C£1 I 

6
1u0 . 0 6 9 3 1 ,  S lLO  = . 1 5 4 1 9 , 

6
2 u0 = 3 . 0 9 1 1 9 , S 2 L O  = 3 . 2 0 3 5 1 .  

From Tab le 4 2  o f  Pearson . and Hartley ( 1 9 6 6 , Vo l . I )  [ or Tab le 3 2  

o f  Pearson and Hart l ey ( 1 9 7 2 ,  Vol . I I )  

uaUl = 1 . 5 6 8 ,  uaLl = 1 . 7 5 2 .  

Then from ( 3  . 1 1 )  

Pul = . 0 0 2 7 5 3 0 , pL l  = . 0 0 1 2 5 0 3 . 

I teration does not change the se value s , to the l imited accuracy 

avai lab le from Tab le 4 2 . Tab le 32 is mor e  accurate , a s  we l l  as 

having a larger range o f  values o f  s 1 and s 2 , but the accuracy of 

Tab le 4 2  i s  adequate . Thus the Pearson sys tem conf idence l imits 

for p ,  e i ther those immedi ate ly above or those shown ear l ie r  from 

the computer program , are probab ly accurate j us t  to 3 SF ( 5 DP ) 

s imp ly due to using a tab le of Pearson sys tem percentage points 

wi th 2DP . [ Although Tab le 3 2  has 4 DP , it was replaced in the 

computer program by a tab le wi th 2DP and uni form increments in 

S 1 ( by interpo lation ) to conform wi th the Tab le 42  previous ly 

incorporated in the program . ] 

Thi s  comp letes the ca lculation o f  9 0 %  conf idence l imits for 

p by itse l f  and conf irms the l imits f rom the computer program 

tabulated ear ly in thi s  section . Noting the essent i a l ly cons tant 

length of the interva l s , we conc lude that any one pair gives a 

satis factory 9 0 %  interval , and we state that . 0 0 1 2 5 < p < . 0 0 2 7 6 . 

The boundary o f  the 9 0 %  conf idence reg ion for ( \ , p ) i s  
A 

obta ined from ( 2 . 1 6 )  by sub s t i tuting p= . 0 0 1 9 , q= . 9 9 8 1 ,  \ = . 3 4 2 0 9 7 ,  

and the upper 1 0 % point o f  chi- squared wi th 2 degrees o f  freedom , 
2 x 2 , . 1 0 = 4 . 6 0 5 1 7 ( Harter , 1 9 6 4 , but any s tandard tab le wi l l  do ) : 
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p2 [ A ( l - :\ ) 2 +1 . 9 9 6 2 :\ ( l- :\ ) ( . 3 4 2 0 9 7 - :\ } + . 9 9 8 1 ( . 9 9 6 2 +:\ ) ( . 3 4 2 0 9 7 - A ) 2 J 

- p A ( l - A )  [ . 0 0 3 8 ( l - :\ ) + . 0 0 3 7 9 2 7 8 ( . 3 4 2 0 9 7 - A ) + . 0 0 0 2 2 9 8 2 1 ( . 9 9 6 2 +A ) ] 

+ . 0 0 0 0 3 6 l :\ ( l- A ) 2 = 0 .  

Subs t i tuting A = . 3  yields 

l 6 6 9 . 3 9 8 5 2 6p 2 - 6 . 5 4 6 8 7 3 p  + . 0 0 5 3 0 6 7  = 0 1  

so two points on the boundary are 

( A  I p }  = ( • 3 1 . 0 0 1 1 4 4 7 )  1 

Other po ints are f ound s imilarly : 

A p l p 2 

. 3 5 . 0 0 1 1 6 8 7  . 0 0 3 1 6 3 9  

. 4 0 . 0 0 1 2 2 9 4  . 0 0 3 4 9 6 4  

. 4 5 . 0 0 1 3 5 1 5  . 0 0 3 6 5 0 0  

. 5 0 . 0 0 1 6 4 8 9  . 0 0 3 2 8 0 1  

. 5 5 c omplex c omplex 

. 5 2 . 0 0 2 0 1 9 7  . 0 0 2 7 0 8 5  

. 5 3 c ompl ex compl ex 

. 5 2 3 5  . 0 0 2 2 5 6 7  . 0 0 2 4 2 3 9  

( . 3 1  . 0 0 2 7 7 7 0 )  . 

D i s c r iminant 

l .  8 5 2 3 3  
- 2 . 1 3 4 0 5  

0 . 2 9 6 5 5  
- 0 . 5 0 5 6 1  

0 . 1 7 2 0 2  

Therefore by i nterpo lation the extreme A i s  . 5 2 3 7  to 4 SF 1  

occurring at p= . 0 0 2 3 4 1 c ompared wi th the upper 9 0 %  l imit 

Au 0 = . 4 7 5 3 5  on A by i ts e l f . The lef t-hand part of the c on f idence 

region i s  l ikewi se c a lc u lated : 

:\ pl p 2 D is c r iminant 
-

. 2 5 . 0 0 1 1 5 7 0  . 0 0 2 3 6 3 6  

. 2 0 . 0 0 1 2 4 9 1  . 0 0 1 8 7 3 1  1 . 5 1 8 7 9  

. 1 5 c omplex c omplex - 2 . 2 4 0 4 6  

. 1 8 c omp l ex compl ex - 0 . 0 1 4 2 5 5  

. 1 8 0 3  . 0 0 1 4 5 6 9  . 0 0 1 5 0 3 8  0 . 0 0 8 7 4 8  

Ther e fore the lower extreme A i s  . 1 8 0 2  to 4 SF at p= . 0 0 1 4 8 1 

c ompared wi th the l ower 9 0 %  l imit AL 0= . 2 2 9 8  on A by i tself . 

A f ew more points are desirable to a scertain the extreme values 

of p :  

A p l p 2 

. 4 8 . 0 0 1 4 8 9 1  . 0 0 3 5 3 1 5  

. 4 6 . 0 0 1 3 8 9 2  . 0 0 3 6 3 5 7  

. 4 4 . 0 0 1 3 1 6 6  . 0 0 3 6 4 7 0  
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The resul ting 9 0 %  conf idence reg ion i s  plotted in f igure 2 ,  along 

wi th the 9 0 %  conf idence l imits  for A by i t s e l f  and the various 

9 0 %  l imits for p by i ts e l f . 

We see from F i gure 2 that the sma l l e s t  va lue o f  p o f  points 

in the conf idence region is . 0 0 1 1 4 ,  occurr ing at A = . 3 0 ,  and that 

the large s t  such value i s  . 0 0 3 6 5 , occurr ing at A = . 4 4 .  S ince we 

are 9 0 %  conf ident th at the reg i on conta ins ( A , p ) , we are 

a fortior i at least 9 0 %  conf ident that p i s  between . 0 0 1 1 4  and 

. 0 0 3 6 5 , whi ch are thus conservative 9 0 %  conf idence l imits on p .  

We a lready have what appear to be exc e l lent approximate l imits 
A 

for p ,  but they were c a lcul ated a s s uming that A = . 3 4 2 0 9 7  i s  a 

s at i s fac tory approximation for the unknown A .  The a s s umpt ion 
A 

i s  reasonab le because A i s  a cons i s tent and a symptotic a l ly 

norma l e s t imate of A and wi l l  tend to be too sma l l  about as 

o ften a s  it is  too l arge , s o  that the conf idence interva l wi l l  

be " too shor t "  about a s  o ften as it i s  " too long " in d i f ferent 

s amples . Thi s  intu i t ive argument is not fully conf irmed by the 

Monte Carlo s imul ation in Section 1 1 , A be ing found to have 

negat ive bias . The conf idence region for ( A , p ) provides re

a s s urance about the conf idence interval for p alone because it 

a s s ume s ne i ther A=A  nor a prior value o f  A .  

Thus we can view the 9 0 %  conf idence l imits on p alone a s  

providing a 9 0 %  conf idence region for ( A , p ) a l so , as  indicated 

by the dashed l in e s  in F igure 2 ,  the boundary of the reg ion 

in the A d irection be ing the l ine segment s  at A=O and A=l . 

The width of thi s  reg ion in the p d irection i s  sma l l er than that 

o f  the ova l by vir tue o f  re lax ing the c l a im on A .  I t  i s  easy to 

imagine that both regions have a " conf idence content " of 9 0 % .  

Alternatively the s ame argument could be made for the 9 0 %  

conf idence l imits on A .  S inc e p and A are corre lated , the 

rectangul ar intersect ion o f  the two 9 0 %  rec tang l e s  i s  not an 

8 1 %  conf idence region for ( A , p ) . L ikewi se , our ova l 9 0 %  reg ion 

for ( A , p )  is not rigorously c omparable wi th the rec tang le 
1 

obtained by calculating 1 0 0 ( . 9 0 ) �= 9 4 . 9 %  conf idence interva l s  for 

p and for A separately . However , the rectang le ob tained as the 
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Figure 2 .  9 0 %  c on fidence region for ( A , p )  from f i r s t  2 0 , 0 0 0  
Cox- Lewis te lephone d�ta and normal approximation 
( 3 8 errors , p= . 0 0 1 9 ,  A = . 3 4 2 1 ) . 
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inter sect ion o f  separate 9 5 . 0 %  conf idence interva l s  for p and 

for A i s  a r igorous conf idence region for ( A , p ) with conf idence 

leve l at least 9 0 . 0 % .  More gene r a l ly , the rectang le obtained a s  

the intersect ion o f  a l - a 1 conf idence interva l f o r  A and a l-a 2 
conf idence i nterva l for p i s  a conf idence region for ( A , p )  with 

conf idence level at least l - a 1 - a 2 . This f o l l ows from the s implest 

" Bon ferroni Inequa l i ty "  ( F e l ler , 1 9 6 8 ,  p .  1 1 0 ; Dunn , 1 9 7 4 ) . 

The Cox-Lewi s data are a l s o  used a s  the example for the 

computer program in Appendix B ,  whe re the l imits are s l ightly 
� A 

wider because A i s  used r ather than A .  

1 0 . TESTING THE VAL ID I TY OF INDEPENDENCE AND MARKOV CHAIN MODELS 

10 . l . I ntroduct ion 

The present deve lopment o f  conf idence l imits for the 

error rate p was motivated by the obvious departure of the 

pattern o f  e rror s in transmis s i on from the c la s s i c a l  Bernoul l i  

model of independent tr i a l s  wi th cons tant error rate . What 

j usti f i c ation i s  there that the model adopted herein o f  a 

s tat ionary f ir s t-order Markov chain i s  a s a t i s f ac tory mode l ?  

This mode l has j us t  two parameter s ,  p and A ,  whereas several 

s tudies ( Gi lbert ,  1 9 6 0 ;  E l l iott , 1 9 6 3 ; F r itchman , 1 9 6 7 )  have 

indicated the need f or as many as f ive or six parameters to f i t  

d i g i t a l  communications data fully . Neverthe l e s s , there i s  

cons iderable j us t i f i cation for the adopted mode l :  

( l )  The added parameter A provides a measure o f  dependence 

completely l ack ing in the Bernou l l i  mode l ,  so the 

conf idence interval s  should be considerably be tter 

approximations then thos e  from the Bernoul l i  mode l , 

i f  the re i s  dependence . S ince the Bernou l l i  mode l  

i s  a spec i a l  c a s e  wi th A =p , there i s  n o  appreciab le 

harm done i f  tr i a l s  are actua l ly independent except 

comp l ication in c omputing the l imi t s . 

( 2 )  Ther e  i s  no " true " model o f  any phy s i cal phenomenon ,  

only closer and c loser approx imations . The ( A , p ) 
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mode l  may be l ikened to fitting an inc l ined s traight 

l ine to data for whi ch a hor i z ontal s tra ight l ine 

would be a f i r s t  approx imation analogous to the mode l 

of independent tr ia l s . 

( 3 )  In the course o f  c a lcul ating the ( P o i sson- ) Ander son

Bur s tein-type approximation for confidence l imits , 

one gets the l imits based on independence a l so and 

can thu s  observe how d i f ferent the two pairs o f  

l imits are . I t  i s  reasonab le to conc lude that going 

to a more comp lex mode l , such as a second-order Markov 

chai n ,  would introduce le s s  change than go ing from 

z eroth- order ( independent trial s ) to f ir s t- order 

chain , and o ften the change would be neg l ig ible in 

pract ice . 

( 4 )  Except for the Ander son- Burstein approximation , the 

formulas for conf idence l imits pre sented herein are 

a lready fairly me ssy , and a higher-order approxima tion 

could be expected to be even me s s ier and hence 

perhaps beyond practical  intere s t . 

( 5 )  The f in i te samp le s i z e  o f  data pre sents only a 

l imi ted amount o f  information , which may be in

s u f f icient to ca lculate the further parameters of a 

more comp lex mode l ,  or at least to calculate them 

with useful prec i s i on . I t  i s  a lready impos s ible 

to calculate A in ( 2 . 2 )  or A *  in ( 2 . 4 ) i f  no errors are 

obse rved . The e f fective s ample s i z e  for e s t imating A 

i s  the number o f  error s , s ,  not the number o f  trans

mi s s i on s , n [ cf .  equation ( 1 2 . 5 ) ] .  S imilarly , the 

e f fective sample s i z e  for e s t imating a second- order 

conditional probab i l i ty would be the number of pairs of 

errors , r .  Thus the amount of in formation avai lab le for 

further parameters tends to decrease geometr i c a l ly . 

I f  it i s  be l ieved prior to the exper iment that the errors 

may occur independently and the data obtained are con s i s tent 

wi th that hypothe s i s , then the c la s s i c a l  b i nomi a l  conf idence 
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l imits of OT Report 7 4 - 5 1 ( Crow , 1 9 7 4 ) , should be used . An easy 

tes t  o f  independence ,  the total numbe r o f  runs , i s  des c r ibed in 

Section 1 0 . 2 . If the hypothe s i s  is r e j ected by that te s t ,  then 

the conf idence l imits of the present report wi l l  probab ly be 

sati s fac tory , but the a s s umption o f  a stationary f ir s t-order 

Markov chain should be tes ted by one or more of the three 

tes t s  outl ined in Section 1 0 . 3  ( Pear s on x2 , l i ke l ihood ratio 

stat i s t i c  G 2 , sum of squared Freeman- Tukey deviates FT 2 ) .  

Go ing to a f i r st-order or higher- order Markov chain i s  

hardly the only pos s ible genera l i z ation o f  i ndependent tr ia l s . 

Gi lbert ( 1 9 6 0 ) , E l l iott ( 1 9 6 3 ) , F r i tchman ( 19 6 7 ) , and others 

have introduced fur ther mode l s . A communicat ion sys tem might 

depart f rom independent t r i a l s  with constant error rate by 

change s o f  s tate with d i f ferent error rates in d i f ferent s tates . 

Gi lbert and E l l i ott cons idered such mode l s  in whi ch the change s 

occurred at r andom so that the model s t i l l  represents a 

s t at i onary proc e s s . The Klotz mod e l  o f  thi s report i s  the 

spec i a l  c a se of the G i lbert model in whi ch the tran s i tion 

probab i l ity f rom a good state , G ,  to a bad s tate , B ,  i s  the same 

as that from B to G .  

I t  i s  pos s ible that changes of reg ime might occur at 

sys temat i c  rather than random points in t ime , such as sunset 

and s unr i s e  or change s o f  per s onne l sh i f t s . Within each 

regime the stationary f i r s t-order Markov model of thi s report 

may apply , and l arge- s ample te s t s  for d i f fer ence s  be tween 
A 

the values o f  p and A can be made in a standard way based on 

the asymptotic normal i ty of d i str ibut ions , as d i s cussed in 

Sect ion 1 0 . 4 . 

1 0 . 2 . Run Tes t  o f  I ndependence 

Cons i der the following sequence of bits  

O , O , O , l , O , l , l , l , O , O , O , O , l , l  

ln which the occurrence o f  an error i s  denoted by a 1 .  A 
sequence o f  k identical symbol s  that i s  preceded and followed 
by a d i f ferent symbol or no symbol is cal led a run of length k 
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( D ixon and Mas sey , 1 9 5 1 ,  p .  2 5 4 ) . Thus , i n  the above sequence 

there are 2 runs o f  length l ,  l o f  length 2 ,  2 o f  length 3 ,  

and l of  length 4 .  I f  there i s  dependence between trans-

miss ions such that errors tend to occur togethe r , then there 

wi l l  tend to be fewer runs than with independent transmi s s i on s . 

( In other s i tuations the re might be more runs than with 

independence . )  Consequently a te s t  o f  independence can be 

based on the- tota l numbe r of run s . 

the total number of runs i s  6 .  

I n  the above sequence 

The total number of runs , s ay u ,  in a samp le of independent 

transmi s s ions i s  inf luenced by the number of O ' s , s ay N0 , 

and the number of l ' s , s ay N1 . For smal l  values ( 2 0 or l e s s ) 

o f  N0 and N1 the critical  numbers o f  runs beyond whi ch the 

hypothe s i s  of independence i s  r e j ected are tabulated ( D ixon 

and Massey , 1 9 5 1 ,  Tab le l l ) , but for the large s amples needed in 

c ommunicat ions sys tems the normal approx imat ion of the d i s tr i -

but ion of u 

variance of 

i s  needed and 

u are ( D ixon 

2 0 = 

u 

i s  

and 

�u 

s at i s f ac tory . The mean and 

Mas sey , 1 9 5 1 ,  p .  2 5 6 ) 

2N0N1 + l ,  = 

NO +N l 

Thus , i f  the observed number of runs were less  than � +2 . 3 2 6 o  , u u 
we would re j ect the hypothe s i s  of independence at the l %  

sign i f i canc e leve l ( one- s ided tes t ) . 

1 0 . 3 . Tes t o f  the Order of a Markov Cha i n  

Testing whether a sequence o f  correct and incorrect trans

miss ions can be repre sented by a Markov chain of f i r s t  order , 

or any order for that matte r , i s  a spe c i a l  case of the prob lem 

o f  testing the goodne s s  o f  f i t  o f  a general Markov chain , which 

has been d iscussed extens ive ly in the periodical statistical  
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l i terature ( e . g . , Bartlett , 1 9 5 1 ;  Hoe l , 1 9 5 4 ; Anderson and 

Goodman , 1 9 5 7 ;  B i l l ing s ley , 1 9 6 1 ;  Guthrie and Yous s e f , 1 9 7 0 ; 

Yakowi t z , 1 9 7 6 ) . However , perhap s the be s t  expo s i tion for 

app l ication is in the book by B ishop , F ienberg , and Hol l and 

( 1 9 7 5 ) , in Sections 7 . 2 - 7 . 4 ,  e spec i a l ly Example 7 . 4 - 1 .  

The method i s  s imilar to that o f  te s ting independence in a 

2 x 2  cont ingency table : The obs erved frequenc i e s  are compared 

wi th the expe cted frequencies under the nul l  hypothe s i s  o f  

independence and a measure of the combi ned d i f ference s ,  Pearson 

x2 or the l ike l ihood r atio in particular , i s  calculated and 

c ompared with a tabulated chi - squared percentage point . For 

test ing whe ther a ( Markov ) cha in is of f ir s t  order it i s  

a s s umed that the data come from no more than a second- order chain . 

Notation and formulas wi l l  be g iven f ir s t  for that case but 

gener a l i z e  to any order . They wi l l  be i l lustrated on the tele

phone data tabu lated by Cox and Lewi s ( 1 9 6 6 ) and used in 

Sect ion 9 .  

We cons ider only two s tates , 0 or 1 ,  and a s i ngle sequence 

of n transmi s s i ons , for mo s t  of wh i ch we expec t  a 0 to be 

recorded , indicating a correct b i t  is rece ived , whi le 1 ind i cates 

an error . There wi l l  be n- 1 one- s tep trans i t ions of the four 

types 0 0 ,  0 1 ,  1 0 , 1 1 ,  and n- 2 two- s tep tran s i tions of the e ight 

type s 0 0 0 , 0 0 1 ,  . . .  , 1 1 1 .  Let x .  ' k denote the number o f  trans i tions lJ 
of type i j k ,  where i ,  j ,  and k each take on the va lue 0 or 1 .  

Let the s um o f  x .  ' k over any subscr ipt be denoted by replacing l J 
that sub s cr ipt by + .  For example , 

xl l+ = x l l O  
+ x l l l " 

S imi larly the s um over two s ub s cripts i s  denoted with two + ; s ,  

e . g . , 

x l ++ = x l O +  
+ x l l+ = x l O O  + x l O l  + x l l O  + x l l l  = . Ik

x i j k " J ' 
Fina l ly , the sum over a l l  s ub s cr ipts i s  denoted by x and mus t  +++ 
equa l n- 2 . 
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The l ikel ihood ratio stat i s t i c  i s  

2 xl· J· k  G = 2 I l L x . .  k n -"' -

i , j , k l J  mi j k  
( 1 0 . l )  

where m . . k i s  the expected frequency calculated f rom the marg inal l J  
sums and proportions with the same one - step tran s i tion s , that 

i s , under the nul l hypothe s i s  that the proc e s s  is f i r s t  order , 

x+ j k  m
i j k  

= x i j +  x+ j +  
( 1 0 . 2 )  

When the nul l  hypothe s i s  i s  true and the m . .  k are " not too l J  
smal l , " say not le s s  than 2 ,  G2 i s  d i s tr ibuted approx imately a s  

chi - squared wi th 2 degrees o f  freedom ( d . f . ) ( in thi s case o f  the 

two-state chain of second order or l e s s ) and may be j udged 

there fore by compa r i son with the tabul ated x 2 percentage point . 

I f  the nul l  hypothe s i s  i s  not true , x . .  k and m . " k w i l l  tend to l J  l J  
d i f fer more and G2 w i l l  tend to be l arger than the tabulated 

percentage point . However , a s  i l lustrated in the example below ,  

the chi- squared d i stribut ion may be a poor approximation i n  the 

case of some telecommunicat ions data . 

The Pearson x2 stat i st ic i s  

I 
i ,  j ,  k 

( x  . .  k-m . . k ) 2 
l J  l J  ( 1 0 . 3 )  

The stat i st i c  x 2 i s  a l s o  asymptot i c a l ly d i s tr ibuted a s  chi

squared with 2 d . f .  when the chain is in fact o f  first order . 

Final ly , the s um o f  squared Freeman-Tukey deviates ( B i shop 

et a l . , 1 9 7 5 , p .  1 3 7 )  i s  

FT2 
= I ( �k + lx . .  k+ l - 14m . .  k+ l )  2 . 

. . k l J  l J  l J  l '  J '  
( 1 0 . 4 ) 

I t  a l s o  i s  a symptot i c a l ly d i stributed a s  chi- squared wi th 2 d . f .  

when the cha in i s  in f act of f i r s t  order . The approach to the 

l imit ing d i str ibution may be quite d i f ferent for the three 

stat i s t i c s  de f ined above . 

Example . Cox and Lewis ( 1 9 6 6 )  tabu late the interva l s  

between suc c e s s ive errors in a sequence of telephone me s s age s , 
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which was " obtained in j oint work by IBM Germany and the German 

Postal Admi n i s tration . '' S l ightly over one m i l l ion character s 

were transmitted , but the f ir s t  2 0 , 0 0 0  wi l l  be used for thi s 

example . S ince onl y  the interva l s  are l i s ted , i t  i s  not known 

whe ther the f i r s t  transm i s s ion is in error or not . I f  we take 

i t  a s  correct , there are 3 8  error s , 1 3  p a i r s  of succ e s s ive 

error s , and 5 triples of suc c e s s ive error s . Count ing the other 

triples a l so , we found the data in Table 3 .  Thus the number s  o f  

one - s tep tran s itions are 

x+ j k ' but both are shown 

in ( 1 0 . 2 ) . The expected 

the s ame whether arr ived at a s  x . .  + or l J  
f o r  exp o s it ion and d irect subst i tution 

c e l l  f requenc i e s  ( 10 . 2 )  under the f i r st-

order hypothe s i s  are then 

m
l l l  

= 1 3 x l 3 / 3 8  = 4 . 4 4 7 , m
1 o 1  

= 2 5x 2 5/ 1 9 , 9 6 0  = . 0 3 1 3 1 , 
A 

= 2 5x l 3 / 3 8 = 8 . 5 5 3 ,  mO l l 
m

O O l  
= 1 9 , 9 3 5x 2 5 / 1 9 , 9 6 0  = 2 4 . 9 6 9 , 

m
1 1 o  

= 8 . 5 5 3 , m
l O O  

= 2 4 . 9 6 9 , 

m
0 10 

= 1 6 . 4 4 7 , m
o o o  

= 1 9 , 9 1 0 . 0 3 1 . 

We note that there are on ly two independently determined 

expec ted frequenc i e s  among the se e i ght , c on s i stent wi th the 

statement that the l imiting chi- squared d i s tr ibution has 2 d . f .  

under the nul l  hypothe s i s . One o f  the se expected frequenc i e s , 

m
1 0 1 , i s  dras t ic a l ly l e s s  than the minimum frequency o f  2 for 

the approximating chi- squared d i str ibution to ho ld , but we sha l l  
2 2 2 c a lculate G , X , and F T  anyway for lack o f  something bette r . 

It  would thus be des i rable to have a l imit approx imat ion for 

which a s ingle expected c e l l  frequency is a l l owed to be arbi 

trar i ly sma l l  ( c f .  B i shop e t  a l . , 1 9 7 5 , p .  1 4 0 ;  Yarnold , 1 9 7 0 ) . 

From ( 1 0 . 1 ) 

G2 
= 2 [ 5 ln5/4 . 4 4 7  + 2 l n 2 / . 0 3 1 3 1  

+ 8 l n 8 / 8 . 5 5 3  + 2 3  ln2 3 /2 4 . 9 6 9  

+ 8 l n 8 / 8 . 5 5 3  + 2 3  ln 2 3/ 2 4 . 9 6 9  

+ 1 7  l n l 7 / 1 6 . 4 4 7  + 1 9 , 9 1 2  l n l 9 , 9 1 2 / 1 9 , 9 1 0 . 0 3 1 ]  

= 1 3 . 1 6 7 . 
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'i:'able 3 .  Numbers o f  Two- s tep and One- step Tran s it ions 
i n  the F i r s t  2 0 , 0 0 0  Telephone Transmi s s ions 
Tabulated by Cox and Lewi s ( 1 9 6 6 )  

Two- s tep Tr ans i ti on s : 

P o s ition t 

1 

Pos i t i on t- 1 

Pos i t ion t- 2 1 

1 xl l l= 5 

0 X 0 1 1= 8  

One- s tep T rans i t i ons : 

0 

P o s it i on t- 1 

1 

0 

P o s i t i on t- 1 

Po s i t i on t- 2 1 0 

1 x1 1+= 1 3  x1 0+= 2 5  

0 X O l+= 2 5  x 0 0+= 1 9 , 9 3 5 

x+l+= 3 8  x+ O += l 9 , 9 6 0  

4 8  

1 

1 

0 

P o s ition t- 1 

0 

x
l 0 0= 2 3  

x o o o= l 9 , 9 1 2  

Position t 

0 

x+1 1= 1 3  

x+0 1= 2 5  

x++ 0= 2 5  

x+o o=l 9 , 9 3 5  

xl++= 3 8  

X O++= l 9 , 9 6 0  

x+++= l 9 , 9 9 8  



The tabul ated chi- squared percentage points for 2 d . f .  at the 
2 2 0 . 5 % and 0 . 1 % l eve l s  are x 2 , _ 0 0 5 = 1 0 . 5 9 7  and x 2 , _ 0 0 1= 1 3 . 8 1 6 . 

Hence , according to the G2 stat istic , the data are not con s i stent 

( at the 0 . 5 % sign i f ic ance leve l ) wi th the hypothe s i s  of a 

f ir s t- order proce s s . 

S imilarly , from ( 1 0 . 3 ) , 

x2 = 1 2 4 . 2  with 2 d . f .  

Comparing thi s  wi th the s ame x � percentage points a s  above , we 

see that the x2 statistic r e j ects the f ir s t- order hypothe s i s  
2 even more strong ly than G . 

From ( 1 0 . 4 ) , 

FT 2 = 4 . 7 7 6  wi th 2 d . f . , 
2 2 whereas x 2 , _ 1= 4 . 6 0 5 , x 2 , _ 0 5 = 5 . 9 9 l .  Henc e , according to the 

FT 2 stati stic , the hypo the s i s  that the proces s is o f  f i r st 

order would not be r e j e cted at the o ften used 5 %  signif icance 

leve l , though it would be , bare ly , at the 1 0 % leve l . 

Thus the three d i f ferent c r i te r i a  for j udg ing the first

order mode l g ive widely d i f fer ing resul t s , but FT 2 may be the 

mos t  r e l iable from the evidence pres ented by Freeman and Tukey 

( 1 9 5 0 )  and the fact that it wa s spec i f ic a l ly de s igned for smal l  

( Po i s son ) frequenc ies . 

It  i s  a l s o  ins truct ive to compare the individual observed 

and expected frequenc ies and the individual terms in G 2 , x2 , 

and FT2 . The term in m1 0 1= 0 . 0 3 1 3 l  accounts for 1 2 4 . 1  o f  x 2 , 

4 . 3 4 9  o f  FT2 , and 1 6 . 6 2 8  o f  G2 ! ( G 2 has three negative terms 

a l s o , two o f  them - 3 . 7 7 8 ) . Thus a l l  o f  the apparent departure 

from the fir st-order model is accounted for by an observed 

frequency of 2 where 0 . 0 3 1 3 1  is " expec ted '' ( on the average ) .  

The Pois son d i st r ibution probably app l i e s  quite we l l  to this 

particular c e l l ;  for it the probabi l ity o f  a 0 count is 

exp ( - 0 . 0 3 1 3 1 ) = 0 . 9 6 9 1 7 ; o f  l ,  0 . 0 3 0 3 4 ;  and 2 or more , 0 . 0 0 0 4 8 . 

Thi s conf irms that the observed frequency o f  2 i s  inconsistent 

with the fir st-order mode l .  

There are two conc lusions to a l l  o f  thi s calculation and 

d i scu s s i on : 
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( l )  The first  2 0 , 0 0 0  transmi s s ions o f  the Cox-Lewi s data 

are incons i stent with a f i r st-order Markov chain mode l .  

( 2 )  h f l . . 2 2 d 2 . f T e orma crlter l a 1 G X 1 an FT , glven or 

j udg ing goodne s s  of f i t  in l arge samp l e s  cannot be 

app l ied unquest ioningly to te l ecommun ic ations or other 

data where probabi l i tie s or error rate s may be very 

sma l l . 

The logical f ir s t  hypothes i s  to test wou ld have been that of 

independence ( i . e . , z eroth order ) 1 but we d i s c u s s ed the test of 

first order f i r st be cause it is of mos t  intere st , there be ing 

no doubt , usua l ly and in this case in particular , of the lack 
2 of  independenc e .  Independence c an be te s ted by the standard X 

test of a 2x2  table , but that can a l so be seen to be the same 

as ( 1 0 . 2 ) - ( 1 0 . 3 )  with one subscript dropped . There is a l s o  only 

l d . f .  wi th the marginal tota l s  f ixed . Stati s ti c s  ( 1 0 . 1 ) and 

( 1 0 . 4 )  can a l s o  be applied . In the 2 x 2  table at the bottom of 

Table l ,  the expected frequenc ies under independence are 
m

l l+ x l++x+l +/x+++ = 0 . 0 7 2 2 1 ,  m
l O +  = 3 7 . 9 2 7 7 9 , 

3 7 . 9 2 7 7 9 , m
1 1+ 1 9 , 9 2 2 . 0 7 2 2 1 .  

Hence 
2 2 2 G = 1 1 9 . 2 ,  X = 2 1 4 7 . 1 , FT = 4 8 . 8 . 

These are a l l  much larger than the corre sponding. value s for 

test ing the f i r s t-order mode l ( and are furthermore to be 
2 c ompared wi th the sma l ler x percentage point with j ust l d . f . ) . 

One wou ld expect thi s ;  i f  the proce s s  i s  not o f  f irst order , it 

i s  a fortiori not of z e roth order , i . e . , not a sequence of 

independent random variable s .  

We proceed natur a l ly to testing whether the pro c e s s  i s  a 

second- order Markov chain , given that it i s  o f  not more than 

third order . It is nece s s ary to go to the original Cox-Lewi s 

data and tabul ate the number s  x i j kl of a l l  o f  the dif ferent 

three- s tep trans i t ion s , as  in Table 4 .  The tota l number of 

three- step tran s i t ions is x = 1 9 , 9 9 7 , which i s  l l e s s  than ++++ 
the numbe r of two-s tep tran smi s s ions in Table 3 .  The last 
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Table � - Numbers o f  Three- s tep Transi tions in the F i r s t  2 0 , 0 0 0 Transmi s s i on s  
Tabula ted by Cox and �ewi s ( 1 9 6 6 )  

Ob s e rved : 

xl l l l  = 2 xl O l l  = 2 xl l O l  = 0 xl O O l  = 0 

xl l l O  = 3 x l O l O  = 0 xl l O O  = 8 xl O O O  = 2 3  

X O l l l  = 3 XO O l l  = 6 X O l O l  = 2 xO O O l = 2 3  

XO l l O  = 5 XO O l O  = 1 7  XO l O O  = 1 5  x o o o o  = 1 9 , 8 8 8  

Expec ted : 

&
1 1 1 1  = L 9 2 3  A 0 . 6 4 0  A 0 . 6 4 0  &

1 0 0 1  = 0 . 0 2 6 5 4  ml O l l  == 
ml l O l  = 

:m
1 1 1 0  = 3 . 0 7 7 m

l O l O  = l .  3 6 0  &
1 1 0 0  = 7 . 3 6 0  &

1 0 0 0  = 2 2 . 9 7 3  

:m
0 1 1 1  = 3 . 0 7 7  m

O O l l  = 7 . 3 6 0  A l .  3 6 0  A 2 2 . 9 7 3  mO l O l  = mO O O l  = 

m
0 1 1 0  = 4 . 9 2 3  m

0 0 1 0  = 1 5 . 6 4 0  &
0 1 0 0  = 1 5 . 6 4 0  &

0 0 0 0  = 1 9 , 8 8 8 . 0 2 7  



four tran smi s s i on s  wer e  in fact correc t ,  so the on ly change in 

two-s tep and one-s t ep tran s it ions in Table 3 is a r educ t ion by l 

o f  those number s  involving only O ' s :  x0 0 0 += 1 9 , 9 l l ,  x+ O O += l 9 , 9 3 4 , 

x+ O ++= l 9 , 9 5 9 . The expected frequenc i e s  are calculated by the 

analogue of ( 1 0 . 2 ) : 

A x+ ]' k n mi j k i  = x i j k+ N ( 1 0 . 5 ) x+ j k+ 
2 2 2 The stati s t i c s  G , X , apd FT are calculated from the 

analogues of ( 1 0 . 1 ) , ( 1 0 . 3 ) , and ( 1 0 . 4 ) with summation over four 
2 subscrip ts ,  so that there are 1 6  terms . In G , terms invo lving 

xi j ki= O  are taken to have the l im it ing value 0 .  Calculat ions 

from Table 2 g ive 

G2 = 6 . 6 2 8 , x2 = 5 . 6 7 7 , FT2 = 5 . 6 2 8 . 

We note in Table 4 that not l e s s  than 3 o f  the 1 6  expected 

f requenc i e s  are independently determined . Actual ly ! are 

independently determined , the coinc idence be ing an art i f ac t  

o f  the particular observed f requenc i e s .  The theory shows that , 

in testing whether a chain g iven to be third order may be 

second order , the d . f .  of the l imit ing chi- squared d i str ibution 
2 2 2 i s  4 .  Thus the above values o f  G , X , and FT are to be 

c ompared wi th percentage points of x� ; x� , . l = 7 . 7 7 9 , so the data 

are cons i stent with the hypothes i s  of second order even at the 

1 0 %  signif icance leve l , according to a l l  three stat i s t ic s . 
2 2 2 I t  i s  noteworthy that G , X , and FT are about equal under 

the s econd-order hypothe s i s , whereas they d i f fer greatly under 

the f ir st-order and z eroth- order hypothe s i s . This i l lustrates 

the general  theory that a l l  three stat i s t i c s  are a symptot i c a l ly 

d i stributed a s  chi- squared wi th the s ame d . f .  when the nul l  

hypothe s i s  i s  true , but not otherwi se . The approx imate equ a l ity 

provides some reas surance about compar ing them with chi- squared 

when some expected frequenc i e s  are so far be low the usua l ly 

des ignated minimum a l lowab l e . 

In the same way , a Markov chain with two states ( 0  and l )  of  

any order r c an be te sted for cons i s tency with the hypothe s i s  
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that i t  i s  o f  order r- 1 .  The on ly e s sent i a l  change i s  the 

number of degrees of freedom of the l imit ing chi- squared d i stri

but i on , which i s  2 r- l ( H oe l , 1 9 5 4 ) . Note that a chain o f  order 

r is described wi th r+l sub s c r ipt s .  

Although the Cox- Lewi s data are incon s i s tent with a first

order mode l ,  the points c i ted in Sect ion 1 0 . 1 can be invoked to 

j ustify us ing the conf idence l imit approx imations o f  thi s  report 

based on the f i r st- order mode l .  

1 0 . 4 . Test o f  Nonstat ionar ity 

I f  it i s  be l ieved that the error rate p and the condi tional 

error rate A may change during the acqu i s i t ion of data , the 

data should be separated into subsamples cons idered to be homo

geneous and tested for d i f ference s  be tween the subsamp le s . Only 

a large-sample test based on the asymptot ic normal i ty of ( A , p ) 

and the ir asymptotic var iance- covariance matrix ( 2 . 1 4 )  wi l l  be 

g iven ( and indeed an exact test can hardly be expec ted ) . In 

the use of ( 2 . 1 4 ) , it  i s  a s sumed that wi thin each subsample the 

f i r st-order Markov chain mode l app l ie s .  

Suppose that in a s ingle l ong samp le o f  s i z e  n there are k 

homo�eneous s�b s amples of � i z e  n 1 , n2 , . . .  , nk and e s t imates 

W
1 , A 1 ) ,  ( p2 , A 2 ) ,  . . .  , ( pk , Ak ) .  Under the nu l l  hypothe s i s  that 

a l l  the p .  are equal and a l l  the A .  are equa l , we may e s t imate 1 1 A 

the common values of p and A by the p o f  ( 2 . 1 ) and the A o f  

( 2 . 2 ) . Consequently , from ( 2 . 1 4 ) , f o r  large samples , the var iance-
A 

covariance matrix o f  each ( A . , p . ) can be e s t imated by 
2 1 1 

s �  A ) ( A ( l - A ) / ( n . p ) q A /n . 1\ . p .  1 1 ) 1 1 = 

s � q�/n . pq ( l- 2 p+ A ) / [ n . ( l- � ) ] . p .  1 1 1 

( 1 0 . 6 ) 

We f ir s t  g ive the tests for p and A separate ly . Under the 

nul l  hypothe s i s , ( p . -p ) /s A  i s  asymptot ical ly norma lly d i stri-1 p .  
buted with mean 0 and stan�ard deviat ion l .  Hence 
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. 2 k ( p . -p ) 
I l 

. 1 2 ( 1 0 .  7 )  
l= S A p . l 

i s  a symptot i c a l ly di str ibuted as chi- squared with k degr e e s  o f  
fre edom . Expres s ion ( 1 0 . 7 )  could be used to test whe ther the 
data are con s i s tent wi th a g iven value of p ,  but u sua l ly we 
are s imp ly interes ted in t e s t ing whe the r the p .  are con s i stent l 
with each other and we do not know p .  I n  t h i s  case we 
sub s t i tute p for p and mu s t  then reduce the d . f .  o f  ( 1 0 . 7 )  to 
k- 1 .  Thu s we c an te s t  the null hypothe s i s  that a l l  p .  are l 
equ a l  by comparing ( 1 0 . 7 ) , with p s e t  equ a l  to p ,  with an upper 
perc entage point o f  x 2 wi th k- 1 d . f .  

S imi l arly , we c an te s t  the nu l l  hypo the s i s  that a l l  A .  are l 
equa l by compar ing 

( 1 0 . 8 )  

2 wi th an upper percentage point o f  x k- l " 
More e f f ic iently , mak ing use o f  ( 2 . 1 5 ) , we can t e s t  the 

c ombined nul l hypothe s i s  that a l l  of the p a i r s  ( A . ,p . ) are l l 
equal by compar ing 

2 k [ ( p i-p ) 2 ( 1- � )  
X , = I n . A p , ;, i=l 1 pq ( l- 2 p+ A )  

2 (J? . -p ) ( A  . - A  ) l l + A ( 1 0 . 9 )  
p ( � i - � ) 2] 

( l- 2 p+ A )  A ( l- A )  
with an upper perc entage po int o f  x 2 wi th 2 ( k- l )  d . f .  

Examp l e . We aga i n  make u s e  o f  the Cox and Lewi s te lephone 
data ( 1 9 6 6 ) .  We use the f i r s t  6 0 , 0 0 0  tran smi s s ion s , arbi trar i ly 
d iv i d i ng them into three succ e s s ive groups o f  2 0 , 0 0 0  each for 
c onvenience even though th i s  f a i l s  to i l l u s trate the f ac t  that 
the group s i z e s  need not be equa l .  The summary data and para
meter e s t imate s of ( 2 . 1 ) - ( 2 . 3 ) are g iven in Tab l e  5 ,  where s . l 
i s  the number o f  error s in the i th s amp l e , r . i s  the number o f  l 
pairs o f  ad j acent error s , and 
f i r s t  and la s t  transmi s s i ons . 
more f r equ ently i n i t i a l ly and 

t .  is the numbe r  of errors on the l 
I t  appears that errors occurred 

that the sub s amp l e s  may d i f fer 
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Tab l e  5 .  Data Summary and Parameter E s t imates for 
F i r s t  6 0 , 0 0 0  Transmi s s i on s  Tabulated by 
Cox and Lewi s ( 1 9 6 6 )  

S amp l e  No . i 1 2 3 Pooled 

n .  2 0 , 0 0 0  2 0 , 0 0 0  2 0 , 0 0 0  6 0 , 0 0 0  l 
r .  1 3  0 1 1 4  l 
s .  3 8  0 1 4  5 2  l 
t .  0 0 0 0 l A . 0 0 1 9 0 0  0 . 0 0 0 7 0 0  . 0 0 0 8 6 7  P ·  A l  
A . . 3 4 2 0 9 7 Indeter- . 0 7 1 4 2 5  . 2 6 9 2 2 8  l 

minate 

s igni f i cantly . We sha l l  test the nul l  hypothes e s  of no d i f f erence 

between the p . , between the A . , and be tween the ( A . , p . ) . The l l l l 
te s t s  are not independent o f  one another . 

The e s t imated var iance- covariance matr ix ( 1 0 . 6 ) of  each 

( A . , p . ) calculated from the poo led e s t imates p and A is l l ( 1 . 1 3 5 1  X 1 0 - 2  

1 . 3 4 5 0  X 1 0 - 5  

From ( 1 0 . 7 )  wi th p=p , 

1 .  3 4 5 0  X 1 0 -5 ) 
7 . 5 0 9 5  X 1 0 - 8  

X� = 2 4 . 5 9 with 2 d . f . , 
2 whereas even the 0 . 1 % o f  the chi- squared with 2 d . f . , x 2 , . 0 0 l ' 

i s  only 1 3 . 8 2 .  Hence the p i dif fer s ignif icantly at even the 

0 . 1 % s igni f icance leve l . 

There are only two A . to compare , but we calculate ( 10 . 8 ) A l 
with A from a l l  the data sti l l : 

2 2 
X A = 3 . 2 3 wi th 1 d . f . , X l , . 0 5 = 3 . 8 4 ,  

so the d i f ference be�ween A l and A 3 i s  not s igni f ic ant . 

Compar ing the ( A . , p . ) pair s pre s ents a non- standard l l A 
s i tuation s ince there are three p .  and two A . . However , it can l l 
be argued intuitively that the two terms in A 2 - A  in ( 1 0 . 9 ) s imply 

do not exist , or are z ero , so that ( 1 0 . 9 )  become s 
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x 2 , = 2 4 . 5 9 + 3 . 2 3 - 2 . 3 8 = 2 5 . 4 4  with 3 d . f . , p , /1. 
2 wheras x 3 , . 0 0 l= 1 6 . 2 7 .  Thu s the three samples d i f f er highly 

s ignif icantly , but a l l  of the d i f ference i s  attributab l e  to 

the p . .  l 
I t  should be reca l led that the tes t s  are approximate because 

the var iance-covar iance matr ix is e s t imated f rom the pooled 

data . After the p .  have been f ound to d i f fer signif icant ly , it l 
might be felt that fur ther tes t ing should be l im ited to the two 

s ampl e s  that provide e s t imat e s  o f /. . , even though sampl e s  No . 2 l 
and No . 3 d i f f er least in r .  and s . .  Doing thi s , e s t imating l l 
the vari ance-covar iance matrix f rom sampl e s  No . 1 and No . 3 only , 

has bee n  carr ied out and found not to change the high 

s ignif i c ance of x 2 and x2 , but does change X� enough to render p p ,  II. II. 
i t  signif ic ant at the 5 %  level : 

2 2 2 x
P 

= 1 3 . 7 8 ( 1  d . f . ) , x �. = 6 . 1 8 ( 1 d . f . ) , xp , >. = 1 5 . 3 2 ( 2 d . f . ) . 

The conc lus ion of the stati st ic a l  ana ly s i s  i s  that the tele

phone transm i s sion pro c e s s  c hanged more dur ing the f ir s t  6 0 , 0 0 0  

transm i s s ions than can be attributed to random sampl ing 

f luctuations , and mos t  of the change is attributabl e  to the 

abso lute error rate rather than the degree of dependenc e  

between succes s ive transm i s s ions . Some a s signab l e  c ause f o r  the 

r e a l  change in error rate should be sought . 

1 1 .  VALIDAT ION OF INTERVAL FORMULAS BY MONTE CARLO S IMULAT ION 

1 1 . 1 . Introduct ion 

It is impractical  to test the f ive approximat ions to a 

conf idence interva l for the erro r  rate p derived in Sections 

2 - 6  by compari son with the " ex ac t " interva l for the l arge s amp le 

s i z e s  for whi c h  they are of most inter e s t . Furthermore , as 

ment i oned in Section 7 ,  the " exact " interval i s  not real ly exact 
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because i t , l ike the approx imat ions , r equ ires knowledge o f  A .  

The theory beh ind the derivat ion imp l i e s  that the interval 

approximations wi l l  cover p with at least the des ired frequency 

l - 2 a  if the s amp l e  s i z e  is " su f f ic iently large " , but g ives no 

indicat ion what that sample s i z e  is in any particular case . 

Whi l e  more sophisticated theory might yield informat ion , for 

the normal approx imat ion in particular , the mo st read i ly ava i l 

able method for test ing the approx imat i on seems t o  be s imulat ion 

of a large number of s amp l e s  and the corre spond ing interva l s  on 

a large computer . 

An extensive program wa s wri tten f or generating samples of 

Markov chain s with g iven p ,  A ,  and n,  c a lcul at ing a l l  f ive 

c onf idence interva l approx imations for each s ample , and record ing 

the mo s t  intere st ing summary character i s t i c s  for 1 0 0 0  such 

s amples . The parameter values as sumed we re 

:\ = . 3 , . 8 ; 

p = . 5 , . 3 , . 1 , . 0 3 ,  . 0 0 3 ,  . 0 0 1 ,  . 0 0 0 3 . 

The samp l e  s i z e  n wa s varied to be at least minima l ly adequate 

for e s t imating p .  Thus the ( p , n ) combination u sed for both 

values of A and a= . 0 5 ( 9 0 %  con f idence leve l ) were 

p . 5 . 3 . 1 . 0 3 . 0 3 . 0 0 3  . 0 0 1  . 0 0 0 3  

n 5 0  5 0  1 0 0  1 0 0  5 0 0  1 0 0 0  1 0 0 0  1 0 0 0 . 

Except for the last two , these wer e  a l s o  u sed for A = . 3  and 

a= . 0 2 5 .  One other case eva luated was A = . 3 ,  a= . 0 2 5 , p= . l , n= 5 0 0 .  

The sma l lest p used i s  nearest to , but st i l l  relatively far from , 

error rates in digital telecommunications ; the s amp le s i z e  for 

i t  is  inadequate ( expected number o f  errors of 0 . 3 per samp le ! ) , 

but larger s amp le s i z e s  would lead to larger , perhaps too large , 

c omputing cost s .  

The summary results o f  a l l  these computations are presented 

in Append ix A .  I n  general these resul t s  con s i s t  o f  the mean 
va lue and some measure of d ispers i on over a l l  1 0 0 0  samp l e s  o f  

p ,  A ,  A * ,  the fraction of each type o f  interva l cover ing p 

( i . e . , the empirical counterpart o f  l- 2 a ) , the ratio o f  the length 

of the interval to that of the mod i f ied Ander son- Burstein 
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interval , and the number o f  iterations required for convergence 

o f  the three iterative ly ca lculated interva l s . In addi t ion , 

s ix d i f ferent event s that might occur in a samp le and cause 

d i f f iculty in calculating sens ible interva l s  are counted , a s  

shown a t  the top o f  each c a s e  summary . 

1 1 . 2 . S imulation Computer P rogram 

Before ana lyz ing the results o f  the s imulations , the 

c omputer program for obtain ing them wi l l  be d i scus sed br i e f ly . 

The program i s  very long and i s  not referenced in thi s  r eport 

but may be obta ined by wr i t ing to Mart in J .  Miles  ( I ns t i tute for 

Telecommun ication Scienc e s , U . S .  Dept . of  Commerc e , Bou l der , CO 

8 0 3 0 2 ) . 

Us ing 1 0 0 0  s amples , the program conduc ts Monte Carlo s imula

t ions . G iven a value of each of a,  p,  n , and \ ,  the progr am 

obtains a value of each o f  s ,  r ,  and t ( 2 . 3 ) for each random 

s ample . From ( 1 . 1 ) , ( 1 . 2 ) , and ( 1 . 5 ) , def ine p=P I X i= l ] , p 1 1= \ =  

P [ Xi= i J xi_ 1= 1 ] , and p 0 1= ( 1- \ ) p/q=P I Xi= l J xi_ 1= 0 ] . Now to obtain 

s ,  r ,  and t ,  the fo l lowing procedure was conducted once for each 

samp le : 

A random ( or ,  more prec i se ly , pseudorandom ) number , y ,  l S  
generated by the computer 1 The value of y i s  such that O < y < l .  

Now i f  y � p , an error i s  indicated , and s and t are incremented by 

1 ( s ,  r ,  and t be ing initia l ly set a t  z er o ) . Then n- 1 additional 

random number s  y are gener ated suc c e s s ively and sub j ec ted to one 

o f  two te st s : 

Te st 1 :  

Test  2 :  

I f  the prev ious random number indicated an error , 

and i f  y�p 1 1 , ano ther error ha s oc curred . 

I f  the prev ious random number ind icated an error 

had not occurred , and if y�p 0 1 , an error has 

occurred . 

I f  test 1 ind icates an error , bo th s and r are incremented by 1 .  

I f  te s t  2 ind icates an error , only s i s  incremented by 1 .  

1The random numbe r i s  obtained by c a l l ing the f unct ion RANF , 
which i s  def ined in Fortran Common Library Mathemat ical 
Routines , Control Data Corpora tion . 
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Final ly , i f  the last r andom number indicates an error , t is  a l s o  

incremented by 1 .  I f  neither t e s t  indicates a n  error , none o f  

s ,  r ,  and t is  incremented . 

Wi th the values o f  s ,  r ,  and t thus determined , the program 

evaluat e s  and prints the stat i s t i c s  related to the f ive confidence 

l imit approx imations . 

The resu l t s  o f  the Monte Carlo s imulat ions presented in 

Appendix A are based on 1 0 0 0  s amp l e s  exc ept for two cases of 

2 0 0 0 . Further 1 0 0 0 - sampl e  repeat runs were run to estab l i sh the 

biases of A and A *  more pre c i sely but are not inc luded in 

Appendix A .  

1 1 . 3 .  Analysis o f  the S imul ated Point Estimates o f  p and A 

It i s  known theore t ic a l ly that p= s/n is  an unbiased estimate 

of p ;  that i s , its expectat ion Ep is  equal to p whatever p ,  A ,  
and n are , and thi s  i s  conf irmed by the s imul at ion summar ies in 

Appendix A in a l l  case s .  The mean of the s imul ated 1 0 0 0  samp le 

values o f  p ,  to be denoted by p, is o f  course not exactly p ,  but 

it d i f fers  only by s ampl i ng e rror as mea sured by its standard 

e rror , 

k 
sp = sp/ ( 1 0 0 0 )  2 

wher e  s A  i s  the item l abe led S IGMA in the column labe led P HAT p 
o f  Appendix A .  In fac t , 2 1  o f  the 2 3  values of p dif fer from p 

by l e s s  than ST ( 9 1  percent compared with the theoretical  norma l p 
6 8  percent ) . 

The estimation of A i s  known theore t i c a l ly to be more 

comp l i c ated than that o f  p ,  and that i s  conf irmed by the 

s imulat ions . The e s t imat e s  A and A *  d i f fer so neg l igibly from 

each other that the simpler A *  seems pre ferable to A .  In 2 1  runs 

of 1 0 0 0  s imulat ions e ach for A = . 3  of the samp le s  rang ing in s i z e  

from 5 0  to 1 0 0 0  ( inc lud ing some not reproduced i n  Appendix A )  , A 
the over a l l  mean A wa s j us t  . 0 0 0 1 5  l e s s  than that o f  A * , rang ing 

A 

from . 0 0 1 5 5  l e s s  to . 0 0 0 1 4  more . The s tandard deviat ion o f  A 
( in a run of 1 0 0 0  s imu lation s ) averaged j ust 0 . 1 7 percent l e s s  
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than that of A * ,  rang ing from 0 . 9 3 percent l e s s  to 0 . 1 3  percent 

more . The d i f ference s  are greater for A = . B ,  but s t i l l  neg l ig ib le : 

In 1 2  runs of 1 0 0 0  s imul ations each the over a l l  mean A wa s 

. 0 0 1 1 5  greater than that o f  A * ,  r ang ing from . 0 0 0 6 3  l e s s  to 

. 0 0 2 6 6  more (more in 1 1  of the 1 2  runs ) . The s tandard deviation 

of A averaged j us t  0 . 0 5 percent l e s s  than that o f  A * , rang ing 

from 3 . 4 6 percent l e s s  to 0 . 1 6 perc ent mor e . It should be noted 

that although ther e  are 1 0 0 0  s imulations in each run , A cannot be 

e s t imated when s=O ; hence in a few run s , the s amp l e s  of A and 

A *  are re lat ively sma l l , down to 5 1  in one c a se ( which has been 

replaced in Appendix A by a run of 2 0 0 0  s imulat ions wi th 1 1 1  
A 

va lues of A and A * ) . 

Although A and A *  dif fer neg l ig ibly f rom each other , they 

both dif fer considerably f rom A on the averag e . Tab le 6 shows 

that they have uni formly negative biases . As shown in the tab le , 

many of the c ase s wer e  repeated with d i f ferent pseudorandom 

number s  to conf irm the results . The standard errors of the mean 
1: 

values of A and A *  ( and thu s o f  the biases ) based on s =s /N 2 
A" 

demonstrate the real ity o f  the biase s .  I t  was found e�p i� ical ly 

that the bias i s  a funct ion of n and p only through the product 

np , at least approx imate l y .  Thus the bias of A ( or A * )  is 

p lotted as a f unc t ion of np in F igure 3 for the two values of A 

for which we have informat ion , . 3  and . 8 .  Tab l e  6 shows four 

cases  in which the same np i s  obtained from two dif ferent pairs 

o f  n and p .  In only one of tho s e  four cases  are the biases 

s ign if icantly d i f ferent from each othe r [ A = . B ,  ( n , p ) = ( S O , . 3 ) , 

( 5 0 0 , . 0 3 ) ] ,  and the two b i ases are shown separately in F igure 3 

for that case . 

F igure 3 does conf irm the theoret i c a l  conc lus ion that the 
A 

bias of A i s  neg l ig ible i f  the s ample s i z e  i s  su f f ic iently 

l arge ( K lot z , 1 9 7 3 ) . However ,  the bias i s  not neg ligible for 

the sampl e  s i z e s  of many important pract ical app l ic a t ions . The 

e f fect of undere s t imat ing A is to underestimate the length o f  

the con f idence interva l for p and thu s pos s ibly t o  fail  to 
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Table 6 .  �1onte Carlo Biases  o f  A and A *  

A = . 3 

N=no . o f  s s "' 
np n E CY. e s t imates b ( A )  ), b (A * ) A *  - ---
5 0  5 0 0  . 1  . 0 2 5  1 0 0 0  - . 0 0 4 4 2  . 0 0 2 1 0  - . 0 04 4 1  . 00 2 1 0  

2 5  5 0  . 5  . 0 2 5  1 0 0 0  - . 00 7 6 1  . 0 0 2 9 7  - . 0 0 7 64 . 0 0 2 9 9  
. 05 1 0 0 0  - . 0 1 044 . 0 0 2 90 - . 0 1 0 5 6  . 0 0 2 9 0  

me an 2 0 00 - . 0 09 0 2  . 0 0 2 0 7  - . 0 0 9 1 0  . 0 0 2 0 8  

1 5  5 0  . 3 . 0 2 5  1 0 0 0  - . 0 2 1 7 4 . 0 03 7 2  - . 0 2 1 2 9  . 0 0 3 7 6  
. 0 5  1 0 00 - . 0 1 4 7 9  . 00 3 8 3  - . 0 1 4 7 8  . 0 0 3 84 

5 0 0  . 0 3 . 0 2 5  1 0 0 0  - . 0 2 2 0 4  . 00 3 8 6  - . 0 2 2 1 7  . 0 0 3 8 6  
. 0 5 1 0 0 0  - . 0 2 1 99 . 00 3 8 6  - . 0 2 2 1 3  . 00 3 8 6  
mean 4 0 0 0  - . 0 2 0 1 2  . 0 0 1 9 1  - . 0 2 0 0 9  . 0 0 1 9 2  

1 0  1 0 0  . 1  . 02 5  9 9 9  - . 0 3 2 04 . 0 0 4 7 7  - . 0 3 2 0 6  . 0 0 4 7 8  

. 0 5  9 9 8  - . 0 2 9 5 6  . 0 0 4 8 1  - . 0 2 9 4 8  . 0 0 4 8 2  
9 9 9  - . 0 3 2 3 4 . 0 0 4 7 9  - . 0 3 2 4 7  . 0 0 4 8 0  

mean 1 9 9 7  - . 0 3 1 3 1  . 0 0 3 3 9  - .  0 3 1 3 4  . 00 3 4 0  

3 1 0 0  . 0 3  . 0 2 5  9 0 0  - . 0 8 7 5 1  . 0 0 7 5 9  - . 0 8 7 0 5  . 00 7 6 1  
. 0 5 8 9 5  - . 0 8 0 4 4  . 0 0 7 6 1  - . 0 7 8 8 9  . 0 0 7 64 

8 9 1  - . 0 9 1 9 0  . 00 7 3 9  - . 0 91 64 . 00 7 3 9  
1 0 0 0  . 0 0 3  . 0 2 5  8 8 1  - . 0 7 9 2 3  . 0 0 7 6 5  - . 0 7 9 3 0 · . 0 0 7 6 5  

8 7 9  - .  0 7 7 8 0  . 00 7 6 9  - .  0 7 7 8 8  . 0 0 7 6 9  
. 0 5 8 8 7  - .  0 7 2 1 6  . 00 7 8 1  - . 0 7 2 07 . 0 0 7 8 1 

8 8 4  - . 0 7 9 0 9  . 0 0 7 7 1  - . 0 7 9 0 5  . 0 0 7 7 1  
mean 6 2 1 7  - .  0 8 1 1 6  . 0 0 2 8 8  - . 0 8 0 8 4  . 0 0 2 8 9  

1 1 0 0 0  . 0 01 . 0 5 4 8 1  - . 1 0 0 0 6  . 0 1 1 5 6  - . 0 9 9 7 9  . 0 1 1 5 8  
. 0 3 1 0 0 0  . 0 0 0 3  . 0 5 1 6 7  - . 1 6 7 8 0  . 01 8 3 7  - . 1 6 7 6 3  . 0 1 8 4 0  

1 8 4  - . 1 4 6 87 . 0 1 8 6 5  - . 1 4 6 6 8  . 0 1 8 6 7  
1 7 4  - . 1 0 9 3 4  . 0 2 0 0 3  - . 1 0 9 1 0  . 0 2 0 0 5  

mean 5 2 5  - . 1 4 1 3 4  .j!'l0 9 9  - . 1 4 1 1 4  . 0 1 1 0 0  
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Table 6 ( continued ) 

A = • 8 ( al l  a = . 0 5 )  

"A 
A s A* np n E N 7<:" s - -

A A'" 

2 S  s o  . s  1 0 0 0  -- . 02 3 6 7  . 0 0 2 8 8  - . 0 2 3 7 S  . 0 0 2 9 8  
1 S  s o  . 3 9 7 9  - . O S 2 3 7  . O OS 3 9  - . O S 5 0 3  . o o s s o  

9 9 S  - . 0 4 9 8 7  . 0 0 4 7 8  - . O S O S 7  . 0 0 4 9 2  
mean 1 9 7 4  - .  O S 1 1 2  . 00 3 6 0  - . O S 2 8 0  . 0 0 3 6 9  

s o o  . 0 3  9 S 4  - . 0 7 0 7 9  . 0 0 6 1 6  - . 0 7 1 S 4  . 0 0 6 1 7  
9 S 9  - . 0 7 1 9 8  . 0 0 6 1 7  - . 0 7 2 4 7  . 0 0 6 1 6  

mean 1 9 1 3  - .  0 7 1 3 8  . OO S 6 S  - . 0 7 2 0 0 . O O S 7 1  

1 0  1 00 . 1  9 0 4  - . 1 0 4 4 4  . 0 0 7 8 9  - . 1 0 6 3 S  . 00 7 9 4 
9 08 - . 1 1 3 6 3  . 0 0 7 9 S  - . 1 1 S 8 S  . 0 0 7 9 7  

mean 1 8 1 2  - . 1 0 904 . O O S 6 0  - . 1 1 1 1 0  . O O S 6 3  

3 1 0 0  . 0 3  4 4 S  - . 1 S 2 2 S  . 0 1 3 S S  - . 1 S 3 6 2  . 0 1 3 S 3  
4 7 S  - . 1 8 1 8 S  . 0 1 4 2 9  - . 1 8 3 8 6  . 0 1 4 2 7  

1 0 0 0  . 00 3  4 1 8  - . 1 S 2 2 8 . 0 1 4 2 0  - . 1 S 2 8 2  . 0 1 4 2 0  
mean 1 3 3 8  - . 1 6 2 1 3  . 0 0 8 0 9  - . 1 6 3 4 3  . 0 0 8 0 9  

1 1 0 0 0  . 0 01 1 7 2  - . 1 9 7 S 1  . 0 2 4 6 6  - . 1 9 9 2 6  . 0 2 4 6 2  

0 . 3 2 0 0 0  . 00 0 3  1 1 1  - . 2 4 1 2 7  . 0 3 2 7 1  - . 2 4 0 6 3  . 0 3 2 7 S  
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Fi gure 3 .  The n ega tive bias o f  the e s t imator A as a fun ction 
of np and A .  Approximate 9 5 %  confidence ( 2 0 )  
l imi ts are included . 
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achieve the stated conf idence leve l . Hence we now introduce a 

c orrect ion , c A , for the b i a s  o f  X ( or X * )  based on F igure 3 .  
A A 

The b i a s  of X i s  a func t ion of np and X .  We can e s t imate 

np unbi ased ly by np= s , but not of course X by X .  Neverthe l e s s  i t  

i s  reasonab l e  t o  seek a n  approx imat e  remova l o f  the b i a s  with 

a new estimator X that is a l inear funct ion of X ,  

X = a + d X . ( 11 . 1 ) 

We denote the neg ative of the b i a s  of X for a g iven X by
�

c X ' so 

that c x > O .  The conditional expected ( average ) va lue of X for a 

given s ( as we l l  a s  g iven n ,  p ,  and X )  i s  A 
E X =  a +  dE X =  a +  d ( X - c , ) .  S S A 

( 1 1 . 2 )  

We r equ ire that E X = X  s ' and we know c X f or two values of X ( for 

each s ) . Henc e , 

. 3 = a + d ( .  3 - c . 3 ) , 

. 8  = a +  d ( . 8 - c . 8 ) .  

So lving f or a and d and subst ituting in ( 11 . 1 )  y ie lds 

X + 1 . 6 c
_ 3 - 0 . 6 c

_ 8 X =  l - 2 ( c  - c  ) . 8 . 3 

( 1 1 . 3 )  

( 1 1 . 4 )  

The new e s t imator X cannot be expected to be exactly 

unbi ased eve'n for g iven s and X = . 3 and X= . 8 because the s ample 

values o f  X vary randomly and the correct ion appl ie d  to a given 

X ( not knowing X ,  in particular X = . 3  or X = . 8 )  wi l l  a lmost a lways 

not be the one appropriate for X = . 3  or X = . 8 .  Furthermore , s ince 

X ,  c
_ 3 , and c . 8  are nonlinear funct i ons of s and the l atter two 

occ�r nonl inear ly in ( 1 1 . 4 ) , the ( uncond i ti onal ) expected value 

of X could hardly be X .  Neverthe l e s s  ( 11 . 4 )  should correct 

much o f  the bias o f  X ( or X * ) . 

The l in ear f it embod ied in ( 11 . 4 )  may be expected to inter

polate better than it extrapolates .  In extreme cases  it even 

produce s  values of X outs ide the admis s ib l e  interval ( 0 , 1 ) . 

For example ,  when s = l O  and r = O , X *= O , and X =- . 0 16 from ( 1 1 . 4 ) 

and F igure 3 ,  and when s=l O ,  r=9 , and n=l O O , X * = . 9 0 9 , and X =l . 0 5 8 .  A 
[ Here ( 1 1 . 4 )  i s  app l ied sub stituting the s imp ler X *  for X . ]  

Hence i t  i s  des irable to use two other interpolation formulas 

( s imilarly derive d )  for X < . 3 - c
_ 3 and X > . 8 - c . 8 : 
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A 0 . 3 A 0 � A � 0 . 3 - c  = 0 . 3 - c  I • 3 I 
. 3 

( 1 1 .  5 )  

0 . 2 A +c . 8 A = 0 . 8 - c  . 8 � A � l . 0 . 2 +c I 
. 8 

( 1 1 . 6 )  

At the ir common points o f  app l i c ab i l i ty ,  ( 1 1 . 5 ) and ( 1 1 . 6 )  yie ld 

the s ame va lues ( 0 . 3  and 0 . 8 r espect ive l y )  of A as ( 1 1 . 4 ) , whi ch 

then i s  used only in the interior interva l , � - �- c
_ 3 � A � 0 . 8 - c

_ 8 . It  

can be e a s i ly shown from ( 1 1 . 4 ) - ( 1 1 . 6 )  that A � A . 

When A i s  e st imated to be 1 ,  a l l  o f  the approx imate 

conf idence interva l s  for p b low up . In e f fect there is  only one 

independent observation , and the conf idence interval for p is  

consequently to be taken immed iately as ( pL= O , pu= l - a ) if s=O 

and ( pL=a , pu= l )  i f  s=n . However , A is rarely , if  ever , estimated 

as 1 from ( 1 1 . 6 ) . 

To a s s e s s  the e st imator A ,  s ix of the s imulat ion cases wer e  

repeated ( one o f  them with 2 0 0 0  s amp le s )  wi th the s ame random 

number s , but with A ca lcu lated f rom ( 1 1 . 4 - 1 1 . 6 )  and sub st ituted 
A 

for A in determin ing conf idence interva l s . The summaries o f  

the se runs a r e  the l a s t  s ix i n  Appendix A and a r e  e a s i ly 

identi f ied by the addi tional column of MEAN , MIN , MAX , and S IGMA 

l abe led LAMBDA T I LDE . The e s t imation is  further summar i z ed a s  

f o l l ows : 
""' 

A E n N A A S A s �  -
A A 

. 3 . 1  1 0 0  9 9 9  . 2 6 8  . 3 0 1  . 1 5 2  . 1 6 9  

. 0 0 0 3  1 0 0 0  1 7 4  . 1 9 1  . 2 4 1  . 2 6 4  . 3 3 1  
. 8 . 3 5 0  9 9 5  . 7 5 0  . 8 0 5  . 1 5 1  . 1 3 6  

. 1 1 0 0  9 1 3  . 6 8 4  . 7 5 2  . 2 4 0  . 2 4 3  

. 0 0 3  1 0 0 0  4 1 8 . 6 4 8  . 7 2 1  . 2 9 0  . 3 0 2  

. 0 0 0 3  1 0 0 0  1 1 1  . 5 5 9  . 6 3 1  . 3 4 5  . 3 7 1  
The column labe led N i s  the number o f  s amp l e s  obta ined l e s s  the 
number of sampl e s  for which s = O  ( and thus for which A c annot be 
e s t imated ) . We see that A is indeed l e s s  biased than A ;  mos t , 
even al l ,  o f  the bias i s  removed if np i s  s u f f i c iently large , 
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greater than 1 0  say , and A i s  not too near 1 .  The reduction in 

bias is achieved at the expense o f  a s l ight increase in var i ance 

in 5 of  the 6 cases . 

Hence it has been confir�ed emp i r i c a l ly that the emp i r i c a l  

mod i f ication o f  A ( or A * )  to A d o e s  remove much o f  the bias i n  

e s t imating A .  I t  rema i n s  to be seen in Sect ion 11 . 4  be low what 

the effec t  on the conf idenc e l imits i s .  

1 1 . 4 .  Ana lysis o f  the S imul ated Con f idence Interva l s  for p 

The computer pr intout summar i e s  o f  Appendix A contain 

cons iderab le in format ion on the d i stributions o f  conf idence 

interva l s  of s imulated samples . The e s sence o f  it i s  mos t  

eas i ly grasped from F igures 4 - 6 , in which the fraction o f  the 

interva l s  cover ing p is plotted vertically and the average ratio 

o f  the length to the length of the mod i f ied Ander son-Bur stein 

interva l for the same sample i s  plotted hor i z onta l ly . F igures 

4 and 5 g ive the results for A = . 3 , 9 0 %  and 9 5 %  conf idence level , 

respectively , whi le f igure 6 g ives the results for A = . B  and 

9 0 %  conf idence leve l . Al l of thes e  interva l s  were calcul ated 

u s ing A ,  since the b i a s  of A and A *  was dis covered from the se 

same s imulat ions . The ef fect o f  substituting A wi l l  be d i s c u s sed 

l ater . 

S ince the measures o f  d i spers ion in Append ix B ind i c ate 

that both the fraction s  of coverage and the average relat ive 

lengths are correct to about the nearest . 0 1 ,  we can immediately 

draw the fol lowi ng conc lus ions f rom F igures 4 - 6  about the f ive 

approx imate conf idence interval formulas for p calculated us ing 

A to estimate A :  

1 .  When A= . 3  and np ( the expected number o f  errors or 

" successes " )  i s  greater than about 3 ,  a l l  f ive formulas 

s at i s fy the spec i f icat ion that the fract ion of interva ls 

cover ing p i s  at least a s  l arge as the conf idence leve l . 

( This ho lds for the two conf idence leve l s  exper imented wi th , 

9 0 %  and 9 5 % , and past exper ience suggests it wi l l  ho ld more 
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strongly with sma l ler l evel s ,  l ike 8 0 % , l e s s  strong ly 

wi th larger leve l s , l ike 9 9 % . )  As  np decrea s e s  be low 

about 1 ,  the coverage becomes more erratic . 

2 .  When A = . 8 , the fract ion of interva l s  c overing p f a i l s  to 

attain the spec i f ied conf idence leve l ( 9 0 % )  in 2 7  of the 4 0  

cases  p lo tted , although i t  fal l s  greatly be low ( < 8 3 % )  in 

only 7 cases , a l l  of whi ch have p � . 0 0 3 and np � 3 . 

3 .  There i s  no corre l at ion between f ract ion o f  coverage and 

average relat ive length of the var ious types of interva l s . 

The norma l interva l tends to be longest and the Pearson 

the shorte st , but the Pearson has j ust as good c overage . 

4 .  The Pearson , Edgeworth 2- term , and Edgeworth 4 -term 

approx imat ion s ,  which are the interval s  requir ing iterative 

solution , tend to have the s ame coverage and length . 

5 .  The modi f ied Ander s on- Bur stein interva l , whi ch i s  the e a s i e s t  

to calcu late , tend s to have better c overage than the other 

interva l s , fai l ing to c over the spe c i f ied fraction of the 

t ime only by sma l l  amounts in j ust 2 c a se s . I t  is inter

med iate in length to the norma l interval and the three 

iterat ive solutions , a lthough the d i f ference s in length 

are not large . The good behavior of the mod i f ied Anderson-

Burstein interva l is not surpri s ing in our many c a s e s  of 

smal l  p ,  s ince i t  i s  a genera l i z at ion o f  the Pois son 

approx imation for independent tr i a l s , but the good behavior 

for large va lues of p a l s o  is a pleasant surp r i s e . 

Most of the parameter combinat ions were s imulated 1 0 0 0  

t ime s ,  but for sma l l  np many c a ses o f  s= O occur , for whi ch 

A cannot be est imated . The mos t  extreme case i s  that o f  

p= . 0 0 0 3 , A = . 8 ,  n= l O O O , for which only 5 1  values of A and 

A *  cou ld be calculated . Sub s equently the number o f  

s imu lations f o r  thi s case wa s doub led , result ing i n  1 1 1  

s amp l e s  with s > O ,  a s  s hown i n  Append ix A .  Further s imula

t ions were obta ined in some other cases a l so , as recorded 

in Table 6 ,  up to 3 0 0 0  in one case , but not a l l are 

reproduced in Appendix A .  

7 0  



We turn now to the e f fect on the conf idence interva l 

approx imat ions of replacing A ( or A * )  by A .  S ince A � A , i t  seems 

intu i t ive ly that an interval b ased on A should be larger than 

( and cover ) the corresponding interva l from the same samp le based 

on A and hence cover p more o ften . F rom ( 6 . 1 )  and ( 6 . 2 )  it  i s  

seen immediately that thi s i s  true for the modi f ied Anderson

Bur s te in interva l . S ince Var s in ( 2 . 6 )  increases with p ,  it 

c an be seen from ( 2 . 8 ) that V increases  with p ( at least for 

large n )  and from ( 2 . 1 3 )  that the normal approx imation ' s  upper 

l imit Puo increases with p. By taki ng the derivative , it a l so 

follows that pLO decrease s a s  p increase s .  The Edgeworth and 

Pearson l imits are too comp l i c ated for such s imple analy s i s , but , 

as  refinements o f  the normal l imits ,  are expected a l s o  to expand 

if A is replaced by the l arger A .  Henc e the use of A should 

yie ld a l arger f raction of coverage of p than the use of A ,  and 

the change should be greater when the b i a s  of A i s  greater , and 

that occurs when np i s  smal ler , le s s  than about 1 0 . The cases  of 

inadequate coverage in F igures 4 and 6 tended to be those for 

which np � 3 . Ideal ly a system of conf idence interval s  should be 

j ust long enough to provide
�

the spec i f ied probab i l i ty of coverage 

and no longer . The u se o f  A appear s to help meet that c r i terion . 

To ver ify and quant�fy the improvement in con f idence 

interva l s  by the use of A ,  s ix s imulat ion runs were made with 9 0 %  

interva l s  calculated u s i ng A rather than A on the identical  

s amples . These cases  form the last s ix page s o f  Appendix A and 

are further summar i z ed in Tab le 7 .  The fol lowing conc lusions can 

be drawn . 

6 .  The fract ion o f  interval s  u sing A that cover p i s  never 

l e s s  than that of interva l s  u s ing A ,  but the increase i s  

smal l  for interva l s  a l ready cover ing with the spec i f ied 

conf idence l evel of 0 . 9 0 and usual l y  dramatic a l ly large 

for those with poor c overage : from . 2 4 3  to . 9 1 9 , . 4 0 5  to 

. 6 6 7 ,  . 5 1 4  to . 6 6 7 ,  and . 5 8 6  to . 8 9 1 .  There was one 

exception , from . 7 7 5  to only . 8 1 3 . F a i lure to achieve 

the spe c i f ied coverage is a ss o c i ated with f a i lure of A to 
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A 

. 3 

. 3 

. 8 

. 8 

. 8 

. 8 

Tab le 7 .  Compari son o f  Characte r i s t i c s  o f  9 0 %  Conf idence 
Interva l s  for p Calcul ated Us ing � and � 

Fract ion o f  Average 
Type o f  inte rval s  relative 

E n int erval 
-

covering p l ength 
A 

A A 

. 1 1 0 0  And . -Burstein , A . 9 0 7  . 9 1 3  1 .  0 5 0  
Normal , N . 9 1 6  . 9 2 0  1 . 0 5 1  
Edgeworth 2 . 9 0 9  . 9 1 6  1 .  0 4 6  
Edgeworth 4 . 9 1 2  . 9 1 6  1 .  0 4 3  
Pear so n , p . 9 0 7  . 9 1 4  1 .  0 4 4  

. 0 0 0 3  1 0 0 0  A . 9 3 7  . 9 3 7  1 . 1 4 4  
N . 8 0 5  . 8 8 5  1 . 1 9 6  
2 . 9 9 4  1 .  0 0 0 1 . 1 7 1  
4 . 5 8 6  . 8 9 1  1 . 1 9 4  
p . 8 7 4  . 8 8 5  1 . 1 5 8  

. 3 5 0  A . 8 8 0  . 9 2 0  1 . 1 7 0  
N . 8 6 1  . 8 9 5  1 . 1 8 7  
2 . 8 5 8  . 9 0 4  1 . 1 4 8  
4 . 8 5 8  . 9 0 4  1 . 1 3 6  
p . 8 4 1  . 8 8 7  1 . 1 1 8  

. 1  1 0 0  A . 8 4 3  . 9 0 9  1 .  2 2 6  
N . 8 4 4  . 8 6 0  1 .  3 0 8  
2 . 8 3 5  . 9 0 3  1 . 1 9 8  
4 . 8 1 8  . 8 8 8  1 .  2 0 7  
p . 8 2 6  . 8 8 9  1 . 1 6 9  

. 0 0 3  1 0 0 0  A 1 .  0 0 0  1 .  0 0 0  1 .  2 3 8  
N . 8 6 6  . 8 9 5  1 .  3 7 5  
2 . 9 9 8  . 9 9 8  1 .  3 0 2  
4 . 7 7 5  . 8 1 3  1 . 3 5 6  
p . 9 0 0  . 9 2 3  1 .  2 8 3  

. 0 0 0 3  1 0 0 0  A 1 . 0 0 0  1 . 0 0 0  1 .  2 3 8  
N . 4 0 5  . 6 6 7  1 . 3 7 9  
2 1 .  0 0 0  1 .  0 0 0  1 . 3 1 3  
4 . 2 4 3  . 9 1 9  1 .  3 6 8  
p . 5 1 4  . 6 6 7  1 .  2 8 8  
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remove a l l  o f  the b i a s  in A ,  a s  shown in the text tabula

t ion in sect ion 1 1 . 3 .  

7 .  As expected , the A interva l s  are longer than the A interva l s . 

( The " average r e l ative l ength " in Tab l e  7 i s  not the 

average of the ratios of the A interva l length to the A 

interva l l ength in the s ame s amp le but i s  an indirect 

mea sure o f  the i r  r e l at ive lengths obtained by taking a 

r at i o  o f  the ratios ava i l ab le in the Append ix A summarie s . ) 

The incre ase in l ength i s  sma l l  when no increase in length 

is needed , e . g . , in the f ir s t  c a se , A = . 3 ,  p= . l , and 

n= l O O .  

Thus the e s t imator A i s  succ e ss f ul in improving the 

per formance of the conf idence interva l approx imations , but it i s  
A 

not perfect because i t  does not r emove the bias  in A completely . 

The last  type o f  information on the s imulat ion summa r i e s  

i s  the number o f  iterations requ i r ed f o r  the iterat ive interva l s  

( Edgeworth 2 - and 4 - term and P ea r son ) t o  reach agreement o f  

the last  two iterate s ,  both upper and lower l imit s , t o  e ither 

3 s ignif icant f igur e s  or 4 dec imal places , whichever is atta ined 

f ir st . The mean , minimum , and max imum number of iterations i s  

g iven f o r  each type o f  interva l . 

I f  such agreement was not reached in 2 0  i teration s , the 

c omputer was instructed to stop and accept the last interval . 

( I t i s  s imp ly a ssumed that agreement wa s good enough then . ) 

The last  l ine of the summary , labe led " No .  o f  F a i lures , "  gives 

the number of s amp l e s  for which agreement was not reached . 

Nineteen o f  the 3 1  summa r i e s  ( of 1 0 0 0  s imulations each except 

for two with 2 0 0 0  s imulation s ) show no f a i lures at a l l ,  and there 

are only 4 sun@a r i e s  that show more than 3 0  f a i lur e s : 
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Tab le a n E A No . of  F a i lure s 
-

Edge . 2 4 Pearson 

A . l l  . 0 2 5  5 0  . 5 . 3 6 0  7 7  0 

A . l 8  . 0 5 5 0  . 5 . 8 3 0 7  2 9 8  3 9 9  

A . l 9  . 0 5 5 0  . 3 . 8 1 7 2 1 8 5  3 3 2  

A . 2 8  . 0 5 5 0  . 3 . 8 2 4 0  2 7 2  3 4 5  

The f ir s t  three of the se apply to interva l s  calculated from A ,  

the last one to interv a l s  calcul ated f rom A .  A comp l ete 

explanat ion of the inc idence of the f a i lures to converge is 

l acking , but apparently smal l  s ample s i z e  and large A are 

factor s ,  not o f f se t  by the zero or sma l l  skewne s s  of the d i stri

bution o f  s .  The P earson system iterations c onverge better than 

the other two for A = . 3  but wor se for A = . 8 .  Even in the above 

four summar ie s  agreement be tween suc c e s s ive iterations was of ten 

reached fairly early ; some of the s imul at ions required as few 

a s  2 iteration s , a s  can be seen at the bottom o f  Table s  A . l 8 ,  

A .  1 9  ,- and A .  2 0 . 

Desp ite the above concern with f a i lure s to converge , it 

i s  emphas i z ed that the interva l s  can all be calcu lated and 

agree we l l  for prac t ic a l  needs in the great ma j or i ty o f  c a se s . 

The f ive interva l s  produced by the user program o f  S ect ion 8 

c an be inspected and any apprec iab l e  lack o f  agreement noted . 

Often , perhaps usua l ly ,  there wi l l  be no need to go beyond the 

modi f ied Ander son-Bur stein and normal approximation s . 

1 2 . DES I GNING THE EXPERIMENT 

1 2  . 1 . I ntroduct ion 

The de s ign of an expe r iment to e s t imate an error rate , p ,  

when tr i a l s  are dependent i s  neces sar i ly mor e  comp l i c ated than 

when they are independent , but the goa l s  enunc iated in OT 

Report 7 4 - 5 1  ( Crow , 1 9 7 4 ) apply : to e s t imate p wi th a spec i f ied 
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prec i s ion or a spec i f ied budget , and both i f  pos s ib le . The 

fol lowing d i s c u s s ion wi l l  be r e stricted to smal l  p ,  say p < O . l .  

Bai ( 1 9 7 5 )  has genera l i z ed DeGroot ' s  ( 1 9 5 9 ) result for inde

pendent tr ia l s  that the only s ampl ing plan s that yield e f f ic ien·t 

e st imat e s  o f  p are the plans with pre s c r ibed samp le s i z e  and the 

plans with pres c r ibed number o f  error s .  Bai ' s  results are 

c ompl ex and are concerned only with tran si t ion probab i l i t ie s , and 

wi l l  not be spe c i f ic a l ly appl ied here . However , comb ined with 

DeGroot ' s  result , they suggest that to e s t imate both p and A 

e f f ic iently one should samp l e  unt i l  both a pre s c r ibed number , say 

c ,  of  error s and a pre scribed number ,  say c ' , o f  pair s of 

suc c e s s ive errors are attained . I f  one i s  not inter e sted 

d irectly in A ,  then i t  is no t e s sential to prescr ibe the number 

o f  pairs a s  c ' , but it i s  c lear f rom the conf idence limit 

formu las for p that A mus t  be e s t imated at least minima l ly if  p 

i s  to be e s t imated reasonably we l l . 

I f  A is near p ,  then there i s  l i ttle dif ference from 

independent trial s and i t  wi l l  not be important to determine 

A itse l f  with prec i s i on . On the other hand , i f  A is large , 

then obtaining a s u f f i c ient number , c ,  of  error s w i l l  a l so 

secure , with high probab i l i ty ,  a number of pairs of error s of 

the s ame order a s  c ( but nec e s s a r i ly l e s s  than c )  . The 

approach taken here wi l l  be to pres c r ibe the number of error s 

as c both to estimate p with a pre s c r ibed re lat ive prec i s ion 

and to e s t imate A with a prescr ibed abso lute prec i s ion . The 

sampl e  s i z e , n ,  wi l l  then not be presc r ibed and may exceed 

that permitted by a g iven budget . The samp ling may be 

terminated at the s amp le s i z e  permitted by the budget , or 

a l lowed to proc eed unt i l  c errors are attained , and conf idence 

l imits calculated by the formul a s  of S ections 2 through 6 .  

The se formul a s  are a l l  large s amp le s i z e  approx imations and 

thus apply whe ther n i s  presc ribed or not . I f  c error s have 

not been atta ined , then the prescr ibed prec i s ion wi l l  of 

cour se not be atta ined e i ther . 
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1 2 . 2 .  E s t imat ing p with a Prescribed Prec i s ion 

The case in whi ch there is no d irect interest in e s t imating 

A. wi th pre s c r ibed prec i s ion is cons idered f ir s t . It is neces s ary 

to be g iven the max imum value of A. expected , A. . F ir st c i s  max 
determined so a s  to e s t imate p � O . l with prescr ibed relative 

prec i s ion as if the tr i a l s  are 

Crow ' s F igure 3 [ 1 9 7 4 , Exampl e  

independent . T h i s  i s  done from 

( 2 ) , page 3 6 ] , thus obta ining a 

value of c that we sha l l  denote c .  d " ln From ( 2 . 1 )  and ( 2 . 2 ) 

2 .:. pq 0 ,._ - -p n 
l + p - pq 
1- p - n 

l- 2p+A. 
1- A. 

That i s , the var iance o f  p in the dependent case i s  the 

var iance of p for the independent c a s e  mul tiplied by 

l + A.  
l - 2p+A. max � 

1- A. 1- A. max 

Hence to achieve a pre sc r ibed prec i s ion (measured by o ,__ ) p 

( 1 2 . 1 ) 

( 1 2 . 2 ) 

approxima te ly , it is  neces s ary to mul t ip ly the samp l e  s i z e , n ,  

by ( l+ A.  ) / ( 1- A.  ) . For the large sample s i z e s  to which 
max max 

( 1 2 . 1 ) appl ies , there i s  no d i f ference in the prec i s ion mea sures 

such a s  o,._ or conf idence l imits  for d irect samp l ing (prescribed p 
n )  and inverse samp l ing ( prescr ibed numbe r of error s c )  . 

Hence the number of errors to be ob served in inve r s e  sampl ing 

may be multipl ied by the s ame factor . Thus , to e s t imate p with 

a pres cr ibed r e l at ive prec i s ion , the sampl ing should cont inue 

unt i l  the number of error s ( or " succ e s se s " )  i s  

l+A.  max c = c ind 1- A. ( 1 2 . 3 ) 
max 

Examp le 1 .  It i s  d e s ired to e s t imate the bit error prob

abi l i ty p of a telecommun icat ions sys tem with 9 0 %  conf idence 

limits withi n  about 5 0 %  of p .  Whi le p is known to be sma l l , 

surely le s s  than 0 . 1 , the condit ional probabi l ity , A. ,  of  an 

error , g iven that an error has j ust occurred , is surely much 

larger but known to be l e s s  than 0 . 5 . How should the exper iment 

be done ? 
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Solut ion . To attain the prescr ibed relative prec i s ion of 

+ 5 0 % ,  a s tream o f  bits should be transmitted unti l  a prescribed 

number o f  error s c has been obs erved . To determine c ,  we f ir s t  

read from F igure 3 o f  O T  Report 7 4 - 5 1  ( Crow , 1 9 7 4 ) , using the 

curve labe led 9 0 % , the number c .  d=l 2 ,  the number of error s i f  1 n  
tria l s  we re independent . S ince .\ = 0 . 5 ,  we ca lculate max 

l + A  
max 1 .  5 

c = c ind 1- A = 1 2  . 0 . 5 = 3 6 . 
max 

Hence we should run the exper iment unt i l  3 6  errors have been 

ob served . 

Example 2 .  In Examp le 1 the expe r imenter i s  told that 

the budget wi l l  not permit a s ample s i z e  any larger than 2 0 , 0 0 0 . 

How doe s  thi s  a f fect the sampl ing plan and the achievabl e  

prec i s ion ? 

So lution . S ampl ing should proceed unti l  3 6  errors have 

been ob served or unt i l  2 0 , 0 0 0  bits  have been transmitted , which

ever occur s f irst . The prec i s ion attained wi l l  be the pre s c r ibed 

prec is ion or better i f  samp l ing cont inues unt i l  3 6  error s have 

occurred and the s ample e s t imate of A turns out to be l e s s  than 

the guaranteed l imit A = 0 . 5  on A .  Even i f  A i s  l e s s  than max 
A , A may be greater than A and result in a prec i s ion max max 
ca lculated from the samp le ( as mea sured by conf idenc e l imi t s ) 

short of that pre s c r ibed , but that should not occur of ten i f  

A i s  correct ly prescribed . I f  s ampl ing i s  stopped a t  n= 2 0 , 0 0 0  max 
characters wi th l e s s  than 3 6  errors observed , then the error 

probab i l ity wi l l  be e s t imated by p=s/ 2 0 , 0 0 0 , s= O , l , . . .  , 3 5 ,  with 

bound s on 9 0 %  conf idence l imits that c an be pred ic ted by the 

P o i s s on-Ander son-Bur s t e in method . The fac tor 

(i��)� 
in ( 6 . 1 ) and ( 6 . 2 ) i s  replaced by i t s  upper bound ( l + A  \ :k: max } 2 

1- A max 
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which has the va lue /3= 1 . 7 3 2  in thi s examp le .  I f  s wer e  to 

turn out to be 3 5 ,  then f rom Tab le 1 of OT Report 7 4 - 5 1 ,  

L= 2 5 . 9 ,  U= 4 6 ,  

p = . 0 0 17 5 ,  PLr = . 0 0 1 3 , Pu r = . 0 0 2 3 ;  

Pu = . 0 0 1 7 5  + ( . 0 0 2 3 - . 0 0 1 7 5 ) 1 . 7 3 2  = . 0 0 2 7 0 ,  

pL = . 0 0 1 7 5  ( . 0 0 1 7 5- . 0 0 1 3 ) 1 . 7 3 2 . 0 0 0 9 7 . 

The hal f - l ength of the 9 0 %  con f idenc e interva l i s  then . 0 0 0 8 6 ,  

which i s  4 9 %  of  the e s t imate o f  p ,  . 0 0 1 7 5 , and thu s sti l l  

happens t o  s a t i s fy the de s i r ed 5 0 %  re l ative prec i sion even 

though the required number of error s for that , 3 6 , has not 

bee n  attained . That s imp ly results from the fac t that the 

determinat ion of c is graphical and thus hardly accurate to 

two dig it s .  

As s decrea s e s  ( with n f ixed a t  2 0 , 0 0 0 ) , the hal f - length 

of the conf idence interval decrease s ,  so that the abs olute 

prec i s ion improve s ,  but the r e l at ive prec i s ion wor s en s : 

s 

3 5  

3 0  

2 0  

1 0  

5 

0 

E. 
. 0 0 1 7 5  

. 0 0 15 0  

. 0 0 1 0 0  

. 0 0 0 5 0  

. 0 0 0 2 5  

. 0 0 0 0 0  

Pu 

. 0 0 2 7 0  

. 0 0 2 4 5  

. 0 0 1 7 9  

. 0 0 1 1 1  

. 0 0 0 7 4  

. 0 0 0 2 6  

PL 

. 0 0 0 9 7  

. 0 0 0 7 7  

. 0 0 0 4 2  

. 0 0 0 1 0  

. 0 0 0 0 0  

. 0 0 0 0 0  

Pu_PL 

. 0 0 1 7 3  

. 0 0 1 6 8  

. 0 0 1 3 7  

. 0 0 1 0 1  

. 0 0 0 7 4  

. 0 0 0 2 6  

4 9 %  

5 6 % 

6 8 %  

1 0 1 %  

1 4 8 % 
co • 

The s e  predic ted conf idence l imits are a l l  calculated a s  

i l lustrated f o r  s= 3 5  with the maximum " expansion fac tor " 13 
expected . Calculations l ik e  the se indicate what c an be 

expec ted from a propo sed exper iment de sign and enab le a suitable 

c ompromi s e  between prec i s ion and expense to be determined . 

After the experiment i s  per formed , the data c an be used to 

c a lcu late A as we l l  as p and one or more approximations to 

the conf idence l imits .  
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1 2 . 3 .  E s t imating A With a Prescr ibed Preci s ion 

The condi t ional probab i l i ty o f  an error g iven an error on 

the previous trial , A ,  can be e s t imated with at least a 

spe c i f ied prec i s ion in large sampl e s  without knowing an upper 

bound A because pai r s  of errors behave e f fect ively max 
independent ly in the f i r st-order Markov mode l  that has been 

a s sumed throughout thi s  report . This fol lows from Klotz ' s  

( 1 9 7 3 ,  Sec . 4 )  demo n stration that A i s  a symptot i c a l ly norma lly 

d i s tr ibuted with a symptotic var i ance 

2 = A ( l- A )  O A  np 
( 12 . 4 )  

Equat ion ( 1 2 . 4 ) was der ived f rom the l ikel ihood func t ion of 

the s amp l e , and that func t ion is the s ame whe ther the s amp l ing 

is direct or inver se . In direct s amp l ing ,  np i s  the expected 

number of error s ( succ e s s e s ) ,  E ( s ) ; in inver s e  s amp l ing , the 

number of error s , s ,  i s  prescribed a s  c ,  and c=pE ( n ) . 

Asymptot i c a l ly in e ither cas e ,  np in ( 1 2 . 4 )  can theref ore be 

replaced by the obs erved number of error s ,  s or c ,  so that 

2 O A  A ( l- A ) 
c ( 1 2 . 5 ) 

which i s  the same a s  the formula for c independent tr i a l s  in 

which A i s  the probab i l i ty o f  a suc c e s s  ( " succ es s "  be ing a 

pair o f  succ e s s ive errors in thi s  c as e ) . The r ight-hand s ide 

o f  ( 1 2 . 5 ) increa se s stead i ly a s  A tends toward 1 / 2  f rom e i ther 

s ide but chang e s  l i tt l e  for 0 . 3 � A � 0 . 7 .  Hence if A has any 

pos s ib i l i ty of be ing in that range , we may as we l l  rep lace 

( 1 2 . 5 ) , for design purpo s e s , by 

2 Max o "' 
A 

1 
4 c  · ( 1 2 . 6 ) 

I f  A i s  not expected to be in the range 0 . 3  to 0 . 7 , then to 

avo id p l anning for too large an experiment { by the use of ( 1 2 . 6 ) ] 

i t  i s  neces s ary to use the max imum expected value o f  ( 12 . 5 ) , 

which i s  obta ined by rep l ac ing A by A ( nec e ss ar i ly spec i f ied ) max 
for A � A  < 0 . 3  or by replac ing A by A . for A 2 A  . > 0 . 7 .  

max mln mln 
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Equat ion ( 1 2 . 6 )  [ or ( 1 2 . 5 ) s im i larly]  i s  u sed in experiment 

des ign by spec i fying the max 0� acceptab le and solv ing for c .  

Alternative ly 2 0 � c an be taken in large s amp le s a s  the ha l f 

l eng th of the 9 5 %  con f idence interva l f o r  A and thu s that 

l ength can be pre s c r ibed to d etermine c .  Another va lue for c 

may have been determ ined tc e s t imate p with prescribed relat ive 

pre c i s i on as in S ect ion 1 2 . 2 ,  which r equ ire s  a spe c i f ication o f  

A Then inver se samp l ing would be carr i ed out unti l  the max 
number o f  errors reache s the l arger of the s e  two values of c 

( un l e s s  the samp le s i z e  f ir s t  reaches the l imit control led by 

the budget ) . 

Exampl e  3 .  I n  Example 1 it i s  a l so d e s ired to e s t imate 

A with 9 0 %  conf idence l imits  expec ted to be within 0 . 1  of  the � 
e s t imated A .  Should the expe r iment design be mod i f ied ? 

So lut ion . The max imum value o f  0 � to be a l lowed i s  

0 . 1/ 1 . 6 4 5 = 0 . 0 6 0 8 .  Hence 

c = 1 

4 � 2  Max0 A 

1 = 6 8 .  = 4x . 0 0 3 7 0  

The expe r iment s hould be continued unt i l  6 8  errors ( rather 

than 3 6  as  in Exampl e  1 )  are observed . If a bound on the 

sample s i z e  o f  2 0 , 0 0 0  has a l s o  been imposed as in Example 2 ,  

that may overr ide the goal of getting 6 8  errors .  

Exampl e  4 .  Suppos e  in Exampl e  3 that the experiment has 

been carri ed out to 6 8  errors and results in a sample s i z e  

n=2 1 , 3 0 0 , s=c= 6 8  error s ,  r= 4 3  pairs  o f  error s ,  and f ir st and 

last ob servat ions not errors s o  that t= O in the notat ion of 

S ect ion 2 .  Calculate p, A ,  and 9 0 %  conf idence l imits for p 

and for A .  
Solution . 

From ( 2 . 1 ) 

From ( 2 . 2 )  

p = 6 8 /2 1 , 3 0 0  = . 0 0 3 1 9 2 5 . 

1 k 
A = 2 x 6 7 _ 9 9 6 8  [ - 2 5 + 1 3 5x . 0 0 3 1 9 2 5 + ( 6 0 3 . 6 3 6 + 1 7 2x 6 7 . 9 9 6 8x . 9 9 3 6 1 5 ) 2 ] 

. 6 3 2 3 5 . 
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This  d i f f e r s  l i ttle from the relative frequenc y e s timate ( 2 . 4 ) , 

A * = 4 3 / ( 6 8 - . 0 0 3 1 9 )  = . 6 3 2 3 8 . 

From ( 6 . 1 ) 

p = . 6 2 9 1 6/ . 9 9 6 8 1  = . 6 3 1 1 7 , 

(i��r � 2 . 1 0 3 0 , 

Pu = . 0 0 3 1 9  + ( 8 3/ 2 1 , 3 0 0 - . 0 0 3 1 9 ) 2 . 1 0 3 0  = . 0 0 4 6 7 , 

pL = . 0 0 3 1 9  ( . 0 0 3 1 9 - 5 5/ 2 1 , 3 0 0 ) 2 . 1 0 3 0  = . 0 0 1 9 1 . 

From ( 2 . 8 ) and ( 2 . 1 3 )  

Pu o 

v = 2 1 , 3 0 0 x . 9 9 6 8 1 ( 1- . 6 1 1 7 2 - 1 . 2 6 2 3 4 / 2 1 , 3 0 0 ) = 9 3 , 8 9 1 , 
( . 3 6 8 8 3 ) 2 

- 1  
( 2x 2 1 , 3 0 0 2 ) ( 9 3 , 8 9 lx l . 6 4 4 9 2+ 1 3 7x 2 1 , 3 0 0 +1 , 2 4 3 , 8 1 0 ) 

. 0 0 4 8 7 , - 1  
( 2x 2 1 , 3 0 0 2 ) ( 9 3 , 8 9 lxl . 6 4 4 9 2 + 1 3 5 x 2 1 , 3 0 0 - 1 , 2 3 5 , 0 8 2 )  

. 0 0 2 0 9 . 

S ince the se norma l approx imation l imits are not far f rom the 

preceding P o i s son-Ander son- Bur stein l imi t s , it is not e s sential 

to c a l cu late the mor e  comp l icated Edgeworth or P ea r son 

approximation l imits . We c an a s s er t  . 0 0 2 0 �p � . 0 0 4 8  wi th 9 0 %  

c onf idenc e . The relative prec i s ion i n  e s t ima ting p i s  

. 0 0 4 8 7 - . 0 0 2 0 9  
2 x . 0 0 3 1 9 = . 4 3 5  or 4 3 . 5 % ,  

better than the 5 0 %  relative prec i s ion sought i n  Examp l e  1 

s inc e the exper iment was run to 6 8  error s r ather than 3 6 ,  

a l though the improvement i s  partly canc e l ed by the fact tha t 

A turned out somewhat larger than the A a s sured prior to max 
the exper iment , 0 . 5 . 

Approx imate 9 0 %  conf idence l imits  for A are ,  by ( 2 . 1 8 ) , 

A A 1 
A + 1 . 6 4 4 9 [ A ( l- A ) /c J � . 6 3 2 3 5  + . 0 9 6 1 8  

= . 5 3 6  and . 7 2 9 . 
Thu s  the goal o f  e s tima ting A wi th absolute prec i s ion + 0 . 1  
( as measur ed by 9 0 %  con f id ence l imi t s ) has been atta ined . 
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I f  the exper iment had been trunc ated at n= 2 0 , 0 0 0 , then the 

des ired prec i s i on for p and A might not have been atta ined , but 

conf idence l imits for them can be c a lc ulated in the same way . 

1 3 . CONCLUS I ONS AND RECOMMENDAT I ONS 

l .  Con f idence l imits for the d ig ita l error rate p of a 

communicat ion system for which suc c e s s ive transm i s s ions are 

dependent may in principle be c alcul ated by Ladd ' s  ( 1 9 7 5 )  

a lgorithm for the exac t cumulative probab i l ity of the 

number of errors or from any one of the f ive approximate 

formulas  der ived herein . Ladd ' s  algor ithm appears to be 

practical  only for sma ller s amp le s i z es ( up to the order of 

1 0 0  or 2 0 0 )  and only i f  a large c omputer i s  ava i lable . The 

approximate formulas are satis fac tory for samp le s i z e  n a s  

sma l l  a s  5 0  i f  the number of error s ( succe s se s )  s i s  1 0  or 

mor e i  they are useab le down to s=2 , and they become better 

approx imat ions as n increases . I t  i s  nece s sary either to 

know A ,  the cond i t ional probab i l ity of an error given an 

error on the preceding tran smi s s ion or to e st imate A from 

the data using ( 2 . 4 )  and ( 1 1 . 4 ) - ( 1 1 . 6 ) . A l l  of the resu l t s  

apply a l s o  t o  the general s tat i s t ic a l  problem o f  calculat ing 

conf idence l imits for a proportion from dependent tria l s . 

2 .  The f ive approx imate con f idence interval s  are , in order of 

ease o f  calculat ion , the mod if ied Poi s son-Anderson

Bur stein ( Ander son-Bur stein more brie f ly )  ( 6 . 1 ) - ( 6 . 2 ) , the 

normal ( 2 . 1 3 ) , ( 2 . 8 ) , the Edgeworth two- term ( 3 . 1 1 ) , ( 3 . 7 ) , 

( 3 .  4 )  , the Edgeworth four- term ( 4 .  4 )  , ( 4 .  3 )  , ( 3 .  4 )  , ( 3 .  l l )  , 

and the Pear son sy stem ( 5 . 1 ) , ( 4 . 3 ) , ( 3 . 4 ) , ( 3 . 1 1 ) . In  a l l  

cases , i f  s 2 2 ,  A i s  estimated by ( 1 1 . 4 ) - ( 1 1 . 6 ) us ing e i ther 

A ( 2 . 2 )  or A *  ( 2 . 4 )  to get A .  I f  s=O  or s= l ,  a prior or 

extern a l  e st imate of A should be u sed i furthermore the lower 

conf idence l imit should be taken as 0 and the upper 

conf idence l imit should be calcu lated by the " exac t "  

formulas ( 7 . 3 ) or ( 7 . 4 ) , re spect ive ly . All f ive approx ima-
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tions may be obtained s imultaneou sly using the computer 

program of S ect ion 8 and Appendix B .  

3 .  The extensive set of s imulat ions o f  S ec t ion 1 1  shows that , 

for the l arg e range o f  sampl e  s i z e s  u sed , the two approx ima

tions maki ng u se of the fourth moment of the number of 

error s ( succ e s s e s ) ,  the Edgeworth four- term and the Pearson 

system ,  provide no advantage over the Edgeworth two- term , 

which u se s  only the f i r st three moment s . They are reta ined 

in the computer prog ram o f  Sect ion 8 for compar i son , 

however , and for suf f ic ient ly large s ampl e  s i z es may we l l  

provide better approx imat ions . 

4 .  Use o f  the computer program of S ec t ion 8 i s  not e s sential 

but is recommended i f  a substantial number o f  sampl e s  are 

to be ana ly z ed . The Ander son-Bur stein and normal approx i 

mat ions are c a lcula ted e as i ly in a f ew minute s o n  a pocket 

c alculator . I t  i s  recommended that they be obta ined f i r st . 

I f  they agree c lo s e ly enough ( i . e . , to the u ser ' s  

sati sfaction ) , then no further c a lc ul a t ion i s  needed . 

The norma l approx imat ion usua l l y  i s  the poorest o f  the f ive 

approx imations . The Edgeworth two- term ( as we l l  a s  the 

four-term and Pear son system )  may requ ire some iteration 

to ver ify the s olution and thus may be somewhat tedious 

wi thout a computer program , but i s  useful i f  there i s  any 

question o f  the c losene s s  o f  the normal approx imation . 

For smal l  p ,  say � 0 . 1 , the lower conf idence l imit tends 

to be a poorer approx imat ion relative ly than the upper 

l imit ( for any of the f ive formula s ) , but the user may we l l  

be interested only i n  an upper l imit anyway . I f  so , h i s  

con f idence level i s  1 - a  ( e . g . , 9 5 %  rather than 9 0 % ) . 
A 

5 .  Klotz ' s  ( 1 9 7 3 )  e s t imator A of  A and the e st imator A *  

proposed herein ( 2 . 4 )  [ a s  we l l  as Devore ' s  ( 1 9 7 6 ) mod i f ied 

max imum l ike l ihood e s t imator apparentl y ]  are sub stant i a l l y  

b ia sed whe n  the expec ted number o f  errors ( successe s )  

i s  smal l ,  s ay l e s s  than 1 0  ( S ection 1 1 . 3  and F igure 3 ) . 

Much o f  the bias i s  removed by the emp i r i c a l  transforma

tion ( 1 1 . 4 ) - ( 1 1 . 6 ) to L 
0 ')  



6 .  The val id ity o f  the stationary f ir s t - order Markov chain 

mod e l  may be tested by the method s o f  Sect ion 1 0 . In 

practice , non- stationa r i ty due to c hange o f  cond i t ions 

may be the mos t  common vio l at ion o f  the a ssumpt ions and 

should be te sted and dealt with as in Sect ion 1 0 . 4 .  Even 

if the system i s  not strictly a f i r st- order Markov cha in , 

that model can be cons idered a f ir st- order approximation 

to the true mod e l  o f  dependence and wi l l  very o ften be a 

s at i s factory approx imation . The change in go ing from it 

to the true model would u sual ly seem to be less than the 

change in go ing to it from the independence ( Berno u l l i  

or binomial ) model ,  so the latter change can b e  u sed a s  

a b a s i s  for j udgment . 

7 .  An exper iment for e s t imat ing the error rate p should be 

des igned with c are , a s  in Sect i on 1 2 . A prior e s t imate o f  

( o r  upper bound on ) the cond i t iona l error rate A i s  required . 

The approach i s  to determine the number of errors 

( succe s se s )  to be observed in order to e s t imate p with a 

pre scr ibed relative prec i s ion and to e s t imate A with a 

pres c r ibed abso lute prec i s ion . Example 1 o f  Sect ion 1 2  

shows that the in formation on p w i l l  be very minima l unl e s s  

the number of error s obs erved i s  o f  the order o f  1 0  o r  more . 

8 .  F u l l  information on the f ir s t-order Markov model i s  ga ined 

by a normal approx imat ion j oint conf idence reg ion for 

( A , p ) a s  specif ied by equation ( 2 . 1 6 )  and i l lustrated in 

Sect ion 9 and F igure 2 .  This reg ion is inc luded in the 

c omputer program of Appendix B .  
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APPENDIX A .  SUMMARIES OF MONTE CARLO S IMULAT IONS 

Each of Tabl e s  A . l- A . 3 1  summar i z es the result s  of s imulating 

s amp les of dependent transm i s s ions ( tr i a l s ) according to the 

Markov mode l of S ec t ion 1 .  All except two (A . 2 5 and A . 3 1 )  have 

1 0 0 0  s amp les each , and those two have 2 0 0 0  each . Tables A . l -A . 2 5  

have conf idence interval s  ca lculated us ing A. ( 2 . 2 )  a s  the 

e s t imate of the c ond i t iona l probab i l i ty of an erro r g iven an 

error ( A. ) , whi le Tab le s A . 2 6 -A . 3 1  use the le s s  biased estimator 

A. ( 1 1 . 4 ) - ( 1 1 . 6 ) . 

The tab les are further subd iv ided a s  fo l l ows : 

Table s  A . l-A. l O : .\ = . 3 , a= . O S  ( 9 0 %  conf idence level ) 

Tab l e s  A . l l-A . l 7 :  .\ = . 3 ,  a= . 0 2 5  ( 9 5 %  conf idence leve l ) 

Tables A . l 8 - A . 2 5 : .\ = . 8 ,  a= . O S  

Tables A.  2 6 - A .  2 7 : .\ = . 3 , a= . O S 

Table s  A . 2 8 -A . 3 1 :  .\ = . 8 ,  a= . O S  

Within thes e  groups the tab les progre s s  f rom large error rate p 

( P  o n  the computer pr intout s form ing the s e  tab l e s ) and smal l  

s ample s i z e  n ( N  o n  the pr intout s ) to sma l l  p and large n .  

These summaries are d i scu s s ed 1n Sect ion 1 1 . 
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Tab l e  A- 1 .  S ummary o f  1 0 0 0  Honte Carlo S irnul.a tions 

i\ L P H A = . L 5 C  N= 

N O .  O F  S A MP L ::: S W I T H  A !.. P H A  
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Tab le A- 2 � Summary o f  1 0 0 0  Honte Carlo S imulations 

A L P H A = . 0 5 0  N =  s o  P = . 3 0 0 0 L A MB D A = . 10 0  

N O .  O F  S A l'i PL E S  W I T H  ALP HA L I  O UT -S I O E  O F  I O ,  O .  5 )  
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. 3 0 0 0 0 E -+ 0 1  
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Table A- 3 .  S ummary o f  1 0 0 0  Monte Carlo S imulat ions 
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Tabl e A- 4 .  Summary o f  1 0 0 0  Monte Car l o  S imulations 
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Table A- 5 .  summary o f  1 0 0 0  Monte Carlo S imulations 
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S I G !"<\ =  . H 33 4 E - 0 1  . 1 2 2 1 6 H O O  

L AHBI U 

0 
0 
0 

0 
0 

G 

S T A R  

. 2 1 1 8 7H O O  

a • 

. 62 0 2 9r . O O 

. 1 2 2 1 & E+ O O  

F R A C T I O N  nF C O N FI DH�C E  I NTE R V A L �  C O VE � I H �  P 
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S IG I"A = 
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. 1 0 2 1 2 £ + 0 1 
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0 
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0 
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. 4 0 0 0 0 E • 0 1  
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Table A- 6 .  Summary of 1 0 0 0 Monte Carlo S imula t ions 
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Tab l e  A- 7 .  Summary o f  1 0 0 0  Monte Carl o  S imulations 
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Tabl e  A- 8 .  S ummary o f  1 0 0 0  Monte Carlo S imulations 
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Table A- 1 0 .  summary o f  1 0 0 0  Monte Carlo S imulat ions 
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Table A- 1 3 . Summary o f  1 0 0 0  Monte Carlo S imulations 
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Tab l e  A- 1 4 . S urrunary o f  1 0 0 0  Monte Carlo S imulations 

!'= , 1 Q O  

N O .  Q F  S A �P L E S  � t T H  A L P H A  L I  O U T S I O f O F  ( Q , C , 5 l 11t\"; ·;�·,.- · s�H>'L � S  'H T H  Ar5·H A. L !  P i< T H E  OU T <:! O E  OF 1 8 , � . 5 1 
N O .  o� A 1 ) ,  V A L U E  O F  �H O H A T  G P � A T f P  T � A N 1 
11 0 .  OF ?Uu· G? o ATI:'P TH.dN i 
N O .  O F  S = O  

N 0 ,  O F  3 A MP L E S  W I T H  8 E T A  L I  R � Y ONO P E A P S O N - H A � T L E V  T A i3l f 

T WAT l d H '� O A  H AT 

M F A''= . 1 C C 0 3 E + O C  . 2 'l 5 5 � E + O O  
1-TTR= ;152 C ry·!JF - 0 1 . 1  a 2 17 E  + o o 

I' � X =  . 1 5 ? 0 0 E + C O  . l< 'l 'l f. 1 E + G O 

·sTG"':a:=· � IM 2 7 [- Cf  . 6 6 5 ? 3 E - J 1  

L A H 8 D A  

c 
c 
0 

0 

S T A R 

. 2 'l 5 5 'lE + O O 

. 1 0 ? 7 7 E + O O 

. ? 0 1 0 0 E + Q O  
• "> "> 4 1 1 E - C 1  

F P_A C T I O N  O F  C O N F I  � E NCE I N T E R V A L S  C O V E R I N G  p 

A 'I ij- :fUR-S l<=' f"N 'l OR M A L  E D G f  •�O o T H 2  E O G E W O R T H 4  

A LL t O e �  , % C) 0 0 " + 0 0  • 0 5 5 0 0 " + 0 0  . 'l :O J O O <: + a O  . 'l 5 3 0 f' E + O O  
P:"T"5 0 8  :'i4 2 t C  E + b·a· o 'l 5 0 1 C E + O G  . 'l 4 2 0 0 E + O O  . 'l4 2 J C E + O O  
2 ND 5 0 C  . 'l 5 6 C O  f+ O J  . % 0 0 C f + O O  . 'l6 1< 0 0 F + O O  o 'l 64 l O E + O O  

'<TTT'l - N'""T')"f'll'"I n ENCE ! N TFP I/ A L  L H J G T H  T O  A N O E R S O "' - i3 U RS T E I N  L E N G T H  
I F I � S T  r o L U H N  I S  R A T I O  O F  A N O �R S O N- B UR S TE I N L E N G T H 

Til- -AFf�')OH.: a u�SHI N"-r�NGTH W IT H  ! N f'l E P E N O E "l C E  A SS U "' f l) l  

M � A N =  

1'fTfr= 
M A X =  

"SIC"MT= 

. 1 2 5 ? ?E + 0 1  
;uJ J o rr n n 
• 1 6 J 1;6J0 + 0 1 

;-ggF;""2·r;r:-;; OT 

. 1 0 J O R f + 0 1 

• "9"TS 27 1'" +0 1i 
. 1 0 ? 7 2 10 + 0 1  

;-g "'" nr- o 2 

111'.�-lif = 

M I N= 

t-fAX = 

N O .  OF F A I L U RE S =  

1 0 4  

. 'l 8 2 '1 � E + O O  

. 'lS ? 2 7 E .- o o  

. 1 0 1 3 2 1: + 0 1  

. 97 6 0 3 E..;0 2 

. 'lii 2 5 2 E + O O 

. '35 47 7 E+ O O  

. 1 0 1 2 8 t  + 0  1 

• '3177 2, � -0"2 

N O .  OF I T E R A T I O N S  

.-2 2 '3 4 0  E + O"l 

. 2 n o o o r • o 1 

. 9 0 0 0 0 £"+"0 1 

0 

; 2 2 4"9 0 £ + 0 1  
. 2 0 0 0 0 E + 0 1 
. 5 0 0 0 0 E + 0 1  

0 

PE A R S O N  

. 3'5 3 0 0 E + O O 

. 'l 4 2 0 0 E + O O  

. 'l 6'+ 0 0 E + O O  

. '3 8 0 76 E + O O  

. 'l 5 2 9 6 E + O O  

. 1 0 1 1 0 E + 0 1  

• 9'7'359E..;0"2 

. 2 3 2 4 0 E + 0 1  

. 2 0 0 0 0 E + 0 1  

. 5 0 0 0 0 E + 0 1 

0 



Tab l e  A- 1 5 . S ummary o f  1 0 0 0  Monte Carlo S imulations 

N:o: 1 0  J 

N O .  OF � A "PL E S  W IT H  ALPHA L I  O U T S I "E OF f i , O . S I  
N O .  O F  � A MPL� S  W I T H  A LPHA L I  P � IME OUTS I D E  O F  C O , O . SJ 
N n .  0� A B S .  V A L UE O F  R H O  H A T  G R E A TER T H AN 1 

N O .  0� �U O G RE A T f. D  T H AN 1 

N O .  nF S : O  

8 6 0  
S i lt  

0 

0 
1 0 0 

NO.  OF S A �PL E S  W ITH R E T A  L I  P E Y O N O  Pf A � S O N• H A R T L E Y  TABL E lt 0 6  

ME A N: 
M I N =  

M A l! "  

S ! G M 4 :  

AL L  H 
1 S T S O  

2 �1D 5 c 

P H A T  U MR O A  H A T  L AM B D A  S T A P  

• 3C 1 1t O E • 0 1  . H 2 1t� E + O O  . 2 1 2 � 5 £ + 0 0  

J .  o .  o .  

o 11t O O O H O O  . 71t8 8 7 E + O O • 75 75 S E +  C 0 

•. 2 2 1 11 110:- 0 1  . 2 2 1' 7 3 £ +  0 0  . 2 2 S 2 2 E + O O 

FRACT I O N  OF C O NF I OFNCE T N T E PV A l S  COVE P t N G  P 

. 99 7 7 8 E t a G  

.99 7 7 9 f + O O  

. 99777 E + Q D  

NOPMAL 

. 9 7 6 6 7E t 0 0  

. 911 0 0 9£+ 0 0  

. 9 7 3 2 !£+ 0 0  

E O G E WO PTH2 

. CJCJ"IICJEt O O  

. 1 0 0 � 0 !'+ 0 1 

. 9 �'1' 7 7£ + 0 0  

E O G E w O R T H it  

. 9 91 7 1!£ + 0 0  

. 99 7 7 9E + D C  

. CJ9 7 7 1 E + Q C  

P A T I O  OF C O NF! OENCE I N T E R V 4L L E N G TH T O  A N O I::P S O N•BURS T E I N  L EN G T H  
CFI �S T  C O L U M N  I S  R J T I O O F  A ND E R S ON-�U�S T E I N  L EN GT H  

M � A N "  

M H' :  

11 A l!z 
S JGp.oA = 

T O  A N OF. R SON - � UR STE I N  L E NGT H W I T H I N D E PE N D E NCE A S S UM E D !  

. 1 2 r, 11 �E + 0 1  

. CJJ 'I C II E + u O  

. �5 7 7 CJE + 0 1  

• 31t1 2 3E + O O  

. 1 t ltlt lt E + 0 1 

. 1 C C C O E + 0 1 

. 1 r:; 7 2 0 f + 0 1 

• 6 9 9 2 8 f. • O  1 

M F A �': 

M I N =  

l U X =  

N O .  OF F A I L UR E S =  

. 1 0 � 1 9 £ + 0 1  

. 117CJS �E t O Q  

. 1 1 1 6 H + 0 1  

• lt 1 1S � E - 0 1 

• 99 8 1 8 E + O O 

. e CJ 3 3 S E + O O  

. 1 0 8 9 9£ + 0 1  

e 'J 2 7 3 2 E • 0 1  

N O .  O F  I T E R A T I O N S  

. 3� 2 1 1 E +e t  
• 30 0 0 O E + O  1 

. 2 0 0 0 0 E + 0 2  

21 

. 3 6 7 8 1 E + 0 1  

. 3 0 J O J H 0 1  

o 1 5 0 0 J E + 0 2  

0 

1 0 5  

P E AR S O N  

• 991tltlt E t D O  
. 995 S 8 E + !I O  

. 99 3 3 0 £ + 0 0  

. CJitCJOCJE +O Q 

• 835 1 2 £ + 0 0 

. 9 871t 9E + O � 

. 3 8 3 S 6 E • 0 1 

• 3Sit 7 �E + 0 1 
. 3 0 0 0 0 E + 0 1  

. 5 0 0 0 0 E + 0 1  

0 



Tab le A- 1 6 . S ummary o f  1 0 0 0  Monte Carlo S imulations 

'I= 50 j 

N n .  �' S A �rL� S � I TH � l � H A  L I  OUT S I DE OF I O , � o 5 t  � '1 "'  S A '�PL <:: > 14ff>-i -- iLf>H4 i..I O!J JHCouTsJ:OE oi'-- C J , ·J . cl 
f'.! O .  Q F  A " S ·  ' V AL l i �"  O F  � H O  H A T  G f1 " A T E I:1  T H AN 1 -No.--- :J�"P_u_r5 _GR"�nfe THA N 1 -

- -- - -

-N�!!_F�"' IL 
� 0 .  OF S A �P l �" S  W J T H  3ET A L I  B E Y ON '1  PE A P SO N • HI � T L E Y T A O L E  

P H aT 

I' F A �•= • 3 D � 3 3 F • 0 1  
I' ! N =  o 4 Q � ij j( ..:ri :>  
l' a x �  . 6f C J � F - 0 1  
S I G M A =  --�G3Ti f:'.:.-;:[ 

L A '1 8 0A H A T  

. � 7 7 'l6 E: + O O  
• •  h64 l E- ttt 

o 6 1 11 7it E + O C 

. 1 2<''l i f + � O 

1 1 0  
2 5  

0 
() 
0 

0 

L l" !3 ! U  S T A F  

e 21 7 � J E+ O O  

o .  

o 62 J 2 9 E + O O  
o 1 2 1 9 9 E + O O  

F 'l. A C T I O N  O F  C O!'J� I OE tiC E ! N T E � V A L <;  COVE � I NG P 

A't1::-;;:�·s r �PI N0-0"Al E'lGFWO<t�H2 EDGE WORTH It 

A L L  1 � � )  . q � > o n "' + J o  . '1 4 11 1 C ': + O O  . 'l 3 1 u C E + C �  . (! S l O O E + Q O 

t �·r-��-� ;9'+ ii"O H : + J J  . 9 ft Z C-O r' + D J  . 9 4R O : O:: + C �  . 9 4 8 l C E + O C  

2 •'(1 S G D  . 9 '? '1 D J E + � O  o 'lc;4 0 C E+ O O  . 'l C: It � O C:+ O O  . 95 <t 0 C E + O O  

- -�-Al'TO OF C O �F I OEN: F i N T " � IlA"L L �" N G T H  T O  A N I1 f " S ON•9U�S T E I N  L E N G T H  
I F ! R� T  r. O L U"N I S  O A T J C OF A N O F. � S O N• 9U�S T f i N  L F� G T H  

l'Cf- A·i�l�'"?SO'-I-11JI1SfE I N  LE)IGT H W I T "!  I N ,fE PC: �I D E N Cf � SS UI' f O I  

11 f A "= . 1 3 •. 1S 7E + H  
"iiTN:-- �-91'T&OE + � a 
M A l( :  . �D J 6 t. E + J 1  
.sTG"-4 = �TYfilge +o o 

. t 0 3 0 8 F + 0 1 
• t ri"o o o t+ � t  
. 1 1 0 q 1 f: + 0 1 

� 1"3c 9 j f- J 1  

.... 1' 4 " =  
11 I N "'  
H A � "' 
t� n .  OF " A I LU�F S =  

. 1 0 0 4 5 F + 0 1 . 99 5& 3 E + O O  

. q; r; r. 'l �C + O il  . 31 9 ;  l H G �  

. 1 1 '� 1t ?E + � 1 . 1 1 Z9 9 E + O l  

. 4 .; ;,g -. �·" 1 o 1 8 1t& G F • 0 1  

�0. O F  I T ERA T I O N S  

. 6 0 'l l � E + C i  

. ?O J O J " + 0 1  
• <!O O O J C: +O Z 

�0 

. 27 37 0 f + 0 1  

. 2 Q � O l E + 0 1  
o 2 3 Q J J E + O Z  

1 

1 0 6 

PEAR SO� 

. � 5 1 D O H D O  

. 'l lt i! O C H O O  
o 9 54 0 0 E + O �  

o 97'9 0 9E + O O 
o 9 5 7 6 1 E + Q � 
o 1 0 � 1 JE + O  1 
o 8 ft573 E • O Z 

. 2 7' 9 2 0 E + 0 1  
e 2 1J 0 0 0 £ + 0 1 
o 5 J O O O E + C 1  

0 



Tab l e  A- 1 7 . Summary o f  1 0 0 0  Monte Carlo S imulations 

A L P H A = . 0 2 5  N =  1 0 0 0  P= . 0 0 3 L A M BD A = . 3 0 0  

N O .  OF S A MPL E S  W I TH ALPHA L I  OU T S I DE O F  1 0 , 0 . 5 1  

N O .  O F  5 A HPL E S  W I TH A L P HA L I  P P I�E OU T S I D E  OF 1 0 , 0 . 5 1 

N O .  OF A� S .  V AL U E  O F  �HO H A T  G R E A T E R  T H AN 1 

N O .  OF P U O  GRE A T E R  T H A N  1 

N O .  O F  S = O  

8 5 2  

'+ 8 7  

0 

0 

1 2 1  

N O .  O F  S A MPLE S W I T H  B E T A  L I  � E Y ON O  P E A R S O N - H A R T L E Y  TA BL E '+ 3 '+  

P H AT L A M B D A  H A T  L A M B D A  S TA P 

I'I E AIII -= • 3G 1 2 :J E- O <.'  • <' <'2 2 0 E +  0 0  . 2 2 2 1 2 E + O O  

M I N -=  a .  0 .  o .  
M A X -=  
S T G I'I A =  

A L L  1 0 0 0  

1 S T S O C  

2 N O  s e c  

. l S C O O E - 0 1  . 7 9 '1 9 1 E + O O . 8 0 0 8 0 E + O O  

. 2:! 7 0 S E- O ? . :? 2 7 'l'l E + 0 0  . 2 2 7 9 9E + O O 

F R A C T I O N  OF C O NF I D E NC E  I N TE R V A L S  CO VE R I N G  P 

A N D- '3URS T E I N  

. 'l '1 4 3 1 F. + O O  

. 'l '1 3 1 11 E + J O  

. 'I 'I S 4 1t E + O O  

N O R I'I A L  

. 9 7 7 2 5 E + O  0 

. 9 7 2 7 3 !' + 0 0  

. '1 8 1 H F + O O  

E O G E W O Q T H2 

. 9 9 7 7 2 £ + 0 0  

. 9 <! 7 7 3 E + C O  

• 9 9 7 7 2 E +  0 0  

E O G E W O R T H 4  

9 9 2 0 4 E + O C  

. 9 9 3 1 8 E + O O 

. 9 9 0 8 9E + O O  

P A T I O  OF C O N � I OENC E I N T E R V A L  L FN G T H  TO A IIIO fR S O N- B URS T E I N  L F N G T H 

I F I R S T  C O L UM N  I S  P A T l O OF A N O E R S O N- B U R S T F I N  L E N G T H  

M r.  AN= 

H I N =  

MA X =  

S T G "' A =  

T O  A N OE Q S ON - BU�ST E I N  L E NG T H  W I T H  I N O E PE N O E NCF A SS U M E D I 

. t 3 1 7 7E + O l  

. 99 1 9 7 �=" + 0 0  

• ?'l9 09E + 0 1  

• H 0 7 t E + � O  

. 1 1 '+ 3 7 E+ 0 1  

. t O O O O f+ O l  

. t 4 6 5 9 E + O  1 

. 7 7 9 1 3 E- 0 1  

M E A N= 

M I N = 

"' A X =  

!11 0 .  O F  F A I LU Q E S = 

1 0 7  

o 1 0 S7 5 f + 0 1  

. 9 8 49 2 E + O O  

. 1 1 7 0 � £ + 0 1  

. :> S S t E> E - 0 1 

. 1 0 6 3 , £ + 0 1  

. t O O O Q E + O l  

. 1 1 6 & 1 E + 0 1  

. 2 5 9 7 8 E - 0 1  

N O .  O F  I T E R A T I O NS 

. 2 'l8 S 2 E + O l  
• ;>O O O O E +O l 

• '+ O O D O E + 0 1  

0 

• 2 S 1 1 9 E + O  1 

. 2 0 0 0 0 f + 0 1 

. 4 0 0 0 0 !' + 0 1  

0 

P E A R S ::J N  

. 9 8 11 6 2 E + O O  

. 9 8 6 3 6 E + O O  

d 'l 0 8 '1 E + O O  

. 9 S 7 3 2 E + O O  

. 9 S 2 3 2 E + O � 

. 1 0 0 9 8 E + 0 1 

. 2 0 9 '5 5 E - 0 1 

. 2 q 7 6 1 E + 0 1 

. 2 0 0 0 0 E + O t  

. 4 0 0 0 0 E + 0 1  

0 



Table A- 1 8 . summary o f  1 0 0 0  Honte Carlo S i:r:mlations 

ALPHA: . 0 5  0 N= 5 0 P = . 5 0 0 0 L AM B DA = . 80 0  

N O .  OF S AM P L E S  W I T H  ALPHA L I  O UT S I D E  O F  ( 0 , 0 . 5 )  
N O .  OF S A M PL E S  W I T H  ALPHA l i  P RH JE OU T S I D E  OF ! 0 , 0 . 5) 
N O .  OF A S S . V AL U E  O F  RH O H AT G RE A T E R  T H AN 1 
N O .  OF P U O  GR E A T ER T H AN 1 
N O .  OF S = O  

N O a  O F  S AM PL E S  H I TH B E T A  L I  B E Y O ND PE A RSO N - H A RT L E Y TA BL E 

P H A T  L A M  BOA H A T 

11 E A N =  . 5 0 it6 2 E + O O . 7 7 969 £ + 0 0 
H I N= . 1 60 0 0E + O O  • 3 2 8  76 E +  0 0  
11 A X =  . 9 2 0 0 0 £ + 0 0  . 9 6 449E+ 0 0  
S I G M A= . 1 4 2 7 4£ + 0 0  . 9 3 77 2 E - 0 1  

2 7  
0 

1 0 5  
3 8  

0 

2 

L A � S D A  S T A R  

. 77 9 3 6 £ + 0 0  

. 3 4 0 1 4 E + O O  

. 97 6 0 4 £ + 0 0  

. 9 7 3 3 0 E - 0 1  

F R A CT I O N  O F  CO N F I D ENC E I NT E �V A L � C O V E R I N G  P 

A L L  1 0 0 0  

1 S T  5 0 0  

Z NO 5 0 0  

A N D- B UR S TE I N  

. 9 0 8 3 8 E t- O O  

. ' H 2 0 9 E+ OO 

. 9 0 4 5 5 E+ lJ D  

N OR M A L  

. 8 9 9Lt 4 E+ O O  
• 9 0 5 4 '3 E t- O O 
. 8 9 3 1 8 E+ O O  

E O GE WO R T H2 

. 8 73 7 4 E t- O O  
. 8 R 3 5 2 E t- O O 
• 8 63 6 4 E+ O O  

E D GE W O RT H 4 

. 8 7 3 7 4£ + 0 0  

. 8 8 3 5 2 £+ 0 0  

. 8 6 3 6 4E + O O 

RA T I O  OF C O N F I D EN C E  I NT E R V A L  L fN GT H  TO A N DfR S O N- B U RS T E I N  L EN G T H  
! F I R S T  C O L U M N  I S  R A T IO O F  A N DE R S O N- B U R S T E I N  L EN G T H  

H E A N =  
M I N= 
M AX = 
S IG MA =  

T O  A N DE R S ON - BURST E I N  L EN GT H  W I TH I N D E PE ND E NC E  A S S UM E D )  

. 1 9245E + 0 1  

. 10 0 0 0 E t- 0 1  

. 362 96£ +0 1 

. 3 7 73 9£ + 0 0  

• 92 6 2 6 £ + 0 0 

. 5 9 2 2 4 £ + 0 0  

. 1 1 5 3 2 E + 0 1  
• 5 6 1 8 7 £ - 0 1  

. 8 '337 7 E + O O  

. 5 9 22 4 E + O O  

. 1 0 4 3 6 E+ 0 1 

. 41 88 4 E - 0 1  

. 8 7 6 0 0 £+ 0 0 

. 5 9 2 2 4 £ + 0 0  

. 1 0 " H 8 E + 0 1  

. 5 1 5 0 6 £ - 0 1 

N O .  O F  I T ERA T I O N S  

M E A N= 
M I N =  
M A X =  
N O .  O F  F A I L URE S =  

. 1 5 1 0 3 £ + 0 2 
4 0 0 0 0 E +0 1  

• 2 0 0 0 O E t- 0 2  
3 0 7  

1 0 8  

. 1 4 9 9 3 £ + 0 2  

. 4 0 0 0 0 £ + 0 1 

. 2 0 0 0 0 £ + 0 2 
2 9 8  

P E A R S O N  

. 8 7 9 3 3 E + O O  

. 8 9 0 1 1 E + O O  

. 8 68 1 8 E t- O O  

. d � 7 4 3 E + O O 

. 5 6 0 2 6 E + O O  
. 1 21 0 5 E + 0 1 

• 7 d d6 3 E - 0 1  

. 1 6 1 3 5 E + 0 2 

. 2 0 0 0 0 £ + 0 1  

. 2 0 0 0 0 E + 0 2  
3 9 9 



Tab l e  A- 1 9 . Summary o f  1 0 0 0  Monte Carlo S imula tions 

A L P H A = . 0 5 0  N =  

N O .  O F  S A M PL E S  W I T H  A L P H A  l i  
N O .  OF S A t-! PL E S  W I TH A L P H A  L I  

N O .  O F  A B S . V A L U E  O F  R H O  H A T  

N O .  O F  P U O GR E A T E R T H AN 1 

N O .  O F  S = O 

N O .  O F  S A M PL E S  W I T H  B E T A  l i  

P H AT 

M E A N =  . 3 0 J 7 6 E + O O  

M I N =  0 .  

M A X =  . 8 6 D O O E + 0 0  
S J G M A= . 1 5 3 5 7E + O O  

5 0  P = . 3 0 0 Q  L A H B ') A = . 8 0 0  

O UT SI D E  O F ( 0 , 0 . 5 t 

P R. I  HE" OU T S I D E OF c o . a . s 1  
G R.E A T  E R  T H AN 1 

tl E Y O N O PE A RS O N - H A RT LE Y TA BL E 

L A M B D A  H A T 

. 7 5 0 1 3 E + O O  
0 . 

. 9 7 7 8 1 E + O O 

. 1 5 0 7 3 E + O O 

3 8 8  

3 
5 4  
5 6  

5 

2 0 1  

L A M B D A S T A R  

• 7 4 9 4 3 £ +  0 0 
0 .  

. 9 7 6 0 4 E + O O 

. 1 5 5 2 0 £ + 0 0  

F R A C T I O N O F  C O N F I D ENC E I NT E RV A L S  C O V E R I N G  P 

A l l  1 0 0 0  

1 S T  5 0 0  

2 N D  5 0 0  

A N D - B UR S T E IN 

. 8  7 9 9 1  E + O O  

. 8 6 44 1 £ + 0 0  

. 8 ':1 5 5 2 E + O O  

N O R M AL 

. 8 6 0 7 9 £+ 0 0  

. 8 5 1 & 9 £+ 0 0  

. d 6 9 9 4 E + O O  

E D GE WO �  T H2 

. 8 57 6 0 E + O O  

. 8 5 3 8 1 £ + 0 0  

. 8 6 1 4 1 E + O O  

E D G E W O RT H 4  

. 8 5 7 6 0 £ + 0 0  

. 8 5 3 8 1 E+ O O  

. 8 6 1 4 1 £ + 0 (  

RA T I O  O F  C O N F I C E N C E I N T E � V A L  L EN G T H  T O  A N D ER S O N- BU RS T E I N  L E N G T H  

C F I � S T  C O L UM N  I S  R A T I O  O F  A N D E R S O N -9 U RS T E I N  L EN G T H 

11 E AN = 

M I N =  

11 A X =  

S I G M A =  

T O  A N C E R S O N - BURS T E I N  L EN GT H W I T H  I N D E PE NO E N.CE A SS UM E D I  

• 2 3 2 1 0 £ + 0 1  

. 9 5 9 1 7 £ + 0 0 

• 6 9 1) 5 1 £ + 0 1  

. 64 3 2 3 £ + 0 1)  

. 1 1J 0 & 6 E + 0 1 

. 6 & 3 4 6 £ + 0 0 

. 1 3 8 1+ 2 £ + 0 1  

. 8 3 3 8 1 E - 0 1 

M E A N= 

M I N =  

M A X = 

N O .  O F  F A I L URE S =  

1 0 9  

. 8 & & 2 0 E + O O  
• 66 34 6 £ + 0 0  

. 1 1 6 3 1) £ + 0 1  

• 5 3  94 8 E - O  1 

. 8 0 7 1 0 £ + 0 0 

. 5 8 74 5 £ + 0 0 

. 1 1 6 3 0 £ + 0 1  

. 7 0 9 5 2 E - 0 1  

N O .  O F  I T E R A T I O N S  

. 1 2 3 8 5 £ + 0 2  

• 3 0 0 0 0 E + 0 1  
• 2 0 0 0 0 E + 0 2  

1 7 2  

. 1 2 3 7 5 E + 0 2  

. 4 0 0 0 0 E + 0 1  

. 2 0 0 0 0 E + 0 2  

1 8 5 

PE A R S O N  

. 8 4 0 6 0 £ + 0 0  

. 8 3 6 8 6 E + O O  

. 8 'tLt 3 5 E + O O  

• .  8 4 8 4 6 £ + 0  0 
. 3 1 9 2 5 £ + 0 ()  

. 1 2 1 0 5 £ + 0 1  

. 1 3 5 1 6 £ + 0 0  

. 1 2 3 7 1 £ + 0 2  

. 2 0 0 0 0 £ + 0 1  

. 2 0 0 0 0 £ + 0 2  

3 3 2  



Table A- 2 0 . Summary o f  1 0 0 0  Honte Carlo S imu la t ions 

N= l � G  P= . 1 u Q G  L A M B O A = . 8 0 C  

N O , O F  S A �P L E S  W I T H  A L P H A  L I  O U TS I O � O F  C O o u o 5 1  
NO . - ··o F S A !-IP L E S  W I T H  A L P H A  l i  P i< l J'1 E  O U T S I DE OF 1 0 . 0  • � J  
NO , OF A S S . � A L U E  O F  R H O  � A T  G R E A T E R  T H A N 1 
N O . OF n u �  � � E A T E � T H A N  1 
NO , OF S = O  

N O ,  O F  S A MPL E � W I T H  ti E T A  L I  B E� ON J P E 4 R 3 0 N - H A K T L EY T A B L E  

p H A T  L A '1 8 1J A  H A T  

ME A N= . ':1 9 5 5 ' £ - 0 1 . 5 d 3 d <t £ + G O  
•ffN= ·J� 0 " . 
'1 � X =  , <; 5 ( J C E + J �  . 9 7 1 7<tt: + : J  
�;-i:G-f<A = . e 4 50 5 E - C 1 . 2 4 0 4 8 £ + 2 0  

5 5 7  

L AHBOA S T A � 

. 6 8 1 6 '+ E + O O  
0 .  

. 9 7 '+ 0 3 £ + 0 0  

. 24 1 8 9 E + O u  

F R A C T I O �  O F  C O N F I D E NC E  I N T E R J AL S C O ll E  RI NG p 

A "I L. - B UP S T E I N  N O R M  Il L  <:: O G C:: W CJ R T H 2 E O G E W O R T H 4  

A L L  1 ' C :  . e 4 3 3 7 r. + o c  . 8 4 1t <t 7 E + O G . 6 3 1t 6 1 E + G O  . 6 1 6 1 8 £+ 0 0  
1 S T S C G  . 8 3 7 7 2 c. + u G  . 8 3 5 5 3 E + O O  . 8 2 6 7 5 E + O G  . 8 1 3 6 3 £ + 0 0  
2 N O  5 0 C  , b '+ '3 G 2 C + O O . S ? 3 B E + O O  . d 4 2 .. S E + O O  o 8 2 2 7 6 C:. + O il  

�� T i h  O F  C D NF I � EN C �  I N T E R VA ( L E N GT H - T d A N O E � SO N- B UR S T E I N  L E N G T H 
! F I R S T  C O L U '1 N  I S  RA T I O OF A N D ERS O N- B U R S T E I N  L E N G T H  

M E A N =  
'f i N= 
M A X =  
S-I G H-A =  

T O  � N U E R S O N - B U R S T E I N L E NG T H W I T H  I N D E PE N D E N C �  A SSUHEOI  

. 2 5 2 J C E + 0 1  

. 9 6 '3 5 '+ £ + 0 0  
• o2 <t 8 5 E + 0 1  
, q c  7 9 4 E + O d  

o 1 G 9 7 1 E + 0 1  
• .d 97 6 3H O �  
.·l4 7 1 1 E + 0 1  
, 1 4 3 !o ltE + O O 

H E AN= 
M I N= 
M A X =  
N O . O F  F A I L U R E S =  

• '> 0 9 7 5 E + O O  
• 6 '1 4 l l E + O G  
o 1 C 3 & ll E t- J 1  
o 1 1 2 ':1 8 E + O O  

o 8 4 1 6 8 E:. + a o  
. 5 9<+2 8 E + J O  
o 1 0 2 2 7E + D 1  
. 1 1 8 6 5 E + il C  

N O ,  OF I T E � A T I ONS 

. 5 '1 B8 E + O i  
, 3 0 0 0 0 E + 0 1  
. 2 0 0 0 0 E.+ 0 2  

1 3  

o b 0 c4 6 (+ J 1  
. 3 0 0 0 0 £ + 0 1  
. 2 0 iJ O O E + 0 2  

9 

1 1 0  

P E A R S O N  

. 8 2 5 6 5 £ + 0 0  

. 8 1 5 7 � E + G O  

. o3 5 8 g E + O O  

. 8 3 9 4 1 £ + 0 0 

. 2 2 8 6 7 E + O O  

. 2 93 3 6 E + J 1  
o 1 4 7 5 6 E +O O 

. 5 4 3 0 8 E + O l 

. 3 0 0 0 0 E + 0 1  

. 2 0 0 0 0 E + 0 2 
1 2  



Tab le A- 2 1 . Summary o f  1 0 0 0 Bonte Carlo S imulations 

N O .  O F  

N O , 'l F  
N O .  O F  

NO.  0 <"  
NO , OF 
N O .  O F  

"'EMI =  
M HI= 
M il  X= 
S I G t'A = 

:; � I' "L E S  W ! T>1  
'3 A "r>L "" S  T.4 T TH 
� 'l <) .  V A L '  I ::  O F  

N= 1 0  c 

A L P f< �  L I  OIJ T S I D I.: O F  ( 0 '  c.  5 )  

A L "  HA L I  P P ! !1 f  nurs r o o:: IJF < o ,  a • .,; 1  
� H O  H A T  r, = r; n r :c  T H A �  1 

P IJ J  GO E I\ T I="C: T l-f A "'  1 
S = �  

4 1; 1  

2 4  
1 

3 

5 2 5  

S A ·1 Pl !: S  W i l  I J � H  L I  'l :': Y O N 'l  " E A P. S O 'II - H A � T LE Y T A 3 L !O:  

p 1-f . H L A M B D A  I-f A T  L A M B D A  S T A P  

• � c  7.3 : E.- s t  . E> 1 3 1 5 E + C O  , 6 1 G 1 4 E+ O O  
o .  

. 3 B C O : E: + � O  . 9 7 C 0 5 E + � O  . 9 7 5 Z 1 E + O O  

. 5 1 & 4 5 f - Q 1  • 3 1 1 4 ? <: + 0 0 . 3 1 1 0 5 E + O O  

F � A C T I O N  n F  C O I\ F I OE" NC E  I N TE 0V A L S  C O V E "  l NG p 

A N O - < U " S T f. I N  ' !0""AL E D G FWL' � T H? E O GE W O R T H 4  

A L L  1 � C �  . 9 9 n 9 E+ il.il . 8 6 4 1 8E+ D J  . 9 93 6 7 E+ O O  . 8 1 6 4 6 E + O O  
1 0 1  s : c  . t , o c u ::: + J 1  . � � 4 '3 2 "" + 0 �  . 9 % 1 3 E + O O  , IJ 2 9 H E + O C  
2 t' D  5 : (  . 9 ,., � ? � f + 3 C· • -'� '+ 2 3 4"" + 0 0  , '3'lC 'l 9 E+ O O  . 8 0 111 0 £ + 0 0  

� � T I O  n F  rdNFI L'O::NrE  I NT E P V A L  L E N G T H  T 'l  A � O E P S O "'- B U RS T E I N L E"' G T H  

! F I � s ·  C O L U M N  I S  �A T I "  O F  A N O :: q s o N - � U 'C� T E IN L EN G T H  

MEM•= 

M I N= 

MP,X= 
S r p • � =  

T n  A 'II C E � S O N - R U" S T E I N  L F N G T H  W I T H  I N n E P E N O E N C E  A SS U M E O I  

• 2 � 7 9 ': � i:J 1  

• ·:J 7 "l R : " + J Q 

. n n � E.t n 1  

. 1 1 � 2 >" 0: + � 1  

. 1 1 � 2 1 E + C 1 

• Cl 2 n6 5 E+ a "  

· " '. 7 1 H : H 1 

. 9 ? 1 6 G "" - 0 1  

M f  0 "1 =  

f'1 I t-!= 

M A X :  

N O . n F  F A T  L l l � f <; ,-

• '31  72 1 E + 0  Q . lj 6 91 3 E + O O 
, 6 CJ O ? So + 0 0 . 5 8 9 0 0 E + O O  
. 1 G l 7 1 E + v 1  . 1 0 2 2 7 £ + 0 1  
• 7 6 4 �  ClE-O  1 . 1 0 34 't E + O O  

N O ,  O F  I T f R A T I O � S  

. <; 7 7 0 7 f + 0 1  

. � G o c a E + 0 1 

• 2 0 0 0 0 £ + 0 2 

Cl 

1 1 1  

. 5 '3 0 0 2 £ + 0 1  

. � Q O O O E + 0 1  

. 2 0 0 0 0 E + 0 2  
6 

P E ARSON 

• 9 2 6 1 6 £+ 0 0  
. 9 2 4 & 0 E • O O  
. '3 2 7 9 3 E+ O il  

._!! lt 3 3 1 E + O O  
, 3 9 76 0 E + O O 
• Z 9 3 6 6 E + O  1 .  

. 1 6 3 7 7E • O � 

. 5 2 4 6 3 £ + 0 1 

t lli..QO O E +.D1 
. 2 D O O O E + 0 2 

2 1  



Tab l e  A- 2 2 .  S ummary o f  1 0 0 0  Monte Carlo S imulations 

�l r '  l r  
W l .  1 F  
tJf'l . 'l r  
�: c .  ; r  
f\1 0 .  " '  
� I  r • Cl "  
N O .  o r  

t< �_ A '' = 
M l N = 
r- .e X =  
<; T P ' A =  

A l l  1 C  
1 - T  5 "  
2 " Cl  5 :  

"= 5 c c 

s n �PL � �  w r r �  A L P H A  L I  � u r s i "E OF ! O , o , 5 l  
-; � ,. " l " - '4 T T  '< � l P H  A l T " " 1  H ::  Cll l  T S !  1 c- OF ( C , 1 .  5 )  
:\ " :" • 1/ A l ' l '  ') F ".�r H A T  r; D 0 A T F D  T H A N 1 
" ' F  G = � t  J C" C T � A "J  1 
0::: = 1 

" H " :  l A t' '> � n  H A .,.  

• 3 �  2 2 2� - � i  , 7 2 R 0 2 E + 1 0  

r .  
. 1 7 2 ' : t: · : �  , 0 7 �· 1 3 f + C O  
, "' 1 4 1 1 r - ·� 1  . l 'l B? E q Q  

7 3 2  
3 
c 
G 

'+ 1  
c 

5 4 8  

L A "' B O A  S T A R  

, 7 2 7 5 3 E + O O  
a .  

, <J 5 6 4 6 F + O O  
. 1 9 0 8 8 £ + 0 0  

F � n C T I O N O F  C O N F I D E NC E I N T E 0 V A L S  CO V � R ! � G  0 

A '' :;- �UPS 7 f T 'J  'l Q P M � l  E I'J G <=" W O :Z T H 2  E D G  E � Hl '<. T H 4  

. � ') 'l<) J ':: + J :  . 8 9 0 5 i[ + i; C  , 8 9 4 6 8 E + O O  , 8 8 � 1t 7 E + O G  

. '3 "'  <: S ? F + J C  , A q 1 � q• + r �  . <J : 6 4 4 <: + o c  , 'l 0 2 2 q E + O O  
• S 1 1 21 � + Q O  , 3 8 91 2 E + O G  , 8 P 2 8 5 E + � C  , 8 7 6 5 7 E + O C  

� , T T O  r F  � 'l N F I O E N C �  N T F R V A L  L F N G T Y  T O  A N O � P S O N - BUQS T E I N  L EN G T H  
! F I � s ·  : , L U�N I P A T J O  ') F  A N � E" S O N - � U O S T E I N L E N G T H  

� r A 'r = 
M " N =  
t' � X =  
� T Gt-' A = 

T O  A N J [ - � " M - � U P � T  I N  L f NG T H  W IT H  I N 1 f D ENO E N � c- A 5S U t' � D )  

. < R 4 P c: • : t  
• S O <'  O A F  + 0 �  
• c g ? q"- E + 0 1  
0 '1 � 47? F + 1 Q  

• 1 t 1 8 ? '0 + 0 1  . 1 n " � 4 F + 0 1  • 97 7 9 4 E. + O O  
. 1 L J C O f + Q 1 . 'l 8 t 9 t e: + e o  , 8 1 5 9 0 E + O O  
. 11 ' " 4 1 [ + 0 1  , 1 1 7 2 1 f + 0 1  . 1 2 5 2 1 E + 0 1 
• d H 7 J " - 0 1 . 3 6 94 0 <: - c t • 3 9 % 3 f - 0 1  

N_Q �-- 0 �  I_T E  R A T I O N S  

M F A N =  . 3 5 61 0 E + 0 1 

._ ... _.:: N ==.  �-z.� [t Q  g _ _r_�.c 1 
� A Y =  . 2 � J 0 0 f + 0 2  
N O ,  O F  � A T LU � <: S =  1 1  

1 1 2  

, 3 4 4 6 3 [ + 0 1  
. 2 C O Q O E + 0 1 
. 6 0 0 J J f + 0 1  

0 

P E ARSO N 

. 8 8 9 4 7 E + O O  

. 9 0 2 2 9 H O Q  
, 3 7 6 5 7 E + O O  

, 94 2 1 6 E + O  0 
. 8 4 ? 1 6 E + O O  
. 1 0 3 Lo 5 f + 0 1  
. 1 d 9 8 5 E - 0 1  

. 3 1 2 8 :> E + 0 1 
, 2 0 0 0 0 E + 0 1  
. 6 0 0 0 0 E + 0 1  

0 



Table A- 2 3 . S ummary o f  1 0 0 0  Monte Carlo S imulations 

P= , J "  3 

N O ,  o c  S � M P � E S  � ! T H  A L P H A  L I  O UT S I D E  OF ( J , C , S I  �F :; � r1PL ':: S w i T H  A L P H A  l i  P F H 1 0:: O U T S I IJ E OF ( 0 ,-·0 , 5 1 
_:i_Q_,_Q£_ -. •3:;G_i�_L U ':: OF t<. H r.  ci .:.T  G ;;. ::: ,. T E R  T H .:. N  1 

' F l , OF "1.1 : t;K':.A T C:R T tt ll N  1 
'W , OF S= : 

··1 :.:. N =  
:1 I N =  
'l ;, X :  
5 H- I�A= 

'<bl � "  

;_ S I  s :  
c N r: s :  

" 

--�--·---- -t- '1 Q- ·3 u�s·r n �1 

. l O G C. IJ t. + G i 

. l : j : C ;.+ ; 1  

. ! : 1 � C E + ·} 1:._ 

U M B D 4  HAT  

__ , & 4  :U2 L_+ Q 1 
c • 

, � 5 8 3 1 E + C O  
, 2 -� G 3!!T+J� 

N O R '1 A L  EO G E WO�fH 2 

. o6 E: G 3::.+ � �  d C:.7 b 1 f t- Q C  

• e G 6 ·:� 3 t  + J  � . i C J U \.: E + � 1 
_Q�p; �-!.�.i -� �-2-H �-�_c. 

L AHJDA S T A R  

�lt_I_!_I}_��Q_ 
" ·  

, �S'JZ 'i>E+ O O  - -; 29 Jzs£+ c-a· 

"itCi f. E � O RT H it  

_.1_?_? 1 2 E� 
. 7 � n .: E + O il  

·-'�P 9 €>_�!_ �1. 

;.; � T-l U O F  t. ONF i uE�I C t.  I t-.. T�I\ V A L  "C:.N\JfH-fOAN-OE�SON-:-JURsTEIN L E Nbft:r 
( F i kS T  � D L U M N  1 5  FA T I O  OF A N D E � S O N - B U R S T E I N  L E N G T H  

:1: I. N= 
:-! I ll =  
'l � X =  

S I G H,:. :  

T O  i< "l  Ji: i< SON-Bu.-,s f;: I �lLE:.NG I H -wfTI1ItrOE P-E N OE�fCE.A SSUH:i-i) I 

, 27 6 24 E t- G 1  
• � g s J C E + Y G 

. b 7 6 94 € + 'J l.  

. 1 2 �52 = + o  1 

, i 2 3 2 3 E + J l  -1 : 6)  JE+Jt 
. t f. u 6 1 E  + a  1 lC 1 4 �+E-t-C 3 

tlE .. N= 
''11 'l= 
11A X =  
N O ,  OF F A I L U R E S =  

o l C 7 6 d E + 0 1  o 1 il 6 7 1 E + 0 1 :lc.; J J E+:ii :93 s 5-4i+ a o  
o 1 2 � o 3 E + -' 1  o l 3 3 9&E + u 1  ;-302. ?"E- ji � s432o E:--:::J 1 

NO.  OF I T ER A I ! O NS 

. 3 f77 J i:: + C 1  
, 2 Q J O G E + O l  -;E:G !J a ·j-E + O  1 

0 

1 1 3 

. 3 3 6 3 & E + 0 1  

. z c o o � E + J 1  
-. r:. a  J OOE•Gl  

u 

P E A R S O N  

, 8 995 2 E + O O  �8s&tt4E•oo 
•3_3 9�_1:-� +_0 0  

, 'J 7 & 2 3 E + Q C ·;-gzzozwc 
o l .J7 t1 J E + O l  � 22�t54E.:G 1 

;-34lf91E+-if i 
. z u O O J E + C 1  -:-soifo o £-+ o 1 

il 



Tab le A- 2 4 . Summary o f  1 0 0 0  Monte Carlo Simulation s  

A LP H A = . C S C  L A M6 D A = . 8 0 0  

>J.Q...._ _Qj- ��P_L r;_s __ .!Ul .. t:L!:<..h.E.!:li L L l _Q \!J�  i. u f;_  Of .... !.\!.• u • 5 1  
��0 .  O F  S t d1P L E S 1\ :i: T t-i  A l. P ti  .. L .i P R. l M E  OU T S I D E  OF ( 0 , 0 , 5 1 
f'l_Q .  OF ;. s s , _ _  _ll .l l �� .OL �J:i(L t:! A_ T  .ii_RE A T E i< _  T_H A tL 1  
N O , OF P U S  G � E A T E� T H A N  1 

N_9 o _Q F ;>= � 

p H A T  L A M B D A  H A T  

M ;: t  t<= . .  -:. 7 0 J t. - Q 3  . & n '+cjt: + q.!! 
"1 4 N � - . 0 .  

'1 � X =  • z � : O C E - u l  • � b 5 5 Q C: +  � (j  
:; I G M.:O = , ... 2 1 4 2 E - � Z  . 3 2 3 3 3 E + C O  

L AMBDA S T A R  

� 9_0 �.? _41;� 0 0 
u .  

o '1& & 4 ciE+ Il C  � 3.
2 2 3  6E+ D  D 

F k: >. C T  .. c t>  OF C Q N F I J E. N C E  l N T E o<. �Al,� G O � E RJ..NG P 

� N U- ;:> U.-, S T E l N  N 0 t<.''1 A L  Ei.l l>E. wO RT H Z EDGE W O RT H 4  

.:. L L  1 - ·: : . 1 � � i:  J E+ ': !.  . 7 � 9 3 C E + :i C  . •  t u o J n • o 1  . 5 ':18 8 4 E + O O 
1 � T  ? ... � . 1 2 J C j L + � 1  . 0 9 o , z -:. + U D  . t c J 0 0 £ + 0 1 . & 0 2 1 5 £ + 0 0  
2 �1 S 5 .. ..  . 1 :  ·.1 .... .. E • : .l. . 7 2 1 5 2 '0 + , �  , ! Q O O H + : l  . 5 9'+ ':1 4 E + O u  

� � T I J  0 f  C ONF i G � � C E  N T E � V A L  � E N � T H  T O  A N D E R S O N - BU� S T E I N  L E N G T H  

.1 "· � !=  
:·1 '·I = 

f =  
3 c ·� � = 

� � � � � T  � O L U M �  & � A T I O  OF A N C E � S O N - d U R S T E I N  l. E N G T H  
TO  � N i l t r. :> O �l - il :.J i<. S T  I N  l. t N G T H  !l i T H  I N D E P E N D E N C E  A SS UM E D !  

o 2 7 1 U  + 1 
. " " J ·; + 
· ..,. ""  5 7  + 

. :!. Lt. u + 1 

. 1 2 : 1 3 1'. + 0 1  . 1 G 7 7 '1 £ + G l  . 1 C 6 0 0 E + l 1  
• l � C � ; e: + � l  o l J O J J £ + 0 1  • �o&6 o E + ol ll  
. l C b li: + H  . t z :. o3 E + 0 1  o 1 3 3 � 6 E + <l 1  
. 1 : 2 1 9 E + IJ J . 3 3 1 3 il E - C l  . 5 u '+2 1t f - 3 1  

N O ,  O F  I T E � � T I O N S  

' 1E i1 N= , 3 2 2 o 7£ + J l  
M I �= . 3 0 0 J J E + O l  

i" il< = , b J  J J � E + O l  
�0 . 0 F  F � l l. UR E S =  

1 1 4  

, 3 '+ 0 1 2 E + O l  
, 3 Q O O u E + O l  
. '+ � C O J E + J l  

0 

PEARSO N  

• 7 3 8 3 7 E+ O li  

o 7'+ 1 94 E + Q Q  
. 7 3 4 1 8 £ + 0 0  

. 9 8 3 0 2 E + O C  

. � 4 3 Z Z E + O O  
o 1 0 7 8 � E + Il 1  
. Z O itZ Z £ - a  

. 34 2 4 '+ E + 0 1  
o 2 0 0 0 0 E + 0 1  
• 5 0 Q Q  J E +Q 1 

0 



Tabl e A- 2 5 .  S ummary o f  2 0 0 0  Monte Car l o  S imulat ions 

tl= L : .J P = . Q J � 3 

� 0 .  0 �  � � MP L E S  h i T "  � L P � �  L l  J U T S I O �  1F 1 : , 2 , 5 1  
NO , O F  S A � P � E �  � I T H  A L P H A  L l  � R I M �  O U T S I D E OF ( � , : . S I 
;�o .  (')F .n :: .  v A L U E  OF " H O  i H  .., F U T t:� T H i.N 1 
N O , 0� :> U ,  G 'ic. t f ': c  T H A N  1 
t>.lO , OF S = ·j 

p riA T L � :H J O A  H A T  

M " " N = . � ::::J :.. tJ ... : � - J 3  . 5 "5 �; 7 3 E +  .. il 
'1 H!= 
M A Y =  , 3 3 . L � · : 1  , 9 Q 9 6 � E +  : s  

S I G �' A -=  . 1 P. 3 G !:- E · J 2  . J � <. b 7 £ + 1J ij  

1 1 1  

c 
c 

l o o s  

1 1 1  

L AH a O A  S T A R  

. 5 S ':I 3 7 E + O O  

tJ .  
. 9 7 J & 7 E + O �  

. 3 '+ 5 0 '- E+ O u  

F R A L T I O �  O F  C U W F I D E NCE I N T E R � A L S  C O V E. � I NG P 

A N O · l< U R S T E l N  No :�" " L  � IJu E W O R T I-' 2 � OG E � O R T H '+  

d L L  2 � j J  . :,. �: .. : c � + C 1  . 4 � 5 4 1 t. + U S  , U J 'l O E + C l  . 2 1t 3 2 1t E. + G O  

1 S T  1000 . 1 J J L. ... ... . ..  :: l . 3 ':1 2  .. 6 E + J O  . l � J J !J E • � 1  . 2 5 4Sl C E+ � J  
2 N D  1000 . t w J % !:. + 0 1 . 41 6 6 7 :0 + 0 0  . lil J O O E + G l . 2 3 J 3 3 E + J J  

� A T I O  OF C ONF i r E � C f  I N T E R � � L  L � N G T H  T O  A N O E � S O N - b UR S T E I N  L E N G T H  

I F I � S T  C O L U M N  I S  � A T I O O F  A � C E � S O N- B U k S T E I N  L E 'l G T H  

T O  A N J E R S C N - 3 U R S T E I �  L E NG T H  W I T h I N O E P E N O � N C E  A S S U M E D )  

)1 £ A N= • .: 6 � - l t:. + J i  • .t 2 4 6 6 E + J 1  . 1 C 7 4 7 E + 0 1  . 10 7 6 7 E + J l  

'1 I N = d SI '> Il � E + � �  . 1 J J G C E + J 1  . l J ·B l £ + 0 1  . �:� s. <:� 3 4 E + a .;  
M A X= . 7 <;JZ 't C E + C 1  . l. S 9 3 ! € t- G 1  . t 1 1 5 :l E + C 1 o l 1 2 7 6 E + J 1  

S ! G t' A= . 1 5 5 4 1 E + � 1  d 6 5  6 B E  - c  1 . 2 ti 4 3 1 E - 0 1  • .s a G 3 2 E - a t  

N O .  O F  I T E R A T I O NS • 

H E .:. N =  . 31 & 2 2 E + 0 1  . 3 3 7 8 1t E + 0 1  
'' I N: . .> J : a c E + J l  • 3 0 C C  J E + J l  
'" A X =  . b O G G " E + 0 1  , 6 C O � J E + J 1  
t.' 1 , nF F .:I I L U F.':: S =  J 0 

1 1 5 

P E ARSO N 

. s t 3 5 1 E + u c  

. 5 2 ':1 4 1 E + C C  

. 5 J O J il E + C �  

. ':l il lt ii Q £ + 0 0  

. ':l'+ 3 2 2 E + O u  

. 1 C C 3 � E + :l1 

. 1 5 1t 5 t> E - 0 1 

, Jit 5 0 5 E + 0 1  

. 3 0 � 0 C E + 0 1 

. 5 0 0 0 1) £ +0 1 

0 



Tab l e  A- 2 6 . S ummary o f  1 0 0 0  Monte Carlo S inul ations 
with Interva l s  Calculated Fro� Lambda T i lde ( � )  

N O . O F  
ti C .  !l F  
N O .  OF 
�J  0 .  •J F 
r-. c .  :J I"  

S A � r L � S  :n T H  

<: A � P L :'  c :� I TH 

A 'I S ,  v � L :J c 0 "  

l'i =  1 u ·: 

.\ L P I-' �  

AL P H A 
q H (  

L l  
L I 

r< O T  

O U TS I D E 0�" I � .  C . 5 1  
P D I M F  O U T S I') IO  CF l c , J . 5 1 
I, � E A T H '  T H A "l  l 

r u � G � C A F '<  T H A N  1 

S = G  

3 8  

1 

(j 

1 

l'i Q ,  J F  S A � 0 L E 5  W I T �  g � T A  L I  8 t Y 2 � 0  � E A � S O N - H A � T L E Y  T A B L E  2 1  

p H A T  L � '1 'l n o  H A T 1.. AM a D A  S T A F  

� � A t ' :  • 1 c c 5 7t. + c c • ? 6 7 66 £ +  c o  • 26 7 <i 3 E +  0 0  
!"' I " " c .  o .  
M A X =  • 2 5 U 0  �·t: + 0 0  . 7 4 e e 7 E + � O  . 7 5 7 ') 8E + C C  

S ! G tAA : • � 1  .. 3 : c. - C l  . 1 5 1 5 1 E • : o  . 1 5 1 6 7 E +(i c 

F � A C T I O N OF C C " F I D " NC E I N T E �V A L S C O V E R I NG P 

A 'l ':- " UP S T E I N  ti O Q M AL E O G E wO ;;>T �-<2 E O G £ ,j O � T H lt  

i. L L  1 c . '1 1 2 -3 1 "' + 1 �  • '> 1 9 9 ? E + O O . 9 1 5 'l 2E + J C  . 9 1 5 9 2 E + O G  

1 S T ? .;  . g .? 5 � ? F + J J  . 9 3 7 a � o:: · � c  . 9 2 9 !! 6 E + G G  . � 2 9 % E + u C  

ct  r. '.) �  . ':I J u : G "' + J Q  . 9 J 2 C. O E + G u . 9 0 2 0 0 F + O O . 9 ;J 2 H E + J C  

R A T I C  GF  C O "lF I C :' N C �  I N T E R V A L  L E N G T H  T �  A � OE R S O N- O U RS T E I N  L E N G T H 

I F I • S T  C O L U M N  I S  ? A T : O O F  A N D E � S O N - B U 0 S T E I N L EN G T H 

T C  A N lF P S CN - AU� � T E I N  L � N GT H W I T �  I N D E PE N O E NCF A SS UH E O I  

�-1 f t\  � I :  . 1 2 � 4 1 E t Q l  . 1 2 2 � 9E + J 1 . % <+ � ·E H O  . '15 2 0  ... [ + 0 ,:;  

M it\ = . � t ) 1 .S � + J .j , O 'J 1 � 3 t + C 1 . 9 0 7 C 1 E + O C  . ii 0 3 5 "> E + O J  

M � X =  • �s � r.r: F + U l  , 1 4 4 '5> '3 f + G  1 . 1 G 32 3 E + G 1 . 9 9 5 5 n + O J  

S T G t' A =  , 2 b � '3 A E + il J • 2 3 2 0 Q " - J  1 . 2 0 � 3 3 E - C 1 . 2 '+ 9'+ 6 £ - G l  

N O .  O f  ! T E R � T I O N S  

M > A N =  . � lt 32 lt O:: + C 1 • 3 3 5 2 ltE + � 1 

" T N = . 2 0 C G O E + � 1  . z o " u H • • H  
" A  X =  . T O � O J E + C l . 7 Q j _j j [ + 0 1  

N O ,  O F  F A I L U O � :) =  c 0 

1 1 6 

L A M8 0 A T I L D E  

. 3 C l '+ f> E + G u  

o .  
, 8 5 7 3 1 E + C ;J  

\" . 1 E- 9 2 6 E + L O  

P E A RS O "l 

. '3 1 3 '3 H + J O  

. 9 2 5 8 5 £ + 0 0  

. 'l .:; z o u E +  o o  

. 9 5 2 6 3 E + O J 

. 8 1 9 1 3 £ + 0 ,) 

. · H 6 9 �< E + J O 
, 2 5 1 il 1 E - O  1 

• 3 5 1 2 5E + J 1 

. 2 J � O J E + H  

. 1 1 G O .J E: + 0 2  

0 



Tabl e A- 2 7 .  S ummary o f  1 0 0 0 Honte Carlo S imulation s 
with Interval s Calculated From Lambda � i l de ( A )  

N O . O F  

"10 .  O F  
!\ CJ .  O F  

: �  ') . Of 

N Q , OF 

N O . O F  

' E'- N= 
M P<= 
f1 A X =  
S I G �' A =  

N =  1 C 0 J P= , il C C J  L A M B G A= , 3 0 C  

:; L HP L � S  •• I T H  -' L P H A  L l  

S t. t<P L E ->  W I T H A L �> H A  L l  
�� G �. • 1 �< L U �  c •  " H C H A T  
;> U ( G '\ c t T U  T H A N  1 

') : (, 

S A "P L E S  d T h  B E T /\  <. I  

p HA T 

. 2 1< 2 J C <: - 0 3  
, , 

. b C C J G t - : 2  
• 72 .31 9 £ - 0 3  

F R A C T I O �  

t N D• C UF S T E I N  

O u T S  I D C:  O F  c a , .:; .  s 1  
P P I MC: OU T S I D E  OF ( 0 '  ) • 5 )  

� i' E iif t: l<  T H A N  1 

l o '-

5 3  

G 

0 

8 Z b  

B :::: � O N O  P E .l ". S O N • H A P T L O  T A b L E  1 & 3  

L A M B D A  H A T  L A MBDA S T A R  

. 1 ·.1 C 6 5 E + u 0  e 1 10 ii O E + O O  

.J .  lj ,  
. 8 3 :! 2 &£ + ( 0  e 8 34 1 7 E + u :  
, 2 b lt 1 (1 £ + C O o 2& 4 5 1 E + O G  

OF C O NF l u E NC E  I N T E R I A L S C O II E R I NG p 

NO".MAL E OG E W O i< T H2 EOu E w O RT H it  

�LL 1 � c : . 9 3 6 7 8 i: + O C  . 8 'l5 C b£ + J :  , l:J J J O E + G l  e il 9 J 8 Q  E + O O  
b T  5 (. �  . S� l & E 7 l + : :  • o 54 l 7 E + � C . ! : O J C E + C l e li blt 5 o E + J O  

2 N C  s r: c  . � � l � '+ E+ O O  • '> 2 3 0 d f + O O . 1 C J O O E + 0 1  . 9 23 0 ii E+ O O  

� ' T I O  OF C C N F I � E � C E  I N T E R � A L  L E N � T H  T O  A N O E R SO N • B URS T E I N  L EN G T H  

C F l � S T  C O L U M N  1 5  � A T I O  OF A NUERS ON• B U � S T E I N  L E N G T H  

"1 <: ;:. �·= 
"1 :  t<= 
"1 1l Y =  

S 1 G f1 t =  

T O  t N (; fi' S0 '1 · 6 U f;. ST E I N  L f tl& T H  w i T H  r N C E PE N O E N C E  A S S U H E O I  

. ! lt :1 5 � E + J 1  

• :1 � t � � t: + J G  
. ..  ;) t 2 3i:: + 0 1  
e 7 '+ t lt 2 E + O U  

. 1 h5 .;. E t 0 l  
.• 1 : � 0 J E + O l 
. 1 5 59 3 E + u 1  

o 1 3 58 '+E + C 'l  

M C: ol N= 

M I N= 

� A X =  

N O ,  OF F A I &. U o<E!:i = 

, H 7 1 6 E + 0 1 . 1 0 o 7 0 E + U 1 

e l J O :J G E + J l  . 1 0 � G J E + J 1  

· 1 2 2 ) 3 £ + 0 1  , 1 3 1 1 J E + H 

• 5J 4 J 7 E • 0 1  • :f2 <� 8 5 E • J l  

N O ,  O F  I T E R A T I O NS 

. 2 <; o o 5 E + O l  

. 2 C :J J J E + D l 
, lt ll il Q J E + O l  

0 

1 1 7  

o 3 2 3 5  E + O l  

• 30 J J  £ + 0 1 
. 4 0 � �  E + O l  

0 

L A M b D A  T I L U E  

P E A R S O N 

o 8 8 5 0 b E + C O  

, 8 5 4 1 7 Eh C  

, 92 3 0 8 E + Q J 

o l O O h £ + 0 1 

. �4 7 7 i1 E til ii  
e H 6 2 2 E + 0 1  

e h il i17 E•0 1 

. J O o C 5 E+ 0 1 

. 2 C O Q C E + J 1  

e lt 0 0 0 iJ E + 0 1  

0 

. Z '+ u &E> E + c �.  
J .  

• 9 J �  7 5 t + O  C 
. 3 3 0 53 E + O O  



Tab l e  A- 2 8 . Summary o f  1 0 0 0 Monte Carlo S imulat ions 
with Interva l s  Calcula ted F rom Lambda Ti lde Vd 

N =  5J L A M B O A = , 8 0 0 

N O ,  O F  S A M P L E S  W I T H  A L P H A  L T  O U T S I DE OF 1 0 , 0 , 5 1  
NO , O F  S A MP L E S  W I T H  A L P H A  L I P R I M E  OUT S I D E  OF I Q ,  Q ,  S l  
N O . O F  A BS ,  V A LU E OF � H O H A T G�E A T E R  T H AN 1 

N O .  O F  P U C  G � � A T E R  T H A N  1 

'< 0 .  OF S = L  

" 0 , O F  S A MP L E S  W I T H  B E T A  L I  B E Y O N D P E A R S O N - H A R T L E Y  T A BLE 

p H A T  L A H !3 0 A  H A T  

"1 t: i H.'= , .S Q 3 7 f>F .. ,H, , 7 5 0 1 3E + 0 0  
M I N =  (J ,  0 .  

M A X =  , P 6 0 J � E + u .;  . <;l 7 7 t1 1 E + O O  

S I P' A =  . t 5 35 7 E + O u  , 1 5 G 73 E + O O  

lt 7 9  

41 

7 2  

1 1 0 
c; 

2 70 

L AM B D A  STAR 

o 7 1t 943E+ O O  

0 .  

. 9 760 4E+ O D  

o 1 5 52 0E + O O  

F R A C T I O �  OF C O N F I CJ E. NCE I N T E R II A L S C OV E R I NG p 

A N O - i:J U F S T U N  N O R "1 A L  O:DGE110 R TR 2 ElJGniOJITRTt 

A L L  1 J ;; :  o 9 1 9 8 3 E + u J  . � ':l'+ 9 1 E + G C  . 9 0 3 5 8 E + O O  . 9 0 3 5 8 £ + 0 0  

1 S T  S S G  . 90 9 u 9 E + O u  • ti 8 3 1 2 E+ u o  . 8 9l 77 E + O O  . 8 9 1 7 7 E + O O  

2 N D  5 C O  , 9 3 � 5 S i: + O &  . S L 6 72 ::: + u C  , 9 1 5 '+ 0 E + {j 0 . 9 1 5 4 0 £ + 0 0  

,;(AT ! O  OF C O N F I D E N C E  I N T U . IIAL L E N G T H T O  A N O E R S O N - BUR:>T E I N  l.ERGTii 
I F I � S T  C O L U H N  IS � � T I D O F  A NO ER S O N- g U � S T E I N  L E N G T H  

M E A N =  

"t i N= 

M A X = 

S I G f' A =  

T O  A N DE� SCN - B L R S T E ! �  L � N G T H  W I T H  I N DEPe NDeNCE A� UREUl 

. 27 1 6 5E + O l  

• 'l 5 9 1 7 E + u c  
• 7 3 '36 8c + U 1 
, 795 Q 5 E + O C  

o 1 0 2 1 0 E + v  1 

, 6 S cl 8 5 E  +0 0 
• 1 6 0 7 'l t. + O  1 

o l 1 3 1 8 E + O O 

H E AN= 

� I N= 

M A X= 

N O .  OF F A I L URES= 

, l:l '+ 9'+ 1 E + O o 

• 6 5 8 8 5 £ + 0 0  

. 1 1 7 9 21:. + 0 1  

. 7 2 7 3 .ilt-'D1 

, 7836 1 E + Q O  

• 578421: + 0 0  
. 1 1 7 9 2 £ + 0 1  

. 9&362£'-0:1: 

N O .  OF I T E R A T I O NS 

o 1 4 3 8 6E + 0 2  
o 3 u G O O E + 0 1  
. 2 0 0 0 0 £ + 0 2  

2 '+ 0  

l l G  

. 1 4 534£ + 0 2  

. 4 C O ll O E + 0 1  

. 2 0 J D O E + 0 2  

2 7 2  

L A M B D A  T I L DE 

l"E""ll{S� 

e llli 7 3 2 E+ O O  

. 872 2 9£+ 0 0 

. 90 239E+ O O 

. 8 1 0 7 5 E + O O  

.Tt5878 E + D O  

. 1 2524E+O 1 

, 1 6 l! O r.E+lf1r 

. 13 i lrUE+D 2 

. 2 0 0 0 0 £ + 0 1 

. 2 GDll O E + IJ 2  

345 

. 8 0 4 6 9t.+ O O  

o .  
• 9 80 57 E+ O O 

. 1357 6t. + O  0 



Tabl e  A- 2 9 .  S ummary o f  1 0 0 0  Monte Carlo S imulations 
with Interva l s  Ca lcul ated From Lambda Ti lde ( A )  

A L Prl i> = . C 5 C  N= 1 0  a P= , 1 0 0 0  

N O , O F  S A MP L E S  � i T H  A L P HA L l  O U T S I D E  OF C O , u . S I  
� 0 . O f  S A MP � E S  � I T H A L P H A  L I  � � I M E  OU T S I D E  O F  ( Q , Q , S I 

N O , OF � B S ,  ' A L U £  Of �HO H A T  G kt A T E R  T H A N  1 
N O , OF nuc  GRE A T ER T H A N  ! 
"l O , OF S= O 

NO , O F  S A �P L E S  W i T H  6 E T A  L I  B E Y O N U  P E A k S ON - H A � T L E Y  T A BL E  

p H.:. T L M 1 Bu A  H AT 

M O:: t N =  o 9 9 5 5 � E - C l  o o S3 11 4 E + :J J  
M I N= ' � .  . . 
H A X =  . � 5 C J .j £ + CJ C  • 9 7 1 7 lt E + C J  
S I G M A =  . O !.t S C ? E - t -'.  , Z �t J 4 6 E + � ii  

6 0 11  
1 & 0  

2 
7 

6 7  

LAH!HlA S T A R  

, & d l o 't E + O C  
U o  

. �7 4 :i 3 E + O u  
o 2'+ 1 S 9 £+ 0 G  

F " A C T I O I\  O F  _C O N F l t}'ifiC£ I N T E R II A L S  (, 0 \/ E R I N G  p 

AN ll- 8 Ur< S T E I  N N O RM Il L  £0 (,£ W O K T H Z  E Di. E W O r<TH4 

A L L  1 C : ;  . 9 'J d e � � · c : . e 5 9 S u E+ ;; c  , q :J J 4 � H u C  . 11 11 8 0 4 £ + , 0 
1 S T  5 } 0  . � 'J l l G E. + CI C  o b 5 7 1 't i:. + O C  , I! ., 0 1 1 E + O O  . b 7 9 1 2 E+ O O  
Z�G S " C  o 9 1 ob 7 E + C :  . b & H 4 C: + u C  . <; 1 & 6 7 £ + . 0  . 8 �& � 3 E + il 0  

�AT I O  O F  L O NF 1 0 E N C C  N T E � � � �  L EN G T H  T O  A N D E � S O N - bUk S T E I N  L E N G T H  

( F I K S T  L O L U M N  I RA T I O  Of A N D ERS O N - dU k S T E I N  L E NG T H , 

'1 � A N =  

1-1 I N= 

1'1A X =  
S I G MA= 

T C  A NJ E 2 S O N - 8 U R S T  IN L f NG T H  W I T H  I N D �P E N D E N C E  A S S U M E D I  

, 3 C '� 3 '- E. • 0 1  
, � E: -; 5 4 E + li C  
, d 3 6 1 b E + H  
. 1 ;; :l 4 9 E + 0 1  

. 1 1 70 7 £ + 0 1  

. o S7 2 7 E + O O  
o 1 7 3 7 �t E + I H 
. 1 1t 1 3 9 E + O O  

M E A N= 

M I N= 

H A X =  

N O ,  O F  F A I L UR E S =  

. oi! o 7 oE + � �  
, &o 5 '+ 0 E + O O  
. 1 3 6 1 8 E + H  
• 7 5 !> 2 5 £ - 0 1  

o b2 o 3 8 E + J C  
, 5 -j 1 4 7 £ + Q U  
. t J E> H E + , a  
o 1 J Z 2 1 E + J C  

N O .  O F  I T E RA T I O NS 

. 7 't l 4 B E + G 1  

, J C O O J £ + 0 1 
. 2 u C J ;i E + 0 2  

2 1  

1 1 9  

o 7& 8 8 1 E + H  
o 3 0 � J il E + Q 1  

o 2 0 0 0 0 E + J Z  

2 8  

P EA R S O N  

. 8 8 9 1 3 £+ 0 

. d 7 4 7 J E+ il  

. � 0 3 5 1 £ + 0  

o i! J u 5 l E + O O  

• 2 7 1 3 5 £ + a  o 
. 3 1t 7 5 8 £ + 0 1  
o 1 7 91o 3 E + O il  

. & <;i 3 1t 7 E + il 1 

. 3 0 Q O O £ + ij 1  

. Z O O O i; E + � Z  
5 1  

L " H B IJ A  T I L D E 

, 7 5 1 7 5 E + O C  
a .  

o '1 7& c 7 £ + 0 �  
. 2 42 5 7 £ + 0 0  



Table A- 3 0 . S ummary o f  1 0 0 0  Monte Carlo S imulations 
with Interva l s  Calculated From Lambda T i lde ( A )  

A L P H A = , u 5 0  N =  1 G () 0 P = , 0 0 3 Q  L AI1 B D  A = ,  8 0  0 

N O ,  OF S A M P L E S  W I T H  A L P H A  L I  O U TS I D E OF l u , J , 5 )  
N O ,  O F  S A M P L E S  � I T H  A L P H A  L I  P R I M E  OU T S I D E  O F  t O , O . �l 
N O , OF A S S . V A L U l  uF RH O H A T  G R E A T ER T H A N  1 

N O ,  OF P U O  GR E A T � R  T H A N  1 
N O .  OF S = O  

N O ,  O F  S A M PL E S  W i l H a � T A  L l  B E Y O N D  PE A RS O N • H A �T L E Y T A B L E  

p H A T L A M B I:J A  H A T  

ME I< N =  o 2 39 3 J � · w 2  . 6<. 7 7 2 E + J G  
i'1 I N = c .  G .  
o1A X =  . -. o O u O t. • u 1  . 9 S o 3 1 E + O O  

S I G M A =  , 5 4 79 H · u 2  . 2 '3C 3 d E + w O  

4 1 3  

2 3 <. 

c 
c. 

5 8 <:  

<. 1 3  

L A M B U A  S T A '<  

. 6  .. 7 l o E + G u  
G • 

. 9 5 9 2 ':1 E + C O  

, 2 9 0 2 '1 E + O J  

F �A C T I U �  O F  C O NF i w E N C �  I N T E R V A L � C O V E R I N G  P 

A N D - S U i-; ::,  T E I ,J , J O t< M A L  .: D G E. W O R T H 2  E O G E W O � T H <.  

A L L  l O u D  o 1 0 � � c E + 0 1  , d Y 4 7 4 t: + O C  , 9 9 7 6 1 � + 0 ;)  . 8 1 3 4 L i::. + O C  

1 S T  :; a u  . ;. �,; '  .. � ... � + G .l  . 6 4 o ? 3 E + J G  . l . w J C :.. + il l  . 7  .. 7 5 2 f:. + O i. 
2 N Q  :> J u  . �  ... .. d,. _ t + �o� l.  o '3 3 � d l f:. + u C  o':l9 ;i 3 7 :.. + 0 j  , 8 7 0> G (. t. + � L. 

� A T I O  OF C O H F l J o rJC ' l i, T t:. R V 4 L  L t: N G T H  T J  A iW t: « S O iJ - B U R  T t.I N  L UJ G T H  

C F I � � T C � L U M N  I S  � A T I J  O F  A N J l � S Q N - dU R S T � I N L �  G T H  

T O  A N L.i c � � G r. - J u ;;: � T f:. I r' L i: :<G T ii  W I T H  l .'Lj t r>t: N u :. !I. C i:.  A :., U·'1 E u l  

:-i c  A N= • 3 -+  ... .:. .:; t  + .. l . 1 3 o � 6 C: + J l  . l � J 3 o E + d  . 1 � o 9 <. � + � 1  
.1 I N = • ) � b �.o � :. + � �  . l u .. J u :::. + Ci l  , : 17 � J. 3 H " il  . 9 3 7 9 1 E  + :  J 
11 A X = , 7 (. u -j ..,. -;. + J 1  • 1 '3 <.. � -3 � + 0  1 o l '- 2 £ E + D 1  . 1 ? j 2 5 E + 0 1  

:> I  t. r1 A =  . 1 "+ 6 c:: tJL. + G 1  . 1 8 1 7 -S t. + O J  , 7 b J -t 7 E - G 1  . 1 2 -, � � E + o J  

N O .  O F  l T !: t<A T I O N S  

'l E A :J =  , 3 5 v J J E + C l  , 3 U Y n + " l  
M I N = . 2 0 u o � f:. + L l  , 3 CJ o J U E. + O l  
�! A X =  • & O u  il O E + C 1  . n u O O E + O l  

�� 0 .. JF F A I L U R. c S =  J 0 

1 � 0  

L A '1 B D A  T I L D E  

. 7 2 1 3 0 £ + 0 0  
0 .  

. 9 0 3 1 5 i:: + G G  
, 3 j 2 3 3 E + C u  

Pt: A R S J N  

. -:l 2 3 4 :. E. + O u  

. t ., l .. .  .:d: + J .;  

. 9 � 3 7 . t. + w c 

. 1 � 1 , >+ :. + ... 1 

. 9 2 2 5 i c  + J u  

. 1 2 d '  ... -. + : d  
, 4 4 � S · :: · � l  

• j :> ... ? �  + J 1  
• c::.. � j J "'  + J l  

• ? I) ., Q . + J 1 



Table A- 3 1 . Summa ry o f  2 0 0 0  Monte Carlo S imulations 
with Interva l s  Calculated From Lambda Ti lde ( A )  

N O o  OF 
N O o OF 
N O .  uF 
N O o OF 
N O o  :;,F 

N O , O F  

11 E AN= 
'1 1 N= 

M A X = 
S I G MA = 

A L P H A z . u S O  t. z  1 0 J O  P = . a o o 3  

S A M P L E S W I T H  A L P H A  L I  OU T S I D E  O F  l ii , J . S )  

S A H P L E S  W I T H  A LP H A  L I  P R I H E  OUT S I D E  OF c a , a . s, 

A d S .  � A L Ut O F  RH u H A T  G R C: A  T E R  T H A N  1 

F U O  l> iH.  A T  t.R T H A N  1 
s z .:.  

S A HPl i::. � W I T t1 t3 E T A L l  d E V ON O  P E A � S O N • H A � T L E Y  T A B L E  

i> H A T  L A H B u A  >I A T  

. z 9 � � z <. - i1 J  o 5 5 e 7 J E + � J  

c .  J o  

o 33 u O J E • u l  o 9t- 9E 8 E + O O 

o l 8 3 0 5 E • Q 2  o 3 1t lt o 7 E + II O  

1 1 1  
7 'S  

0 

G 
1 8 8 9  

1 1 1  

L A M B D A  S T A R  

o 5 5 9 3 7 E + O O  

0 .  
. 9 7 0 6 7 [ + 0 0 

o 3 '+ 5 0 1t E + O O  

F RA C T l O t. OF C O N F I C E NC £  I NT E R V A L S  C O VE R I NG F 

t. N lJ • BU R5 T E I N  ;W RHAL E D G E W O R T H 2  E O GE W O R T HI. 

A L L  2 :l O G  o l u u u u t. + il 1  . & o o &7 t. + u O  o 1 0 � 0 0 E + O l  • 9 1 8 <; 2t:  • a o 

1 S T  1 0 0 0  . t u C O O E + H o & o o o 7 £ + u 0  o 1 1l ii O O E + D 1  o 8 S 2 3 5 E + O O  

2 ND 1000 o l il � l. w E + u l  o t:> bo b 7 f + J u  o 1 0 � Q Q E. + 0 1  o 9 5 � u O E + J �  

R A l  I O  CJF C O tiF I DE IIC::.  I N T E R V A L L E N G T H  T O  A ND E RSON-BURS T E I N  L E N GT H 

I F I �S T  C O L U M N  I S  P A T I O  OF A N D E R S O N•BURS T E I N  L E N G T H  

11 E A N= 
H I N= 
H A X = 
;) I G H A Z  

T O  A N J � R S O N • B U R S T E I N  L E NG T H  W I T H  I N D E PE N U E N CE A S S U H E D )  

• 3 2 3 1 2 E + H  
o ' H 9 1l ;i f:. + u J  

o 6 Z 1  .. 5 t. + Q 1  
o 1 & 1 1 1 C: + 0 1  

o l J ) � � E + Q l  
. 1 a 0 u � E + J l  
• 1 5 oZ 1 E + 0 1  
o 1 7 7o lt E + O Q 

HE Ai�= 

H I Nz 
M A X :  
tt. •n 1"'\C' C' A 1' 1 l i D � (" .  

. u  .. a 2 E + D 1  
e 1 0 ol J J E + H 

e 12 Z a 8 E + 0 1  
. 7 3 '.1 3 0 £ • � 1  

o 1 1 9 Z itE + 0 1  
e 1 1l O O O E + 0 1  

o 1 3 1 1 J E + 0 1  
o 1 1 5 3 H + D J  

NO, O F  I T E RA T I ONS 

e 3 3 7 ctlt E + 0 1  
o 3 0 Q � O E +0 1  
o o O  D ll O E + D 1  

" 

1 2 1  

o 3& Z S 6 E + 0 1  
o 3 0 0 0 1l E + 0 1  
, 7 Q O O O E + 0 1  

L AMBO A T I L D E  

P E A RS O N  

o o o o o 7 E + O Q  

. 6 && 6 7 £ + 0 0  

o 6 ooo 7 E + O D  

o 1 Y 2 4t 3 E + 0 1  
e 95 5 2 2 E + Q O  

o 1 0 o2 � E + 0 1  
o 3 0 2 3 2 E • 0 1  

o 35 3 1 5 E + 0 1  
o 2 0 Q Q D l + 0 1  

, 5 Q Q O O E + Q 1  
" 

, & 3 1 1 1t E + C G  

o .  
, 9 7 1 7 o E + O O  
, 3 7 1 3 8 E + O C  



APPENDIX B .  COMPUTER P ROGRAM FOR CONFIDENCE L IMITS FOR 
A P ROPORTION OR ERROR RATE 

P R O G R A M  C ON L I M ( I N P U T , O U T P U T ) 
COMMON / L I M I T S/ P L , PU , P L O , PUO , P L I , PU I , P P L I , P PU I , P L P , PU P , X L 1 , X L2 
COMMON /MJM / PH , QH , RHOH , X LH , N , S , R , T , A L PHA , UA , X L S  
COMMON / T AN / S L , S U , Z L , Z U , R L , RU , B L , BU , H L , HU 
COMMON / P I / S 1 L I , S2 L I , S 1 U I , S2 U I 
COMMON / E I / D 1 L I , D2 L I , D 1 U I , D2 U I , D 1 P L I , D2 P L I , D 1 PU I , D2 P U I 
COMMON/OUT / J T 2 , J T 4 , J T , L T2 , LT 4 , L T  
COMMON / SMA L L/ X LG 

2 ,· JflMAT C / l  
3 FORMAT { 1 H 1 ) 
5 FORMAT ; 1 X , ! 2 , •  P E R C E N T  C ON F I D E N C E  I NT E R V A L  F O R  LAMBDA z ( * , E 1 2  

1 . 5 . • , • . E 1 2 . 5 , * } * )  
6 FORMAT C 1 X , ! 2 , •  P E R C E N T  C ON F I D E N C E  I N TE R V A L  F O R  P • } 
7 FORMAT ( 1 X ,  • PARAMET E R  V A L U E S  • . . . . . .  , •  

1 , • N =  • , I 5 , 6 X , • S z  • , F4 . 0 , 6X , • R z  • . F4 . 0 , 6X , • T =  * , F 2 . 0 , 6X , 
1 • A L PHA • • , F 4 . 3 )  

8 F O R M AT ( 1 X , • A C C U R A C Y  VA L U E S  • . . . • . . . •  * 
1 , *M I NS I G= • , I 1 , 6 X , • M I N D E C= * , I 1 , 5 X , • M A X I T z • , I 2 )  

9 FORMAT ( U , • P ARAME T E R  V A L U E S  . . . . . . .  , •  
1 , • N �  • , I 5 , 6 X , • S =  • , F4 . 0 , 6X , • R =  • . F4 . 0 , 6 X , • T =  * , F 2 . 0 , 6X , 
1 • A � P HA c • , F 4 . 3 , 6 X , • LAMBDA= • , F4 . 3 ) 

20 F O R MAT C 7X , • A N D E RSON-SU R ST E I N  = • , 1 9 X , * ( * , E 1 2 . 5 , • , • , E 1 2 . 5 , • J • ) 
2 1  FORMAT ( 7X , • N O RM A L  = * , 30X , * ( * , E 1 2 . 5 , * , * • E 1 2 . 5 , * ) * )  
2 2  FORMAT ( 7X , • EDGEWORTH 2 - T E RM • , 2X , • I T ERAT I DN N O . • , I 2 , • = • , 4 X , 

1 • C • , E 1 2 . 5 , • , • . E 1 2 . 5 , * ) * )  
2 3  FORMAT C 7X , • E D G E W O R TH 4-T E RM • , 2X , • I T E RAT I ON NO . • , I 2 , * = * , 4 X , 

1 • C • , E 1 2 . 5 , * , * • E 1 2 . 5 , * ) * )  
24 FORMAT C 7X , • P E A R SON S Y S T EM • , 2 X , • I T E R A T I ON N O . • , I 2 , •  = • , 3 X , * ( *  

1 , E 1 2 . 5 , * , * , E 1 2 . 5 , • ) * )  
25 FORMAT C 1 X , • TANGENTS O F  • . I 2 , •  P E RC EN T  CON F I D E N C E  R E G I ON • )  
26 FORMAT C 32X , • H O R I ZON TA L T A N G E NT • , 1 B X , • V E R T I CA L  TANGEN T * ) 
28 FORMAT C 34X , • ( L I M I T S F O R  P ) • , 1 9 X , • ( L I M I T S  F O R  LAMBDA ) * )  
2 7  FORMAT ( 32X , * P * , 1 2 X , * L A � 8 D A • , 1 8 X , • P • , 1 2 X , * LA � 3D A * ) 
3 1  FORMAT ( 1 0 X , • U P P E R • , 1 0 X , 2{ E 1 2 . 5 ,  3 X , E 1 2 . 5 , 1 0 X ) ) 
32 FORMAT ( 1 0 X , • LO W E R • , 1 0 X , 2 ( E 1 2 . 5 ,  3X , E 1 2 . 5 , 1 0 X ) ) 
33 FORMA T C 1 X , • N O  I N FO R MA T I ON ON LAMBDA * ) 
34 FORMAT ( 1 X , • U S E R  M U S T  F U R N I S H  P R I O R  KNO�N V A L U E  O F  L AMBDA . S AM P L E  

1 P RO V I DE S  N O  EST I MA T E  O F  LAM B DA * ) 
35 FORMAT C 7X , • EXACT L I M I T S  F O R  P = * 1 8X , * ( * , E 1 2 . 5 , * • * • E 1 2 . 5 , • ) • )  
36 FORMAT ( 1 X , • R EG I ON FO R ( LAMSDA , P }  I S  A P P RO X I MA T E  F O R  SMA L L  S AND 

1�0T A P P L I C A B L E  F O R  S= O O R  S = 1 . • )  
37 FORMAT C 7X , • P HA T = • , 7X , E 1 2 . 5 )  
38 FOR�A T C 7X , • LAMBDA T I L D E = • , E 1 2 . 5 )  

C • • • • • I NP U T  VAR I A B L E S  N E E D E D  T O  E S TA B L I S H  ACCURACY O F  T H E  E D G EW O R TH A N D  
C • • • • • P EA R SON S Y S T E M  A P P R OX I MAT I ON S  A R E  M I N S I G .  M I ND EC , A N D  MAX I T .  
C • • . • •  M I N S I GzNUMBER O F  S I GN I F I CANT D I G I T S  O F  A CC U RAC Y F ROM I T ER A T I ONS 
C . • • • •  ( RE L AT I V E ACCURACY ) . 
C • . • • •  M I N D EC = NUMBE R  O F  D E C I MA L  P LA C E S  OF A C C U R A C Y  F R OM I T E RA T I O N S  
C • • • • . ( ABSOL U T E  ACCURA C Y ) . 
C . • . • •  MAX I T =MAXI MUM N U M B E R  O F  I TE R A T I ON S  ( S T O P  E V EN I F  N E I T H E R  R E LA T I V E  
C • • • • •  N O R  ABSO L U T E  A C C U R ACY I S  ACH I EV E D ) 
C • • • • •  N P T S x NU�OE R O F  P O I N TS U S E D  T O  D E T E RM I NE T H E  CO N F I D E N C E  R E G I ON F O R  
C • • • • •  LAMBDA A N D  P .  

M I N S I G• 3  

1 2 2  



M A X  I T = 2 0  
M I N D E C = 4  
N P T S z 1 0 0 0  

C • • . • • BAS I C  I NP U T  V A R I A B L ES A R E  N , S , R , T ,  A N D  A L P H A  ( L I S T E D  I N  
C • • • • •  CQM�ON /MJM/ ) 
C . • • • •  N = S A� P L E  S I Z E 
C . . . . .  S = N U r� B E R  O F  E R R O R S  ( S = 0 , 1 , . . .  , N )  
C • • . • •  R = N U� C E R  O F  P A I R S O F  C O N S E CU T I V E  E R RO R S  ( R = 0 , 1 , . • .  , S- 1 ) 
C • • • • •  T =N U � S E R  O F  E R RO R S  I N  F I R S T  AND L A S T  T R I A LS ( T = 0 , 1 , :2 )  
C • • • • •  1 0 0 • ( 1 -2 • A L PH A ) = P E R C E N T A G E  C ON F I D ENC E I N T E R V A L . 
C • • • • •  B E C A U S E  I T  U S E S  T A B LE S  I N S T E A D  O F  E Q U A T I ON S , T H E  P E A R SO N  S Y S T EM 
C • • • • •  ( SU B R O U T I N E  P S A ) C A N  H A N D L E  ON L Y  A L P H A = . 0 :25 A N D  . 0 50 . 
C • • • • • X LG : A  V A L U E  O F  L A M B DA T H A T  M U S T  BE S U P P L I ED BY T H E  U S E R  I F  S • O  O R  
c . . . . . S = 1  . 

N = :2 0 0 0 0  $ R = 1 3 .  $ S =3 B .  $ T = O . $ A L P H A = . OS 

C A L L  D E P E N D ( M I N S I G , M I N D E C , MA X I T , N P T S ) 

C • • • • • P R I N T  T H E  I N P U T  D A T A  A N D  ACC U R A C Y  V A LU ES 
P R I NT 3  
P R I N T 2  
I F C S . L E . 1 . ) P R I N T 9 , N , S , R , T , A L PH A , X L G  
I F ( S . GT . 1 . ) P R I N T 7 , N , S , R , T , A L P H A  
P R I N T S , M I N S I G , M I ND E C , MA X I T  
P R I N T :2  $ P R I NT:2 

C • • • • •  P R I N T THE R E S U L T S  
I F ( S . L E . 1 .  ) GO T O  3 0  
I A= I N T ( A L P HA • 1 0 0 0 . ) $ I I a 1 0 0-:2• I A/ 1 0 
P R I N T 2 S . I I  
P R I N T 2  
P R I N T 2 6  
P R I N T :2 8  
P R I N T 2  
P R I N T 2 7  
P R I N T 3 1 . SU , Z U , R U , BU 
P R I N T 32 , S L , Z L , R L , B L 

30 I F ( S . L E . 1 . ) P R I N T 36 
P R I N T 2  $ P R I N T 2  
I F C S . G T . 1 . ) P R I N T S , I I , X L 1 , X L :2  
I F C S . GT . 1 . ) GO T O  4 1  
P R I N T 3 3  
P R I N T 2  
P R I N T 3 4  
P R I N T 2  
P R I N T 3 5 , P L , PU 
C A L L  E X I T  

4 1  t= R I N T 2  
P R I N T 2  
P R I N T 2  
P R I N T S , I I  
P R I N T 2 0 , P L , P U 
P R I N T 2  
P R I N T :2 1 , P LO , P U O  
P R I N T :2  

P R I N T 2 2 , J T 2 , 0 1 L I , D 1 U I  
P R I N T 2 2 , LT 2 , D2 L I , D2 U I  
P R I N T 2  
P R I N T 2 3 , J T 4 , D 1 P L I , D 1 P U I  
P R I N T 2 3 , LT 4 , D2 P L I , D2 P U I  
P R I N T 2  
P R I N T 2 4 , J T , S 1 L I , S 1 U I  
P R I N T 2 4 , L T , S2 L l , S2 U I  
P R I N T 2  $ P R I N T 2  
P R I N T 3 7 , PH 
P R I N T 3 8 , X L H  
E N D  

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

1 2 3  



S U B R OU T I N E  D E P E N D ( M I N S I G , M I N D E C , MA X I T , N P T S )  
COMMON / L I M I T S / P L , P U , P L O , P UO , P L I , P U I , P P L I , P P U I , P L P , PU P , X L 1 , X L2 
COMMON/MJM/ P H , QH , RHOH , X LH , N , S , R , T , A L P HA , U A , X L S 

C • • • • •  S U B R OU T I N E P A R A M  D E F I N ES SOME BAS I C  P A R A ME T ER S . 

C A �L P A R AM 

C • • • • •  � J B R OU T I N E  R EG I O N  D E F I N E S  T H E  CON F I D E N C E  R E G I O N  F O R  ( LA M B D A , P ) ,  
C • • • • • T H E  T W O  V E R T I CA L  T A NG E NT S ,  A N D  T Y E  T W O  H OR I ZO N T A L T A N G E N T S .  

C A L L  R E G I O N ( N P T S ) 

C • • • • •  S U B R OU T I N E  P LO T  P LO T S  T H E  CON F I D E N C E  R EG I ON ON M I C R O F I LM . 

C A L L  P LO T  
I F ( S . L E . 1 . ) GO T O  1 0  

C • • • • •  S U B R OU T I N E L I M LA M  D E F I N E S  T H E  C ON F I D E N C E  L I M I T S  F O R  L A M BD A . 

C A L L  L I MLAM 

C • • . • • S U B R O U T I N E  N O RM A L D E T E RM I N E S  THE N O R MA L A P P RO X I M A T I O N  1 -2 • A L PHA 
C • • • • .  CON F I DENCE L I M I T S  P LO A N D  P U O . I T  U T I L I Z ES T HE 1 0 0 * A L P H A  P E R C E NT AG 
C • • • • • E P O I N T O F  T H E  S T A N DA R D  NORMA L D I S T R I BU T I ON C E Q .  2 . 1 3 ) . 

C A L L  NORMA L ( P L O , PU O ) 

C • • . • .  S U B R OU T I N E EDGEW D E T E R M I N E S  BO T H  T H E  2 - T E RM A N D  T H E  4 - T E R M  EDGEWOR 
C . • • • •  T H  A P P ROX I MA T I ON . THE L I M I T S , D E T E RM I N E D  BY I T E R A T I O N ,  ARE P L I  A N D  
C • • • • •  P U I  F O R  T H E  2 - T E RM C A S E  A N D  P P L I  A N D  P P U I F O R  T H E  4 - T i R M  C AS E . 

C A L L  E DGEW ( P L O , P UO , P L I , PU I , P P L I , P P U I , I T 2 , I T 4 , M I N D EC , MA X I T , M I N S ! G ) 

C . • • • .  S U B R OU T I N E P S A  D E T E RM I N E S  T H E  P E A R SON S Y S T EM A P P R O X I MA T I O N . 
C • • • • . T H E  L I M I T S , D E T E R M I N E D  BY I T E R A T I O N , A R E  P L P  A N D  P U P .  

C A L L  P S A ( P LO , P U O , P L P , P U P , ! T , M I N DEC , MA X I T , M I NS I G )  

C • • • • •  S U B R OU T I N E A N D B U R  I MP R O V E S  O N  T H E  P O I SSON A P P R OX I MA T I ON F O R  
C • • • • •  B I N OM I A L  CON F I D E N C E  L I M I T S .  
C • • • • • P L I N D AND P U I ND A R E  T H E  A ND E R SON-BU R S T E I N  I M P R O V E D  L I M I TS F O R  I N D
C • • • • •  E P E N D E N T  T R I A LS . P L  A N D  PU A R E  T H E  M O D I F I E D A N D E R SO N- B U RS T E I N  L I M I  
C • • • • •  T S  FOR D E P EN D E N T  T R I A LS .  

1 0  C A L L  A N D B U R ( P L , P U , P L I N D , PU I N D , M I NS I G , M I N D E C ) 

R E T U RN 
E N D  

1 2 4  



S U B R O U T I N E  P A R A M  
COM�C N / MJM/ PH , QH , RHOH , X LH , N , S , R , T , A L P HA , U A , X LS 
D I � E N S I ON D 3 ( 1 2 ) , D8 ( 1 2 )  
OAT  A ( D 3 = . 1 0 3 ,  . 0 8 8 , . 0 8 0 , . 0 6 9 , . 0 6 0 , .  0 5 2 , . 0 4 6 , . 0 4 1 , . 0 3 5 , . 0 32 , . 0 2 9 , . 0 2  

1 6 )  
DA T A ( D8 = . 1 9 7 , . 1 7 4 , . 1 6 3 , . 1 52 , . 1 4 5 , . 1 36 , . 1 2 8 , . 1 2 2 , . 1 1 5 , . 1 09 , . 0 9 8 , . 0 8 

1 8 ) 

C . • . • .  D E F I N E U A , T H E  U P P E R  1 0 0 • A L P HA P E R C EN T A G E  P T . O F  THE S T A N D A R D I Z E D  
C . . . . . NOR M A L  D I S T R I BU T I ON .  ( E Q .  2 . 9 ) . SU BROUT I N E MDN R I S ( 1 . -A L PH A , U A , I E R )  
C . . . . . I S  A S U B RO U T I N E F R OM I M S L .  I T  COM P U T E S  
C . • . . .  T H E  I NV E R S E  GAU S S I AN I N TEGRA L .  F O R  I N S T A N C E , I F  1 -A L P H A = . 9 5 I S  T H E  
C . . . . .  I N P U T  VA L U E , T H E N  UA = 1 . 6448 5 I S  T H E O U T P U T  VA L U E . I E R I S  A N  E R R O R  
C . . • • •  I N D I C A T O R . ( NO T E  . .  I M S L = I NT E R NA T I O N A L  M A T H EMA T I CA L A N D  S T A T I ST I C A L  
C • • . • .  L I B R A R I ES ) . 

C A L L  M D N R I S ( 1 . -A L P HA , U A , I ER )  

C . • . . .  D E F I N E  P H A T  ( EQ .  2 . 1 ) 
PH= S / N  

C . • • • .  D E F I N E LAMBDA H A T  ( EQ . 2 . 2 )  
QH= 1 . - P H  
A H = S - PH 
BH = 0 H * ( 2 . * S- T ) 
WA= ( R- BH+AH ) • ( R- BH+AH ) +4 . • R* ( 1 . -2 . • PH ) * A H  
I F ( S . E Q . O .  ) X LH = O . 
I F ( S . N E . O .  ) X LH = ( R- BH+ A H+SQRT ( WA ) ) / ( 2 . • A H ) 

C • • • • .  DE F I N E  LAMBDA T I L D E  
I E R R O R = � N T ( S+ 1 . E - 5 )  
I F ( I E R R O R . L T . 1 3 ) 0 3 = D3 ( I E R ROR ) 
I F ( I E R R C R . L T . 1 3 ) 0 8 = D8 ( I E R R O R ) 
I F (  I E R R O R . G E . 1 3 ) 0 3 = 1 . 0 4 3 * S * * ( - 1 . 44 2 ) 
I F (  I E R R O R . G E . 1 3 ) Q 8 = 8 . 6 5 • S • • ( - 1 . 824 ) 
X L T = ( X L H+ 1 . 6 • Q 3 - 0 . 6 • Q 8 ) / (  1 . - 2 . * ( 0 8-03 ) ) 
I F  ( ( X  LH . GE . 0 .  ) . A N D .  ( X  L H . L E  • •  3-Q 3 ) ) X L  T = .  3 • X LH/ ( . 3-Q3 ) 
I F  ( ( X  LH . GE . .  8-QB ) . A N D . ( X  L H .  L E .  1 • ) ) X L  T =  ( . 2 *  X LH+QB ) / ( . 2+Q8 ) 
I F ( X L T . L T . O . ) X L T = O .  
I F (  X L T  . GT . 1 .  ) X LT = 1 . 
X LH " X L T  

C • • • • .  DE F I N E  L A M B DA S T A R  ( E Q . 2 . 4 )  
I F ( S . G T . O . ) X L S = N * R/ ( ( N- 1 . ) • S )  

C . • . • .  DE F I N E  RHO H A T  ( E Q . 2 . 8 )  
�HOH= ( X LH- P H ) /QH 
R E T U R N  
END 
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SU B R O U T I N E  L I M L A M  
COMMON /MJM / PH , Q H , RHOH , X LH , N , S , R , T , A LP HA , U A , X L S  
COMMON/ L I M I T S / P L , PU , P L O , P UO , P L I , PU I , P P L I , P P U I , P L P , PU P , X l 1 , X L2 

C • • • • .  D E F I N E NORMA L C O N F I DE N C E  L I M I T S FOR  L AM B D A  ( S E E  EQ . 2 . 1 7 )  
Y I = U A • U A+2 . * S • X L H $ Y J = 4 . • S * X LH • X L H * ( U A • U A+ S )  
X L 1 = ( Y I -SQ R T ( Y I • Y I - Y J ) ) / ( 2 . * ( U A • UA+ S ) ) 
X L2 = ( Y I +SQR T ( Y l * Y I - Y J ) ) / ( 2 . * ( UA • UA+S ) )  
R E T U R N  
END 
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S U B R O U T I N E R E G I O N ( KZ )  

C . • . . .  T H I S  S U B R O U T I N E D E F I N E S  T H E  BOUNDA R Y  ( EQ .  2 . 1 6 )  O F  T H E  CON F I DENC E  
C . • • • .  R EG I O N FOR ( LAMBDA , P ) .  I T  A L SO L O C A T E S  T H E  T W O  V E R T I C A L  T ANGENT S 
C . • • . .  A N D  T H E  TWO HOR I Z ONTA L TANGE N T S . 

COMMON/�JM/ PH , QH , RHOH , X LH , N , S , R , T , A L P HA , U A , X LS 
CO�MON/ P LT /  G L ( S O O ) , G U ( SO O ) , G P ( SO O ) , K E 
COMM O N / T A N / S L , S U , Z L , Z U , R L , R U , B L , BU , H L , HU 

C . . . • .  D E T E RM I N E XC , THE V A L U E  O F  T H E  U 0 P E R  2 0 0 • A L PHA P E R C E N T AG E  PO I NT O F  
C . • . • .  T H E  C h < -SQU A R ED D I S T R I B U T I ON W I TH T WO D E G R E E S  O F  F R E EDOM . 
C . • • • .  MDC H I  I S  O B T A I N E D  F ROM T H E  I N T E RNA T I ONA L M A T H EMAT I CA L  A N D  S T A T I S T !  
C . • • • .  C A L  L I B R AR I E S , I N C .  

C A L L MDCH I ( 1 . - 2 . * A L P H A , 2 . , XC , I E R )  

C • • • • .  F I N D  T H E  I N T E R V A L  FOR LAMBDA W I TH I N  . 1  ON E AC H  END . 
MU = O  
I Z = 1 1  
DO 1 0 0 I =  1 , I Z 
X R T = O .  
Y L = ( I - 1  . ) / ( I Z- 1 . ) 
C A L L  C U R V E S ( Y L , X L H , QH , PH , X C , N , P L , PU , XR T ) 
I F ( ( X R T . EQ . Y L ) . A � D . { Y L . LT . X LH ) ) H L= Y L  
I F ( ( X R T . EQ . Y L ) . A N D . { Y L . GT . X LH ) ) HU = Y L  
I F ( ( X R T . EQ . Y L ) . A N D . { Y L . GT . X LH ) ) GO T O  1 0 1  

1 0 0 CON T I N U E  
1 0 1  CON T I N U E  

C . • • • .  D E F I N E  THE BOUN D A R Y  O F  T H E  C ON F I DE N C E  R E G I ON A N D  LOC A T E  T H E  P O I N T S  
C . • • • .  O F  T A NGENCY 

K D = O 
K E = 1 
N L = N U = O  

C • • • • •  K X = N U M B E R  O F  PO I N T S  T O  B E  P LO T T ED 
K X = 1 0 0 

C • • • • .  K Z = N U M B E R  O F  PO I N T S  U S E D  TO D E F I N E BOUND A R Y  A N D  T ANGENTS 
K T = K Z / K X  
D O  333 1 = 1 , K Z  
Y L= ( K Z- I ) * H L / ( K Z - 1 . ) + ( I - 1 . ) * H U/ { KZ- 1 . )  
T L = P L  $ T U = P U 
CA L L  C U R V E S ( Y L , X LH , QH , PH , X C , N , P L , PU , X R T ) 

1 7  FORMA T { 1 X , I 3 , 3X , 3 ( E 1 2 . 5 , 3 X ) ) 

C • • • • .  F I N D  T H E  C O O R D I N A T E S  ( B L , R L )  A N D  ( BU , R U )  O F  V E R T I CA L  T A N G E N T S  
I F (  ( T U . EQ . - 1 . E6 )  . A N D .  { P U . NE . - 1 . E6 )  ) B L = Y L  
I F ( ( T U . EQ . - 1 . E6 )  . AN D .  ( P U . N E . - 1 . E6 )  ) R L= ( P L+ PU ) / 2 . 
I F (  { T L . N E . - 1 . E6 �  . AN D .  ( P L . EQ . - 1 . E6 )  ) BU = W L  
I F ( ( T L . N E . - 1 . E6 )  . A N D . ( P L . EQ . - 1 . E6 )  ) RU = ( T L+ T U ) / 2 . 

C • • • • .  F I N D T H �  COORD I N A T E S  ( Z L , S L )  A N D  ( Z U , SU )  O F  HOR I ZONT A L  TANGENTS 
I F { ( P L • T L . G T·. o . ) . AN D .  ( P L . GT .  T L )  ) N L = N L+ 1  
I F ( N L . EQ . 1 ) S L= P L  
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I F ( N L . EQ . 1 ) Z l = ( Y l+W l ) / 2 .  
I F (  ( P L • T L . G T . O . ) . A N D .  ( P U . LT . T U ) ) NU = NU + 1  
I F ( N U . E Q . 1 ) S U = P U  
I F ( N U . E Q . 1  ) Z U = ( Y L+W L ) / 2 .  
W L = Y l  
I F ( P L . EQ . - 1 . E 6 ) GO T O  3 3 3  
K D = K D + 1  
I F ( K D . EQ . ( K D / K T ) * KT ) K E = K E+1 

C • • . • .  G l = L O W E R  BOUNDA R Y  
C . • . • .  GU= U P P E R  B O U N DA R Y  
C . • . . .  G P = V A L U E S  O F  L A M B D A  ( A BSC I S S A ) 

G L ( K E ) = P L  $ G U ( K E ) = PU $ GP ( K E ) = Y L  
3 3 3  CON T I NU E  

R E T U R N 
END 
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S U B RO U T I N E C U R V E S  ( A , B , C , D , E , N , P L , P U , X R T ) 

C • • . • . T H I S  SUBRO U T I N E COMPU T E S  THE BOUND A R Y  O F  T H E  C ON F I DE N C E  R E G I ON 
C . . . . .  F O R  L Ar.� ODA AND P .  ( EQ .  2 . 1 6 ) . 

AQ ( A , B , C , D ) =  A * ( 1 . - A ) * ( 1 . - A ) +2 . • C • A • ( 1 . - A ) • ( B-A ) +C * ( 1 . -2 . • D+ A ) * 
1 ( 8- A ) * ( B-A ) 

BQ ( A , B , C , D , E , N ) = - A • ( 1 . - A ) * ( 2 . • D • ( 1 . -A ) +2 . • C •D* ( B-A ) + E • C • ( 1 . -2 . • D+ A  
1 )  /N ) 

CQ ( A , D ) = D * D * A • ( 1 . -A ) * ( 1 . - A )  
Y Q 1 ( A A , BB , CC ) = ( - o B+SQ R T ( B B * B B-4 . * A A • CC ) ) / ( 2 . >�< A A )  
Y Q2 ( A A , B S , C C ) = ( - B B- S Q R T ( BB • B B-4 . >�< A A • CC ) ) / ( 2 . • A A )  

7 FORMA T ( 1 X , 6 ( E 1 2 . 5 , 3 X ) ) 
I F  ( B . E O .  0 .  ) 1 3 ,  1 4 

1 3  AA = ( 1 . - A ) * ( 1 . -A ) +2 . • C • ( 1 . -A ) * ( 1 . -A ) +A * C * ( 1 . -2 . * D+ A )  
B B = - ( 1 . - A ) * ( 2 . * D * ( 1 . - A ) +2 . • C • D • ( B- A ) +E • C • ( 1 . -2 . • D+A ) /N )  
CC= D * D• ( 1 . - A ) * (  1 . -A ) 
G O  T O  1 5  

1 4  AA = A Q ( A , B , C , D ) $ B B = BQ ( A , B , C , O , E , N ) $ C C= CQ ( A , D )  
1 5  I F ( B B * BS-4 . * AA • C C . LT . O . ) P L = P U = - 1 . E 6 

I F ( A . E Q . 1 .  ) P L = P U = - 1 . E 6 
I F ( A . EQ . 1 .  ) GO TO 1 0  
I F ( B B * B B-4 . • A A • C C . LT . O . ) X R T = A  
I F ( B B * B B-4 . • A A * C C . LT . O . ) GO T O  1 0  
I F ( A A . EQ . O .  ) GO T O  1 0  
P L = Y 02 ( AA , B B , CC )  $ PU = YQ 1 ( AA , BB , CC )  

1 0  CON T I NU E  
R E T U R N 
':'NO 
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S U B R O U T I NE P LO T  

C • • • • .  T H I S S U BROUT I N E  P LO T S  T H E  CON F I D E N C E  R EG I ON F O R  ( LAMBDA , P )  
C OM�ON/�J� / PH , QH , RHOH , X LH , N , S , R , T , A L P HA , U A , X LS 
CO��DN/ DDS C A L E / X M I N , X M A X , Y� I N , Y MAX , M I NX , MA X X , M I NY , MAXY , SC X , SC Y ,  

1 N S C X , N S C Y , M S C X , M S C Y , I S CX , I SC Y  
CD��ON/DD/ I N , I O R , I T , I S , I C , I C C , I X , I Y 
C O��ON /TA N / S L , S U , Z L , Z U , R L , R U , B L , BU , H L , HU 
�OM�ON / P LT /  G L ( 5 0 0 ) , GU ( 5 0 0 ) , G P ( 5 0 0 ) , KE 
D I M E N S I ON A B ( 2 } , A C ( 2 ) , A D ( 2 } , A E ( 2 l  
C A L L  G J I N I T ( 3 , 1 8 H M . J .  M I LE S , X350 6 )  
M I N X = M I N Y = O  $ M A X X = M A X Y = 1 0 0 0  
C A L L  DDEOX ( M I N X , M A X X , M I N Y , MA X Y )  

C • . . . .  S I Z E  THE O R D I NA T E  F RO M  Z E RO T O  T H E  L A RG E S T  P OW E R  O F  . 1  T HA T  I NC L UD 
C . • • • .  E S  T H E  R E G I ON . D R A W  T E N EQUA L LY S P A C E D  T I C  MA R K S .  

GG= . 1  
DO 2 7  I =  1 , 1 0  
G G = G G * 1 0 .  
K 1 = I N T ( SU * GG )  
I F ( K 1 . GT . 1 . } GO T O  2 8  

2 7  CON T I N U E  
2 8  S M =  1 . * ( I  -2 . ) 

VMAX = 1 . • 1 0 . * * ( - S M } $ Y M I N = O . 

C . • . • .  S I Z E  T H E  A B S C I S S A  F RO M  T H E  L A RGEST T O  T H E  SMA L L ES T  I N T EG E R  
C • • • • .  MU L T I P L E O F  . 1 T H A T  I N C L U D E S  T H E  R E G I O N .  D R AW T I C  M A R K S  A T  E V E R Y  
c . . . . .  . 1 • 

J X 1  = I N T ( H L * 1 0 . + 1 . E-6 ) $ J li:2 = I NT ( HU * 1 0 . + 1 . E-6 ) 
XM I N = . 1 * J X 1  $ X M A X = . 1 * J X2 
C A L L  DDPT 
K X = J X 2 - J X 1  $ K Y = 1 0  
M X = M A X X / K X  
M Y = M A X Y / KY 
Lli:= K X - 1  $ L Y = KY- 1 

C • • • . .  DRAW T H E  T I C  M A R K S  ON T H E  ABSC I SSA FOR L A M BDA A T  E V E R Y  . 1 . 

DO 1 0  I = 1 , L X 
I X = I * M X  
I Y = O  
CA L L  DDBP 
I X= I * M X 
I Y = 2 0  
C A L L  DDVC 
I X = I • M X  
I Y = 1 0 0 0  
C A L L  DDBP 
I V = 9 8 0  
I X= I * M X  
C A L L  DDVC 

1 0  CON T I NU E  

C • • • • .  DRAW 1 0  EQU A L LY SPACED T I C  M A R K S  O N  THE O R D I N A T E  FOR P .  
DO 2 0  I • 1 , LV 
! Y = I * M Y  
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I X= O  
C A L L  D D B P  
I Y = I * MY 
I X = 2 0  
C A L L  DDVC 
I Y = I * MY 
I X = 9 8 0  
C A L L  D D B P  
I Y = l • M Y 
I X = M A X X  
C A L L  DDVC 

20 CON T I N U E  

C • • • • .  D R A W  T H E  U P P E R  A N D  L O W E R  BOU N D A R Y  O F  T H E  R E G I O N . 
C A L L  DDGR A P H ( K E , G P , GU , 1 , 1 , 1 )  
C A L L  DDGRAPH ( K E , G P , G L , 1 , 1 , 1 )  

C • • • • •  CONNECT THE U P P E R  AND LOWER C U R V ES T O  COM P LE T E  T H E  B O UNDA R Y  
A B ( 1 ) = G L ( 1 )  $ A B ( 2 ) = G U ( 1 ) $AC ( 1 } =G L ( K E )  $ A C ( 2 } = GU ( K E )  
A D ( 1 ) = G P ( 1 )  $ A D ( 2 ) = G P ( 1 }  S A E { 1 ) = G P ( K E )  $ A E ( 2 } = G P ( K E )  
C A L L  DDGR A PH ( 2 , A D , A B , 1 , 1 , 1 )  
C A L L  DDGR A PH ( 2 , A E , AC , 1 , 1 , 1 )  
C A L L  D D FRAME 
R ET U R N  
END 
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S U B R O U T I N E  N O RM A L ( P LO , P U O ) 
COMMON/MJM/ PH , QH , RHOH , X LH , N , S , R , T , A LP HA , U A , X LS 

C • • • • •  P LO AND PUO A R E  T H E  N O RM A L  1 - 2 • A L P H A  CON F I DENC E  L I M I T S  ( S E E  EQ .  
c . . . . . 2 .  1 3 )  

RHO A = ABS ( R HOH ) $ G = 1 . $ I F ( N . EQ . ( N /2 ) * 2 ) G= RH O A / R HO H  
V = N * OH • ( 1 . - RHOH• RHOH-2 . + R HOH/N+ 2 . • G • ( RHOA + + ( N+ 1  . ) ) /N ) / ( ( 1 . - RHOH ) *  

1 ( 1 . - R HOH ) ) 
1¥ = ( 2 .  * 5 + 1 . )  * N 
PUO  = ( V  * UA * J A  + � + SQR T  ( ( V * U A  * U A  + W )  * ( V  * U A  * U A  + 

1 1¥ )  - w * W ) ) I ( 2 .  * N * N )  
Z = ( 2 .  • S - 1 . )  * N 
P LO = ( V * UA* UA+Z- SQRT ( ( V • U A • UA+Z } * ( V • UA • UA+Z } -Z* Z ) ) / ( 2 . • N • N ) 
I F { P U O . GT . 1 . ) P U 0 = 1 . 
R E T U R N  
END 
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S U B R O U T I N E  E DGEW ( P L O , P U O , P L I , PU I , P P L I , P P U I , I T 2 , I T4 , L , I Z , I S I G )  

C • • • • .  TH I S  S U BRO U T I N E D E T E R M I NE S  BOTH TH E EDGEWORTH 2 AND 4 T E R M  
C • • • • .  A P P R OX I MA T I ONS 

COM�ON/OU T / J T 2 , J T 4 , J T , L T 2 , LT4 , L T 
CO�MDN / E I / D 1 L I , D 2 L I , D 1 U I , D2 U I , D 1 P L I , D2 P L I , D 1 PU I , D2 P U I 
CO��ON/MJM/ PH , QH , RHOH , X LH , N , S , R , T , A L P HA , U A , X LS 
P H I ( X ) = E X P ( - X • X / 2 . ) / S Q R T ( 2 . * 3 . 1 4 1 5 9 2 6 54 ) 
," 3 ( X ) = ( E X P ( - X * X / 2 . ) / S Q R T ( 2 . • 3 . 1 4 1 5 92 6 54 ) ) * ( -X * * 3+3 . * X )  
P 5 ( X ) = ( E X P ( - X • X / 2 . ) / S Q R T ( 2 . * 3 . 1 4 1 5 9 2 6 54 ) ) * ( -X * * 5+ 1 0 . * X * *3 - 1 5 . • X )  
J 2 = J 4 : :,  
N A L P = N A L P P = O  
J A L P = J A L P P = O  
M L = M U = M P L= M P U = O  
I = O 
I T 2 = I T 4 = 0  
U A L = U A U = U A  
U PA L = U P AU = U A 
H L I  = H U I  = A L PHA 
PH L = P L O $ P H U = P U O  
P L I = P L O $ P U I = P U O  
P P L I = P L O  $ P P U I = P U O  
Q H L = 1  . - P L I  $ Q H U = 1 . - P U I  

C . • . • .  L = N U M B E R  O F  DEC I MA L  P L A CES D E S I R E D  F O R  A G R E EMENT ON CON SE C U T I VE 
C • • • • .  I T E R A T I ONS . 

F T = 1 . * 1 0 * * ( - L )  
I F ( ( P L O . L E . O . ) . O R . ( PU O . GE . 1 . ) ) GO T O  3 0  

C • • . • . B EG I N  I T E R A T I ON .  I T E R A T I ON LOO P S  B A C K  TO S T A T E M E N T  3 5  I F  L I M I TS 
C . . . .  FROM TWO C O N S EC U T I V E  I T E R A T I ONS A R E  N O T  S U F F I C I EN T LY C LO S E . 

3 5  I F ( I . EQ . I Z ) GO TO 3 0  
RH L H = ( X L H- P L I ) / Q H L  
RHU H = ( X LH- P U I ) / Q H U  

C • • . • .  D E F I N E  P L I  ( EQ .  3 . 1 1 )  
C L I = P L I 
R H L A = A B S ( R H L H )  $ G = 1 . $ I F ( N . EQ . ( N / 2 ) * 2 ) G = RH LA / R H LH 
VH L = N * QH L * ( 1 . - R H L H * RH L H- 2 . • R H L H/N+2 . * G* ( R H L A * * ( N+ 1 . )  ) / N ) / (  ( 1 .  

1 - R H L H ) • ( 1 . - R H LH ) ) 
G L = 1  . - R H L H  $ D L = G L • G L * G L  $ H L = Vi-I L • V H L  
BH L = Q H L * ( 1  . -2 . * P H L ) * ( N + ( 6 . • R H LH/ ( D L ) ) * ( N- 1 . - ( N + 1 . ) * R H LH ) ) / ( 6 . *  

1 ( H L * * . 7 5 ) )  
CH L = ( 1 . -6 . * PH L * O H L ) * ( 1  . + 1 0 . • R H LH+RH LH • RH LH ) / ( 2 4 . • N • Q H L • ( 1 . - RH LH * 

1 R H L H ) ) 
I F ( P L I . G T . O . ) A L I = A L PHA- ( B H L / SQR T ( P L I ) ) * ( U A L • U A L- 1 . ) * P H I ( U A L )  
I F (  ( ( A L I . L E . O . ) ) . O R . ( ( A L I . GT . 0 . 5 ) ) ) N A L P = 1 

C . • . . .  ONC E A L I  I S  L E S S  THAN Z E R O  S E T  P L I = O  AND H O LD I T  T H E R E  R E G A R D L E S S  
C • • • • .  O F  T H E  VA L U E  A L J  A S S UMES D U R I NG I T E R A T I ON .  O BS E R VE T H E  S A M E  R U L E  
C . . . . .  F O R  A L P ! . 

I F ( N A L P . EQ . 1 ) P L I = O .  
I F ( ( A L I  . G T . 0 . ) . AND . ( A L I .  L T • •  5 ) ) C A L L  M i)N R I S ( 1 • - A  L I  , U A L , I E R ) 
C L = ( 2 . • S- 1 . ) * N 
B L= V H L • U A L * U A L+ C L  
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I F ( P L I . N E . O . ) P L I = ( B l- S Q R T ( B L • B L-C L • C L ) ) / ( 2 . • N* N )  
QH L = 1 . - P L l  
PH L = P l l  

C • • • • .  D E F I N E  P U I  ( EQ .  3 . 1 1 )  
C U I = P U I  
R HU A = A SS ( R H U H ) $ G = 1 . $ 1 F ( N . EQ . ( N / 2 ) • 2 ) G = R HU A / RH UH 
V H U = N • QHU * ( 1 . - R H U H • R H U H-2 . • R HUH/N+2 . • G• ( R H U A • * ( N+ 1 . ) ) /N ) / ( ( 1 .  

1 - RHUH ) * ( 1 . - R H U H ) ) 
GU = 1 . - R HUH $ D U = G U • GU • GU S H U =VHU • V H U  
BHU = C HU • ( 1 . -2 . • P H U ) • ( N+ ( 6 . • R HUH/ ( D U ) ) • ( N- 1 . - ( N + 1 . ) • R HUH ) ) / ( 6 . •  

1 ( HU u . 7 5 ) ) 
C H U = ( 1 . -6 . * PH U • Q H U ) * ( 1 . + 1 0 . • R HUH+R H U H • RHUH ) / ( 2 4 . • N •OHU • { 1 . - RHUH* 

1 R HU H ) ) 
A U I = A L PHA+ ( BHU / S Q R T ( P U I ) ) * ( U A U • U A U- 1 . ) * P H I ( UA U ) 
I F  ( ( A U I .  L T . 0 .  ) . 0 R .  ( AU I .  GT . 0 .  5 )  ) J A  L P =  1 
I F ( J A L P . EQ . 1 ) PU I = 1 . 
I F ( ( A U I . GT . O . ) . A N D . ( A U I . LT • .  5 ) ) CA L L  MDN R I S ( 1 . - AU I , UA U , I ER )  
C U = ( 2 . • S+ 1 . ) * N 
B U = V H U • UA U * U AU+CU 
P U I = ( BU+SQ R T ( BU • BU- CU * CU ) ) / ( 2 . • N • N ) 
QHU = 1  . - P U I 
PHU = P U I  

C . • • • .  D E F I N E  P P L I  
C P L I = P P L I  

C • • • • .  A P L I  I S  DE F I N ED I N  EQ . 4 . 4  
I F  ( N A  L P P . N E . 1 ) H  l i  = A  L P H A - B H L •  ( U P A L •  U P A  L - 1  . ) • PH I ( U P A L )  / SQ R T  ( P P L I ) 
1 F ( P P L I . GT . O . ) A P L I = H L I + ( C H L* P 3 ( U P A L ) + 0 . 5 • BH L• B H L • P5 ( U P A L ) ) / P P LI 
I F (  ( ( A P L l . L E . O . ) )  . O R .  ( A P L I . GT . 0 . 5 )  ) NA L P P = 1 
I F  ( ( A P L I . G T .  0 .  ) . A N D .  ( A  P L I . LT • .  5 )  ) C A L L  MDNR I S  ( 1 . - A P  L l  , U PA L , I ER ) 
B P L = V H L · U P A L• U P A L+ C L 
I F ( P P L I . N E . O . ) P P L I = ( B P L-SQRT ( B P L • B P L- C L • C L ) ) / ( 2 . • N • N ) 
I F ( N A L P P . E Q . 1 ) P P L I = O .  

C . • . • .  D E F I N E  P P U I 
C PU I = P P U I  

C . • . • . A P U I I S  DE F I N E D  I N  EQ . 4 . 4  
H U I = A L PH A + B H U • ( U P A U • U P A U- 1 . ) • PH I ( U P A U ) / S Q R T ( P PU I )  
A P U I = H U I - ( C H U • P 3 { U P AU ) + 0 . 5 • BHU • BHU • P5 ( U P AU ) ) / P P U I  
I F  ( ( A  P U  I .  L T . 0 .  ) . O R . ( A  P U  I . GT . 0 .  5 )  ) J A L P P =  1 
I F ( J A L P P . E Q . 1  ) P P U I = 1 . 
I F (  ( A PU I . G T . O . ) . A N D . ( A P U I . LT . .  5 ) ) C A L L  MDN R I S ( 1 . -A PU I , U P AU , I ER ) 
B P U = V H U • U P A U • U P A U + C U  
P P U I = ( BPU+5Q R T ( B P U • B P U - C U • C U ) ) / ( 2 . * N * N )  
I = I + 1  

C • • . • •  T E S T  T H E  A C C U R A C Y  O F  T H E  L I M I T S .  
C A L L  � - G F I G ( I S I G , J OK , P L I , PU I , C l l , C U I , K P L , K PU , K C L , KCU ) 
C A L L  S I G F I G ( I S I G , J O K , P P L I , P P U I , C P L I , C P U I , K P P L , K P PU , K C P L , KC P U ) 
F L= A B S ( P L I - C L I ) $ F P L = A BS ( P P L I - C P L I ) 
F U = A B S ( P U I - C U I )  $ F P U = A BS ( P P U I -C P U I )  

C • • . • •  I F  T H E  L I M I T S  A G R E E  S U F F I C I EN T LY F O R  TWO CONSECUT I VE I T E R A T I ON S , 
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C • • • • .  S E T  M L = 1 , E T C . 
I F  ( ( F L .  LT . F T )  . O R . ( K P  L .  EQ . KC L )  ) M L =  1 
I F  ( ( F U .  L T . F T ) . O R . ( K P U . EQ . KCU ) )  M U =  1 

C • • . • .  I F  B O T H  U P P E R  A N D  LOWER L I M I T S  AGR E E  SUF F I C I EN T LY W I TH THE I R  PREV I 
C • • • • .  OUS V A L U E S , N O T E  T H E  NU�BER O F  THE I TERAT I ON .  

I F ( ( M L * 1:.U . E Q . 1 ) . A N D  . ( J 2 . E Q . 0 ) ) I T  2 = I 
I F ( M L * MU . E Q . 1  ) J 2 = 1  
I F (  ( F P L .  LT . F T ) .  O R . ( K P P L .  E Q .  K C P L )  ) M P L = 1  
I F ( ( F PU . LT . F T ) . O R . ( K P P U . EQ . K C PU ) ) M P U = 1  
I F  ( ( M P L • 1.1 P U .  E O .  1 J • AND . ( J 4 . EQ . 0 )  ) I T  4 =  I 
I F ( M P L * M PU . EQ . 1 ) J 4 = 1 
I F  ( ( M L •i 'U . N E .  1 ) . AND . ( I • EQ . I Z ) ) I T2 =  I 
I F  ( ( �1 P L • I,�PU . N E .  1 ) . AND . ( I .  EO . I Z )  ) I T  4 =  I 

C • • • • .  T E S T  THE N E E D F O R  A DD I T I ONA L I T ERAT I ONS.  
I F ( M L * MU • M P L • M P U . E Q . 1 ) 30 , 35 

3 0  CON T I N U E  
D 1 L I = C L I  $ D 2 L I = P L I  
D 1 U I = C U I  $ D2 U I = PU I  
D 1 P L I = C P L I  $ D2 P L I = P P L I  
D 1 P U I = C P U I  $ D 2 P U I = P P U I  
I F ( ( P L I . L E . O . ) ) P L I = O .  
I F ( P U I . GE . 1 . ) PU I = 1 . 
I F ( ( P P L I . L E . O . ) ) P P L I = O .  
I F (  P P U I  . GE . 1 .  ) P P U I = 1 . 

7 3  CONT I N U E  
J T 2 = I T2-1  $ J T4 = I T4-1  
I T2 = I T 2 $ LT4 = 1 T 4 
R E T U R N  
END 
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S U B R OU T I N E  S I G F I G ( J S I G , JO K , P L I , PU I , C L I , C U I , K P L , K P U , K C L , KC U )  

C . • . • .  T H I S  SUBR O U T I N E  T E S T S  T O  S E E  T H A T  T W O  C O N S E CUT I V E  I T E R A T I V E  
C . . . • .  V A L U E S  D I F F E R B Y  L E S S  T H A N  J S I G  S I GN I F I C A N T  D I G I T S .  
C • • . • .  ANY V A L U E S  O F  P L I  O R  C L I  C LO S E  T O  Z E R O  A R E  S E T  EQU A L  T O  Z E R O .  
C • • • . .  T H I S  LOOP I S  S A T I S F I E D W H E N  T H E  V A L U E S  A R E  MU L T I P L I E D B Y  T H E  
C . . . • .  POW E R  O F  T E N T H A T  R EN D E R S  T H E  V A L U E  E QU A L  T O  A N  I NT E G E R  T H A T  HAS C • • • • •  . ! S I G  D I G I T S .  

<.J O K = O  
K P L = K P U = KC L = K CU = O  
J J =  1 0 * •  ( J S I G- 1 ) 
J A = 1 5  
I F  ( P l i . LT . 1 .  * 1 0 * *  ( J S  I G- J A ) ) P l i  = 0 . 
I F ( C L I . LT . 1 . • 1 0 * * ( J S I G- J A ) ) C L I = O .  
DO 2 0  J = 1 , J A 
I F ( P L I . N E . O . ) J P L = I N T ( P L I * ( 1 0 * * J ) )  
I F ( P L I . EQ . O . ) J P L = J J  
I F ( C L I . N E . O . ) J C L = I N T ( C L I * ( 1 0 * * J ) )  
I F ( C L I . EQ . O . ) J C L = J J  
J PU = I N T ( P U I * ( 1 0 * * J ) ) 
J CU = I N T ( CU I * ( 1 0 * * J ) ) 
I F ( ( J P L . GE . J J ) . A N D . ( J P L . L T . 1 0 • J J ) ) K P L = J P L  
I F ( ( J P U . GE . J J ) . A ND . ( J P U . LT . 1 0 * J J ) ) K P U = J P U  
I F  ( ( J C  L .  GE . J J ) . A N D . ( J C  L .  L T .  1 0 *  J J ) )  K C  L = J C  L 
I F  ( ( J C U . GE . J J ) . A N D .  ( J C U . L T .  1 O •  J J )  ) K C U = J C U  
I F ( K P L * K P U * K C L • K C U . N E . O ) GO T O  2 5  
I F ( K P U * K CU . N E . O ) GO T O  2 5  

2 0  C ON T I N U E  
2 5  I F ( J . L E . 1 5 ) JO K = 1 

R E T U R N  
END 
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S U B R O U T I N E  P SA { P L O , PU O , P L I , P U ! , I T , L L , I Z , I S I G )  
C OMM O N / PQ/ B2 L { 2 1  , 68 ) , B 2 U ( 2 1 , 68 ) , B5 L ( 2 1 , 6 8 ) , B5U ( 2 1 , 68 ) 
COMMON/MJ� / PH , Q H , RHOH , X LH , N , S , R , T , A L P HA , UA , X L S  
COM�O N / P I / S 1 L I , S 2 L I , S 1 U I , S2 U I 
CO�MON/OUT / J T 2 , J T 4 , J T , L T2 , LT 4 , LT 
D I M E N S I ON B E T A 1 ( 2 1 ) , B E T A2 ( 65 )  

1 1  F O R M A T ( 1 X , * A L P H A  . N E • •  0 2 5 * ) 

C • • • • •  S U B R O U T I N E  P E A R T  E N T E R S  T H E  P E A R SON AND H A R T L E Y  TA B L E  3 2  F O R  
C • •  , • •  A L P H A = . 02 5 , . 0 5 0 . 

CA L L  P E A R T  

C . • • • .  L L= N U M B E R  O F  D E C I M A L  P LA C ES D E S I R E D  F O R  A G R EEM E N T  O N  C ON S E C U T I VE 
C • • • • •  I T E R A T I ONS . 

F T = 1  · * 1 0 * * ( - L L )  

C • • . • .  DE F I N E  BET A 1  
D O  7 7  I =  1 , 2 1  
B E T A 1 ( 1 ) = ( . 1 * ( I - 1 . ) ) * * 2  

7 7  CON T I N U E  

C . . . . .  D E F I N E  B E T A 2  
D O  7 5  I = 1 , 6 5 
B E T  A 2 ( I ) = 1 • 6+ 0 . 2 * ( I - 1  • ) 

7 5  CONT I N U E  
I T = O  
M L = MU = O  
M = O  
P L I = P L O  $ PU I = Pu J  
PH L = P L O  $ PH U = P U O  
I F ( P L O . � Q . O . ) GO T O  3 3  
I F ( PU O . EQ . 1 . ) GO T O  33 

C • • . • •  I T E R A T I ON W I L L  C A U S E  R E TU RN T O  S TA T EMENT 35 
3 5  CONT I N U E  

I F ( M . EQ . I Z ) GO T O  33 
M=M+ 1 
Q H L = 1 . - P L I  $ QH U = 1 . - P U I 
R H L H = ( X LH- P L I ) / Q H L  
RHU H = ( X L H- PU I ) / QHU 
I F ( ( R H L H . G E .  1 .  ) . O R . ( R H UH . GE . 1 . ) ) 3 3 , 72 

72 I F { ( R H LH . L E . - 1 . ) . 0 R . ( R H UH . LE . - 1 . ) ) 33 , 74 
74 VH L = N * OH L * ( 1 . - R H L H • RH LH-2 , ¥ R H LH /N ) / ( ( 1 . - R H LH ) * { 1 . -R H LH ) ) 

G l = 1 . - R H LH $ D L = G L * G L * G L  $ H L = V H L * V H L  
VH U = N * Q H U * ( 1 . - R H U H • R H U H- 2 . • R HU H / N ) / ( ( 1 . - R H UH ) * ( 1 . -R H U H ) ) 
GU = 1  . - RHUH $ D U = GU • GU * GU $ H U = VHU* VHU 
l H L = Q H L *  ( 1 . -2 .  • P H L )  * ( N+ ( 6 .  • R H LH / ( D L ) )  * ( N- 1  . - ( N+ 1 . ) * R H LH ) )  I ( 6.  * 

1 ( H L * * . 7 5 ) ) 
SHU = Ot .  !* ( 1 . -2 . * P H U ) * ( N+ ( 6 .  • R HUH/ ( D U ) ) * ( N- 1 • - (  N+ 1 • ) * R H UH ) ) / ( 6 .  * 

1 ( HU * * . 7 5 ) ) 
CH L = ( 1 . -6 . • PH L • O H L ) • ( 1 . + 1 0 . * RH LH+R H LH • RH LH ) / ( 2 4 . * N * O H L • ( 1 . - R H LH *  

1 RH L H ) )  
C H U = ( 1 . -6 . * P H U • Q HU ) * ( 1 . + 1 0 . • RH U H+ R H UH • R H UH ) / ( 2 4 . • N • O H U • ( 1 . - R H U H *  

1 R H U H ) ) 
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I F ( P L I . EQ . O . ) GO T O  33 

C • • • • .  B 1 , B 2 , C 1 , A N D C 2  ARE E Q U A T I ON S  5 . 1  
B 1 = 3 6 . • SH L * BH L/ P L I  
B 2 = 3 . + 24 . • CH L/ P L I  
C 1 = 3 6 . • BH U * BHU/ P U I  
C 2= 3 . +2 4 . • CHU/ P U I  
K = J = O  

C • • • • .  LOC A T E  B 1  I N  T H E  T A B L E  
D O  3 0  I = 1 , 2 0 
I F  ( ( B 1 . GE . B E T  A 1 ( I ) ) • A N D . ( B 1  • L E . BET A 1 ( 1 + 1  ) ) ) J= I 
I F ( J . G T O ) GO T O  4 0  

3 0  CON T I NU E  
4 0  CON T I NU E  

C • • • • •  LOC A T E  6 2  I N  T H E  T A B L E . 
DO 8 8  ! = 1 , 64 
I F (  ( B2 . GE .  B E T A2 ( I ) )  . AN D . ( 62 .  L E . B ET A 2 (  1 + 1 ) )  ) K= I  
I F ( K . GT . O ) GO T O  9 2  

8 8  CON T I NU E  
9 2  CON T I N U E  

C • • • • •  LOC A T E  C 1  I N  T H E  T A B L E  
I = L = O  
D O  5 0  J 1 = 1 , 2 0 
I F  ( ( C 1 . GE . B E T  A 1 ( J 1 ) ) • AND . ( C 1  • L E .  B E T  A 1 ( J 1  + 1  ) ) ) I = J 1  
I F ( I . GT . O ) GO TO 6 0  

5 0  -oN T I NU E  
6 0  CON T I N U E  

C • • • • •  LOC A T E  C2 I N  T H E  T A B L E .  
D O  8 9  J 1 = 1 , 64 
I F ( ( C 2 . GE . B E T A2 ( J 1 ) ) . AN O . ( C � . LE . BE T A2 ( J 1 + 1 ) ) ) L= J 1  
I F ( L . G T . O ) GO T O  84 

89 CON T I NU E  
8 4  CON T I N U E  

C • • • • •  WH E N E V E R  B 1  , B2 , C 1 , O R  C 2  I S  O F F  A T A B LE , A S S I G N  I T  T H E  N E A R E S T  
C • • • • •  T A B U L A R  VA L U E  

I F ( ( K . EQ . O ) . AN D . ( 82 . LT . B E T A 2 ( 1 } ) ) K = 1  
I F  ( ( K .  EQ . 0 )  . A N D . ( B2 . L T . B E T  A 2  ( 1 ) ) ) B 2  = BE T  A 2  ( 1 ) 
I F  ( ( K .  EO . 0 )  . AND . ( B2 . G T . B E T  A2 ( 65 ) )  ) K = 6 4  
I F ( ( K . EQ . O ) . AN D . ( B2 . G T . BE T h2 ( 65 ) ) ) 62 = 6E T A2 ( 65 )  
I F  ( ( J .  EQ . 0 )  . A N D . ( B 1 . L T . B E T  A 1 ( 1 ) ) ) J = 1 
I F  ( ( J .  E Q .  0 )  . A N D . ( B 1 . L T . B E T  A 1 ( 1 ) ) ) B 1 = BE T  A 1 ( 1 ) 
I F  ( ( J .  EQ . 0 ) .  A N D . ( B 1  . G T . B E T A  1 ( 2 1  ) ) ) J = 2 0  
I F  ( ( J .  EO . 0 )  . MJD .  ( B 1 . G T .  B E T  A 1 ( 2 1  ) ) ) B 1 = BE T A  1 ( 2 1  ) 
I F (  ( L .  EQ . O )  . AN D . ( C 2 . L T . 8 E T A2 ( 1 ) ) )  L = 1  
I F  ( ( l .  E Q .  0 )  . A N D . ( C2 . L T . B E T  A 2  ( 1 ) ) ) C 2 = BE T  A 2  ( 1 ) 
I F  ( ( L .  EQ . 0 ) . A N D . ( C 2 . G T . B E T  A2 ( 6 5 ) ) )  L = 6 4  
I F ( ( L . EQ . O ) . AND . ( C 2 . GT . BE T A 2 ( 65 ) ) ) C 2 = BET A2 ( 65 )  
I F ( ( I . EQ . O ) . AN D . ( C 1 . LT . BE T A 1 ( 1 ) ) ) I = 1  
I F ( ( I  . EQ . O )  . AN D .  ( C 1 . LT . BE T A 1  ( 1 ) )  ) C 1 = BET A 1  ( 1 ) 
I F  ( ( I .  E Q .  0 )  • AND . ( C 1  • GT . BETA 1 ( 2 1  ) ) ) I = 2 0  
I F ( ( 1 . EQ . O ) . AND . ( C 1 . GT . B E T A 1 ( 2 1 ) ) ) C 1 = BET A 1 ( 2 1 )  
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C • • • • •  U S E  DOU B L E  I N T E R PO L AT I ON ON T A B L E  F O R  L O W E R  L I M I T  
I F ( A L PH A . E Q  • •  05 ) 7 8 1 79 

78 U L 1 = (  ( B2 - B E T A 2 ( K )  ) * B5 U ( J 1 K+ 1 ) + ( BET A2 ( K+ 1  ) - B2 ) * B SU ( J 1 K ) ) I ( B E T A 2 ( K + 1  
1 ) - B E T A 2 ( K ) ) 

U L2 = ( ( B2 - B E T A 2 ( K ) ) * B5 U ( J + 1 1 K + 1 ) + ( B E T A2 ( K+ 1 } -B2 ) * B5U ( J + 1  1 K } ) I ( BET A2 
1 ( K+ 1  ) - B E T A 2 ( K ) ) 

GO T O  8 0  
7 9  I F ( A L P H A . N E  • •  0 2 5 ) P R I N T 1 1 

l F ( A L PHA . N E  • •  0 2 5 ) C A L L  E X I T  
u L 1 = ( ( B 2 -B E T  A 2 ( K ) ) * B 2 u ( J I K + 1 ) + ( E" = T A 2 ( K + 1 ) -8 2  ) * B 2 u ( J I K ) ) I ( B E T  A 2 ( K .... , 

1 ) - B E T A ..i ( K ) ) 
U L2 = ( ( B2- B E T A2 ( K ) ) • B2 U ( J + 1 1 K + 1 ) + ( B E T A2 ( K+ 1 ) -B2 ) • 82U ( J + 1 1 K ) ) I ( BE T A2 

1 ( K+ 1 ) - B E T A 2 ( K ) ) 
8 0  I F  ( J .  L T . 1 9 )  U L =  ( ( B 1 - B E T  A 1 ( J ) )  * U  L2+ ( B E T  A 1 ( J + 1  ) -B 1 ) • U  L 1 ) I ( B E T  A 1 ( J + 1 ) 

1 - B E T A 1•( J ) )  
I F ( J . G E . 1 9 ) U L = U L 2 

C • • • • •  D E T E R M I N E  P L I  ( E QS . 3 . 1 1 )  
C L I = P L I  
C L = ( 2 . + S- 1 . ) * N 
B L = V H L • U L * U L+C L 
P l i = ( B L- SQ R T ( B L * B L- C L • C L )  ) 1 ( 2 . * N • N ) 

C • • • • • U S E  DOU B L E  I N T E R P O L A T I ON ON T A B L E  F O R  U P P E R  L I M I T  
I F ( A L P H A . E Q • •  0 5 ) 8 1  1 82 

8 1  U U 1 = ( ( C 2-BE T A2 ( L ) ) * B5 L ( I 1 L+ 1 ) + ( BE T A 2 ( L+ 1 ) -C2 ) * B5 L ( I 1 L ) ) I ( B E TA2 ( L  
1 + 1  ) - B E T A 2 ( L ) ) 

UU2 = ( ( C 2 - B E  T A2 ( L )  ) * B5 L ( I + 1  I L+ 1 ) + ( B E T  A2 ( L + 1  ) -C2 ) * B5 L ( I + 1  I L )  ) I ( BET A 2  
1 ( L+ 1  ) - B E T A 2 ( L ) )  

GO T O  83 
8 �  I F ( A L PHA . N E  • •  0 2 5 ) P R I N T 1 1  

uu 1 = ( ( C2-B E T A 2  ( L )  ) * B2 L ( I I L+ 1 ) + ( BET A 2  ( L+ 1 ) -C2 ) * 82 L ( I  I L )  ) I ( BET  A2 ( L 
1 + 1  ) - B E T A2 ( L ) ) 

U U 2 = ( ( C 2-B E T A 2 ( L ) ) * B2 L ( I + 1 1 L+ 1 ) + ( B E T A2 ( L+ 1 ) -C 2 ) * B2 L ( I + 1 1 L ) ) I ( BET A2 
1 ( L+1  ) - B E T A 2 ( L ) ) 

83 I F  ( I • L T . 1 9 )  U U =  ( ( C 1 - B E T  A 1 ( I ) )  * UU 2+ ( B E T  A 1 ( ! + 1  ) -C 1 ) • U U 1  ) I ( B E T  A 1 ( 1 + 1  ) 
1 - BE T A 1 ( I ) )  

I F ( I . G E . 1 9 ) UU = U U 2  

C • • • • •  D E T E R M I N E  P U I  ( E QS . 3 . 1 1 )  
C U I = P U I  
C U = ( 2 . * 5+ 1 . ) * N 
BU = V H U * U U * U U+CU 
I F ( P U I . GE • .  5) B U = V HU * U L • U L+CU 
P U I = ( BU+SQ R T ( BU* BU- C U • CU ) ) I ( 2 . * N * N }  

C • • • • •  T E S T  T O  S E E  I F  I T E R A T I ON �U S T  CONT I NU E  
C A L L  S I G F I G ( I S I G 1 J O K , P L I , PU I , C L I , C U I , K P L , K PU , K C L , KCU ) 
F L= A B S ( P L I - C L ! )  $ F U = A G S ( PU I - CU I )  

C • • • • •  I F  T H E  L I M I T S  A G R E E  S U F F I C I E N T L Y F O R  TWO CONS E C U T I VE I T E R A T I ONS , 
C • • • • •  S E T  M L = 1 , E T C . 

I F (  ( F L . 1..T .  F T ) . O R .  ( K P L . EQ . KC L )  ) M L = 1  
I F ( ( F U . L T . F T ) . O R . ( K P U . EQ . KCU ) ) MU = 1  
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C • • . • .  I F  B O T H  U P P E R  A N D  LOW E R  L IM I T S  A R E  S U F F I C I E N T L Y  C LOS E ,  D E F I N E  T H E  
C . • . • .  NUM B E R  O F  T H E  I T E R A T I ON 

I T = M  
I F ( M L • �U . N E . 1 ) GO T O  3 5  

3 3  I F ( P U I . GE . 1 . ) P U I = 1 . 
7 3  C ON T I NU E  

S 1 L I  = C L I  $ S 2 L l = P L I 
S 1 U I = C U I  $ S2 U I = P U I  
J T = I T - 1  
L T =  I T  
R E T U R N  
E N D  

1 4 0  



S U B R OU T I N E P E A R T  

C . • • • .  T H I S  S U B R O U T I N E R E A D S  T H E  P E A R SO N  A N D  H A R T L E Y  T A B L E  4 2  ( V O L . 1 ,  
C • • . • .  1 96 6 ) F O R  A L P HA = . 0 2 5  A N D  . 0 5 0  A N D  E X T EN D S  I T  A T  E QUA L I NC R EM E NT S 

C . • . • .  I N  B E T A 1  B Y  V A L U E S  I N T E R PO L A T E D  F R O M  P E A R SO N  A N D H A R T L E Y  T A B L E  3 2 
C • • . • .  ( VO L .  2 , 1 9 7 2 ) 

D I M E N S I ON A ( 1 0 0 , 1 4 ) , B ( 4 0 0 ) , C (  4 0 , 6 B ) , D ( 2 1 , 6 8 ) 
D I M E N S I ON W 5 ( 2 1 ) , V 5 ( 2 1 ) 

c o:,;:W N / F" Q/ B 2 L ( 2 1 , 6 8 )  , 8 2 U ( 2 1 , 6 8 )  , B5 L ( 2 1 , 6 3 ) , B5U ( 2 1  , 68 )  
D A T A  ( W 5  = 1 . 6 ,  1 . 6 ,  1 . 8 ,  1 . 8 ,  2 .  0 ,  2 .  0 ,  2 .  2 ,  2 .  4 ,  2 .  6 ,  2 . 8 ,  3 .  0 ,  3 .  2 ,  3 .  6 ,  4 .  0 ,  

1 4 . 4 , 4 . 8 , 5 . 2 , 5 . 8 , 6 . 4 , 7 . 0 , 7 . 6 )  
D A T A  ( V 5 = 9 . , 9 .  , 9 .  , 9 .  , 9 .  , 9 .  , 9 .  , 9 .  , 9 .  , 9 . , 9 . , 9 . , 9 .  , 9 . 4 ,  9 .  8 , 1 0 .  4 ,  1 1  , 4 ,  

1 1 1 . 8 , 1 2  6 , 1 3 . 4 , 1 4 . 4 )  
7 F 0 R r,1 A T ( 1 4 ( F 4 • 2 , 1 X ) , 2 X , F 3 • 1 , 2 ( I  1 ) ) 

1 0  F O R � A T ( 1 X , • I Y T O O  B I G * ) 

1 1  F O "  c� A T ( 1 4  ( F 4 .  2 , 1 X )  , 1 X ,  F 3 . 1 , 2 ( I 1 ) ) 

C • • • • • T H I S  L O O P  R E A D S  T H E  F O U R T A B L E S  
D O  4 0  L F = 1 , 4  
I Y = O  

I X = O  

Q = - 1 . 

C . • • • .  T H I S  L O O P  R E ADS T H E  C A R D S  F O R  EACH T A B L E  
D O  2 0 I =  1 , 1 0 0 
I F ( L F . L E . 2 ) R E A D 1 1 ,  ( ( A ( I , J ) , J = 1 , 1 4 ) , B ( I ) , L E V E L , L ) 
I F ( L F . G T . 2 ) R E A D 7 , ( ( A ( I , J ) , J = 1 , 1 4 ) , B ( I ) , L E V E L , L ) 
I F ( B ( l ) . N E . Q ) I Y = O  
- F ( B ( l ) . N E . Q ) I X = I X+ 1  
I F  ( B ( I ) .  EQ . Q )  I Y =  I Y + 1  
I F (  I Y .  � T . 4 ) P R I N T 1 0  

I F ( I Y . G T . 4 ) C A L L  E X I T  
Q = B  ( I ) 
DO 1 5  J = 1 , 1 4  

K = 1 4 • I Y + u  
C ( I X , K ) = A ( I , J )  

1 5  C O N T I N U E  
I F { A ( l , 1 ) . EQ . 9 . ) GO T O  2 2  

2 0  CO N T I N U E  
2 2  C O N T I N L.; E  

C . • . • .  T H I S L O O P  A R R A N G E S  T H E  DATA F R OM C A R D S  A C C O R D I N G  T O  T H E  B E T A 2  
C • • . • .  V A L U E S  

D O  5 0  I =  1 , 2 1  
J 3 = I N T ( 5 * ( V 5 ( I ) - 1 . 6 + . 0 0 1 ) ) + 1  

J 1 = I N T  ( 5 * ( W 5 ( I ) - 1 • 6 +  . 0 0 1 ) ) 
DO 4 5  J = 1 , 3 8 
D ( I , J + J 1 ) = C ( I , J )  

4 5  C O N T I N U E  

C . • . . .  TH I S  L O O P  A S S I GN S  T H E  U P P E RM O S T  TA B U LAR V A L U E  T O  THE N O N
C • • . • .  C A L C U L A T ED S PA C E A B O V E  

DO 4 3  J = 1 , J 1 
D ( I , J ) = D ( I , J 1 + 1 ) 

4 3  C ON T I N U E  

1 4 1  



C . . . . .  TH I S  L O O P  A S S I GN S  T H E  L O W E RMO S T  T A B U L A R  V A LUE T O  THE NON-
c . . . . . C A L C U L A T ED S P A C E  B E LOW 

DO 4 4  J = J 3 , 6 5 
D ( I , J ) = D ( I , J 3 )  

4 4  C ON T I N U E  
5 0  C O N T I N U E  

C • . . • .  T H I S  L O O P  A S S I GN S  T H E  4 T A B L E S  T O  I DENT I F I A B LE A R R A Y S FOR S U B
c . . . . .  R OU T I N E P S A  . 

.:,o 6 2  1 = 1  , 2 1 
DO 6 1  J = 1 , 6 5  
I F  ( L F .  _ Q .  1 ) B2 L ( I , J )  = D  ( I , J )  
I F  ( L F .  E Q .  2 )  B2U ( I ,  J )  = D  ( I ,  J )  
I F ( L F  . E Q . 3 ) B5 L (  I , J ) = D ( I , J )  
I F ( L F . E Q . 4 ) 65U ( I , J ) = D ( l , J )  

6 1  C ON T I N U E  
62 C ON T I N U E  
4 0  C ON T I N U E  

R E T U R N  
E N D  

1 4 2  



S U B R OU T I N E  ANDBU R ( P L , PU , P L I , PU I , I S I G , L L )  
COM�ON I M J M I P H , QH , RHOH , X L H , N , S , R , T , A L PHA , U A , X L S  
COMMO N I SMA L L I X LG 
F ( A , B ,  C .  N )  = ( 1 • - ( A l B ) * *  ( 1 • I ( N - 1  • ) ) ) I ( 2 .  -C- ( A / B ) * * ( 1 . I ( N- 1 • ) ) )  
G ( A , B , C , D , N ) z ( A * BI ( 1 . + D* ( ( N- 2 . ) • ( 1 . -C ) * ( 1 . -C ) - 2 . ) - D * D* ( ( N - 1 . ) * 

1 ( 1 . -C ) • ( 1 . - C ) - 1 . ) ) ) * * ( 1 . / ( N- 3 . ) )  

C • • • • •  S LO W E R  AND S U P P E R  A R E  T H E  L O W E R  A N D  U P P E R  CON F I D E NC E  L I M I T S  F ROM 

C • • • • • T H E  P E A R SON AND H A R T L E Y  T A B L E  FOR T H E  E X P ECTAT I O N  OF A PO I SSON 
C • • • • •  VAR I A B L E  ( 1 966 , T A B L E  40 ) 

C A L L  PH40 ( S LOWE R , SU P P E R ) 

C • • • • • P L I  AND PU I A R E  T H E  A N D E R SON-BURST E I N  L I M I T S F O R  I ND E P EN D E N T  
C . , • • .  T R I A LS .  

P L I = S L OWER I ( N- ( S- 1 . -S L OW E R ) / 2 . ) 
PU i c SU P P E R I ( N+ ( S U P P E R -S ) /2 . ) 
S S = SQRT ( ( 1 . + RHOH ) I ( 1 . - RHOH ) ) 

C • • • • •  P L  A N D  PU A R E  T H E  MOD I F I ED A N D E RSON-BU R ST E I N  L I M I TS FOR D E P ENDENT 
C • • • • • T R I A L S 
C • • • • .  S E E  EQS . 6 . 1 AND 6 . 2  

P U = P H+ ( P U I - P H ) • S S  
P L= P H- ( PH- P L I ) • S S  
I F ( ( P L . L E . O . ) ) P U = ( P U I - P L I ) • S S  
I F ( P L . L T . O . ) P L= O .  
I F  ( P U .  G T .  1 . ) P U =  1 • 

30 CON T I N U E  

C • • . • .  I F  S z 0 , 1 ,  T H E  E��A T I ON S  ( 7 . 3 ,  7 . 4 )  F O R  T H E  E X A C T  S O L U T I ON W I L L  B E  
C . • . • •  I M P L EM E N T E D  B Y  T H E  FO L LOW I NG S T A T E M E N T S . O T H E R W I S E T H E  V A LUES 

C • • • • .  O F  P L  AND P U , JUST D E T E RM I N E D , W I L L  B E  R E T A I N E D .  
C • • . • •  L L= N U M B E R  O F  DEC I MA L  P LACES FOR A G R E EMENT O N  C O N S ECU T I V E  
C • • • • •  I T E R A T I ONS WHEN S = 0 , 1  

FT = 1 . • 1 0 • • ( - L L )  
M L = MU : O  

1 5  I F ( S . EQ . 0 . ) 20 , 2 1  
2 0  P L= C L = O . 

CU= P U  
O U =  1 .  - PU 
P U = F ( A L PHA , QU , X LG , N )  
GO TO 2 7  

2 1  I F ( S . EQ . 1 . ) 22 , 2 3  
2 2  P L= C L = O . 

C U = P U  
QU= 1 . - PU 

X U = P U  
0U = ( 1 . -G ( A L P HA , Q U , X LG , XU , N ) ) / ( 2 . -X LH-G ( A LP H A . Q U , X LG , XU , N ) ) 

2 7  CON T I N U E  

CA L L  S I G F I G ( I S I G , J OK , P L , PU , C L , Cu , K P L , KP U , KC L , K CU ) 
F L= A B S ( P L -C L )  $ F U = A B S ( PU-CU ) 

C • • • • •  I F  T H E  L I M I T S  A G R E E  S U F F I C I E N T L Y  F O R  TWO CONSE CU T I VE I T
C • • • • •  E RA T I O N S ,  S E T  M L = 1 , E T C  

I F  ( ( F L .  L T . F T ) • O R . ( K P L . EQ . KC L ) )  M L= 1 

I F  ( ( F U .  L T . F T ) . O R . ( K PU . E Q .  KCU ) ) MU= 1 
I F ( M L • MU . N E . 1  ) GO TO 1 5  

23 CON T I NUE 
R E T U R N 
END 

1 4 3  



S U B R O U T I N E  PH40 ( S LO W E R , SU P P E R ) 

C . . . • .  TH I S  S U BR O U T I N E  D E T E R � I N E S  T H E  8 0 , 90 , 9 5 , AND 99 P E R C E N T  
C . . . . . CON F I D � � C E  L I M I T S  FOR  E R R O R S  U S I NG T H E  P E A R SON A N D  H A R T L E Y  T A B L E S  
C • • • . .  O F  C O N F I DE N C E  L I M I T S F O R  T H E  E X P EC T A T I ON O F  A P O I SSON V A R I A B L E  
C . • . • .  ( 1 9 66 , T A B L E  4 0 ) .  T H E  T A B LE I S  A P P L I C A B L E  T O E R R O R S  B E T W E E N  0 AN D  
C . . . • .  1 0 0 F O R  8 0  AND 9 0  P E R C E N T  L I M I T S ,  0 AND 5 0  FOR 9 5  A N D  9 9  P E RC EN T  
C . • . • .  L I M I T S .  T H E  T A BU L A R  V A L U E S  A R E  A LO W E R  A N D  A U ? P E R . 
C . • • • .  T H E  CON F I D E N C E  L I M I T S  A R E  S L OWER A N D  S U P P E R . I N T E R P O LAT I O N  I S  R E O
C • • • • .  U I R E D  F O R  r'W R E  T jAN 30 E R r. C R S  S I N C E  O N L Y  E V E RY F I F T H  E R R O R  I S  
C • • • • .  L I S T E D  A F T E R  3 0  E R R O R S . 

D I M E N S I ON A L C W E R ( 4 5 ) , A U P P E R  ( 4 5 ) , B LOWER ( 45 ) , B U P P E R ( 4 5 ) , F L O W E R ( 4 5 )  
1 ,  F U P P E R ( 4 5 )  , G L 0 tJ E R ( 45 )  , GU P P E R ( 4 5 )  

CO��DN /MJM / P H , QH , RHOH , X LH , N , S , R , T , A L P HA , U A , X LS 

C • • • • .  99 P E R C EN T  L I M I T S 
D A T A  ( F L O'/.' E R = 0 .  , . 0 05 , . 1 0 3 , . 3 38 , . 672 ,  1 . 0 8 ,  1 . 54 , 2 .  0 4 , 2 .  5 7 , 3 .  1 3 ,  

1 3 . 7 2 , 4 . 32 , 4 . 9 4 , 5 . 5 8 , 6 . 2 3 , 6 . 8 9 , 7 . 5 7 , 8 . 25 , 8 . 94 , 9 . 64 , 1 0 . 3 5 , 1 1  . 0 7 , 
1 1 1  . 7 9 .  1 2 .  5 2 . 1 3 .  2 5 .  1 4 .  0 0 . 1 4 .  7 4 .  1 5 . 4  9 .  1 6 .  2 4 . 1 7 . 0  0 .  1 7 .  7 7 .  2 1  . 6 4 . 
1 2 5 . 5 9 , 2 9 . 6 0 , 3 3 . 6 6 )  

D A T A ( F U P P E R = 5 . 3 0 , 7 . 4 3 , 9 . 2 7 , 1 0 . 9 8 , 1 2 . 59 , 1 4 . 1 5 , 1 5 . 66 , 1 7 . 1 3 , 1 8 . 58 ,  
1 2 0 . 0 0 , 2 1 . 4 0 , 2 2 . 7 8 , 2 4 . 1 4 , 2 5 . 5 0 , 2 6 . 8 4 , 2 8 . 1 6 , 2 9 . 4 8 , 3 0 . 7 9 , 3 2 . 0 9 ,  
1 3 3 . 3 8 , 3 4 . 6 7 , 3 5 . 9 5 , 3 7 . 2 2 , 3 8 . 4 8 , 3 9 . 7 4 , 4 1 . 0 0 , 4 2 . 2 5 , 4 3 . 5 0 , 4 4 . 7 4 ,  
1 4 5 . 9 8 , 47 . 2 1  , 5 3 . 3 2 , 5 9 . 3 6 , 6 5 . 3 4 , 7 1 . 2 7 )  

C • • • . . 95 P E R C E N T  L I M I T S  
DA T A ( B LO\'I E R = O . , . 0 2 5 3 , . 2 42 , . 6 1 9 , 1 . 0 9 , 1 . 6 2 , 2 . 2 0 , 2 . 8 1 , 3 . 4 5 , 4 . 1 2 , 4 . 8 0 

1 , 5 . 4 9 , 6 . 2 0 , 6 . 92 , 7 . 6 5 , 8 . 4 0 , 9 . 1 5 , 9 . 9 0 , 1 0 . 6 7 , 1 1 . 44 , 1 2 . 2 2 , 1 3 . 0 0 , 1 3 . 7 9 ,  
1 1 4 . 5 8 , 1 5 . 3 8 , 1 6 . 1 8 , 1 6 . 9 8 , 1 7 . 7 9 , 1 8 . 6 1  , 1 9 . 4 2 , 2 0 . 2 4 , 2 4 . 3 8 , 2 8 . 5 8 ,  
1 3 2 . 8 2 , 1 7 . 1 1 )  

D A T A ( 8 J P P E R = 3 . 6 9 , 5 . 57 , 7 . 2 2 , 8 . 7 7 , 1 0 . 2 4 , 1 1  . 67 , 1 3 . 0 6 , 1 4 . 42 , 1 5 . 76 ,  
1 1 7 . 0 8 , 1 8 . 3 9 , 1 9 . 6 8 , 2 0 . 9 6 , 2 2 . 2 3 , 2 3 . 4 9 , 2 4 . 7 4 , 2 5 . 9 8 , 2 7 . 2 2 ,  28 . 4 5 , 29 . 6 7 
1 .  30 . 89 , 32 . 1  0 ,  33 . 3 1 . 34 . 5 1  , 35 .  7 1 . 36 . 9 0 , 38 . 1 0 , 39 .  28 , 4 0 .  47 , 4 1 . 6 5 , 42 .  
1 8 3 , 4 8 . 6 8 , 5 4 . 4 7 , 6 0 . 2 1 , 6 5 . 9 2 )  

C • • • • .  9 0  P E RC ENT L I M I T S  
D A T A  ( A L0'1J E R  = 0 . , . 0 5 1 3 ,  . 3 5 5 , . 8 1 8 ,  1 . 37 ,  1 . 9 7 ,  2 . 6 1 , 3 . 2 9 ,  3 . 98 

1 ,  4 . 7 0 ,  5 . 4 3 ,  6 . 1 7 ,  6 . 9 2 ,  7 . 6 9 ,  8 . 4 6 ,  9 . 2 5 ,  1 0 . 0 4 ,  1 0 . 8 3 ,  1 1 . 63 , 1 
:2 2 . 4 4 ,  1 3 . 2 5 ,  1 4 . 0 7 ,  1 4 . 8 9 ,  1 5 . 7 2 ,  1 6 . 55 ,  1 7 . 3 8 , 1 8 . 2 2 ,  1 9 . 0 6 ,  1 9 . 9  
3 0 , 2 0 . 7 5 ,  2 1 . 59 ,  2 5 . 8 7 ,  3 0 . 2 0 ,  34 . 5 6 ,  3 8 . 96 ,  4 3 . 4 0 ,  4 7 . 85 ,  5 2 . 33 ,  
45 6 . 8 3 ,  6 1 . 3 5 ,  6 5 . 8 8 ,  7 0 . 4 2 ,  74 . 98 ,  7 9 . 5 6 ,  8 4 . 1 4 )  

D A T A  ( A U P P E R  = 3 . 0 0 ,  4 . 7 4 ,  6 . 3 0 ,  7 . 7 5 ,  9 . 1 5 ,  1 0 . 5 1 , 1 1 . 84 ,  1 3 . 1 5 ,  
1 1 4 . 4 3 ,  1 5 . 7 1 , 1 6 . 9 6 ,  1 8 . 2 1 , 1 9 . 44 ,  2 0 . 6 7 ,  2 1 . 8 9 , 2 3 . 1 0 ,  24 . 30 ,  2 5 .  
2 5 0 , 2 6 . 69 ,  2 7 . 8 8 , 2 9 . 0 6 ,  30 . 2 4 ,  3 1 . 42 ,  3 2 . 5 9 ,  3 3 . 7 5 ,  34 . 9 2 ,  3 6 . 0 8 ,  
3 3 7 . 2 3 ,  3 8 . 39 ,  39 . 5 4 ,  4 0 . 69 ,  46 . 40 , 52 . 0 7 ,  5 7 . 6 9 ,  63 . 2 9 ,  68 . 8 5 ,  74 
4 . 39 ,  7 9 . 9 1 , 8 5 . 4 0 ,  90 . 8 9 ,  96 . 35 ,  1 0 1 . 80 ,  1 0 7 . 2 4 ,  1 1 2 . 67 ,  1 1 8 . 00 ) 

C • • • • .  8 0  P E R C ENT L I M I T S  
DA T A ( G LOW E R = O . , . 1 0 5 , . 5 3 , 1  . 1 0 , 1 . 74 , 2 . 4 3 , 3 . 1 5 , 3 . 9 , 4 . 7 , 5 . 4 , 6 . 2 , 7 . 0 , 

1 7 . 8 , 8 . 6 , 9 . 5 , 1 0 . 3 , 1 1  . 1  , 1 2 . 0 , 1 2 : 8 , 1 3 . 7 , 1 4 . 5 , 1 5 . 4 , 1 6 . 2 , 1 7 . 1 , 1 8 . 0 ,  
1 1 8 . 8 .  1 9 . 7 '  2 0 .  6 .  2 1  . 5 .  2 2 . 3 .  2 3 . 2 .  2 7 . 7 .  32 . 1 • 3 6 . 6 .  4 1  . 2 .  46 . ' 5 0 . • 5 5  . •  60 . t 

1 64 . •  69 . •  73 . • 7 8  . •  83 . •  8 7 . )  
OA T A ( GU P P E R = 2 . 3 0 , 3 . 9 , 5 . 3 , 6 . 7 , 8 . 0 , 9 . 3 , 1 0 . 5 , 1 1 . 8 , 1 3 . 0 , 1 4 . 2 , 1 5 . 4 ,  

1 1 6 . 6 , 1 7 . 8 , 1 9 . 0 , 2 0 . 1  , 2 1 . 3 , 22 . 5 , 2 3 . 6 , 24 . 8 , 2 5 . 9 , 2 7 . 0 , 28 . 2 , 29 . 3 , 3 0 . 5 ,  
1 3 1 . 6 .  33 . ' 34 • •  35 • •  36 . •  3 7  • •  3 8  • •  44 . , 4 9 .  t 5 5  . •  6 0  • •  6 6  • •  7 1 . t 7 7  • •  8 2  • •  87 . •  

1 4 4  



1 9 3 .  , 9 8 . , 1 0 3 . , 1 0 9 .  , 1 1 4 . } 
I E R R O R = I N T ( S+ 1 . E - 8 }  
X E = S  
J E R R O R  = ! E R R O R  + 1 

C • • • • •  I F  I N T E R P O L A T I O N  I S  R E QU I R E D , GO T O  1 05 .  
I F  ( I E R ROR . L e: .  30 ) 1 0 0 , 1 05 

1 0 0 I F ( A L PH A . E Q  . .  0 0 5 ) S LO W E R = F LOW E R ( J E R RO R ) 
I F ( A L PH A . E Q  . .  C 0 5 ) S U P P E R = F U P P E R ( J E R R O R ) 
! F ( A L P H A .  EQ . .  02 5 )  5 L O\'J E R = 8 LGI·! E R ( J E R R O R ) 
I F ( A L PH A . E Q . .  0 2 5 ) S U P P E R = 5U P P E R ( � � R R O R ) 
I F ( A l h i A . E Q . .  05 ) S LOv; E R = A LG I: E R ( J E R R O R ) 
I F ( A L PHA . E Q  . .  05 ) S U P P E R = A U P P E R ( J E R R O R ) 
I F ( A L PHA . E Q . .  1 0 ) S LOW E R = G LO� E R ( J E R R O R ) 
I F ( A L PHA . E Q  . .  1 0 ) S U P P E R = GU P P l R ( J E R R O R ) 
GO T O  1 1 0 

1 05 1 1  ( ! E R R O R  I 5 )  * 5 
I 2  = ( ( ! E R R O R + 5 )  I 5 )  * 5 
J 1 = I 1 - ( ( 1 1  - 30 ) * 8 )  I 1 0 + 1 
J 2 = ..; 1 + 1 
I F ( A L PHA . E Q  • .  0 0 5 ) S L OW E R = F LO W E R ( J 2 ) • ( X E- I 1  ) 1 5 . + F LO W E R ( J 1 ) * ( 1 2- X E ) I  

1 5 .  
I F ( A L PHA . E Q  . .  0 0 5 ) S U P P E R = FU P P E R ( J 2 ) * ( X E- I 1  ) 1 5 . + F U P P E R ( J 1 ) * ( I 2- X E ) I  

1 5 .  
I F ( A L PH A . E Q  . .  0 2 5 ) S LOW E R = B LOW E R ( J 2 ) * ( X E - I 1 ) 1 5 . + B LOWER ( J 1 ) * ( I 2- X E ) I 

1 5 .  
I F ( A L PH A , E Q  . .  0 2 5 ) S U P P E R = BU P P E R ( J 2 ) * ( X E - I 1 ) 1 5 . + B U P P E R ( J 1 ) * ( I 2 - X E ) I  

1 5 .  
I F ( A L PHA . E Q . .  0 5 0 ) S L OW E R = A LmJ E R ( J 2 ) * ( X E- I 1  ) I 5 . + A LO W E R ( J 1  ) * (  1 2- X E ) I  

1 5 .  
I F ( A L P H A . E Q  . .  0 5 0 ) S U P P E R = A U P P E R ( J 2 ) * ( X E - I 1 ) 1 5 . + A U P P E R ( J 1 ) * ( 1 2- X E ) I  

1 5 .  
I F ( A L P H A . E Q . .  1 0 0 ) S LOW E R = G LOW E R ( J 2 ) * ( X E- I 1 ) 1 5 . + G LOWER ( J 1 ) * ( I 2- X E ) I  

1 5 .  
I F ( A L P H A . E Q • •  1 0 0 ) S U P P E R = GU P P E R ( J 2 ) • ( XE - I 1 ) IS . + G U P P E R ( J 1 ) * ( I 2- X E ) I  

1 5 .  
1 1 0  C ON T I N U E  

R E T U R N 
END 

1 4 5  



1-J 
.l=:oo 
"' 

P A RAME T E R  V A L U E S  . •  , , , , , , N =  2 0 0 0 0  
ACCURACY V A L U E S  • • • • • • • • •  M I NS I G = 3  

S •  3 8  
M I ND E C = 4  

T A N G E N T S  O F  9 0  P ER C EN T  CON F I DEN C E  R E G I ON 

R =  1 3  
MAX I T ., 2 0 

T •  0 A LP H A • . OS O  

HO R I Z ON T A L  T AN G E N T  
( L I M I T S  F O R  P )  

V E R T I C A L  T A N G E N T  
( L I M I T S  F O R  L AMBDA ) 

U P P E R  
LOW E R  

p 
3 . 6 7 1 8 1 E - 0 3  
1 . 1 3 9 8 9 E - 0 3  

L A M B D A  
4 . 546 0 5 E- 0 1  
2 . 9 4 9 4 5 E- 0 1  

p 
2 . 34393 E - 0 3  
1 . 4 7 6 2 8 E - 0 3 

90 P E R C E N T  CON F I DENCE I N T E R V A L  F O R  L AMBDA • ( 2 . 3 5 0 2 1 E- 0 1 , 4 . 8 1 4 8 4 E -0 1 ) 

90 P E R C E N T  CON F ! DENCE I N T E R V A L  F O R  P 
A N D E RSON-BUR S T E I N  a 

NORMAL = 

E DGEWOR T H  2-T E RM I T E R A T I ON NO . 1 •  
E DG EWO R T H  2- T E RM I T E R AT I ON NO . 2 a  

E DG EWOR T H  4- T E RM I T E R A T I ON NO . 1 •  
EDGEWO R T H  4- T E RM I T E R A T I ON NO . 2 •  

I 
P E A R SON S Y S T E M  I T E R A T I ON NO . 2 • 
P E A R SO N  S Y S T E M  I T E R A T I ON NO . 3 • 

P H A T •  1 . 9 0 0 0 0 E - 0 3  
LAMBDA T I L D E •  3 . 48 1 60 E-0 1 

( 1 . 2 1 59 9 E- 0 3 , 2 . 74639 E - 0 3 ) 

( 1 . 2 78 3 7 E - 0 3 , 2 . 8 0 9 4 9 E -0 3 ) 

( 1 . 2 4 2 2 3 E - 0 3 , 2 . 7 6 3 5 8 E -0 3 ) 
{ 1 . 2 4 1 2 3 E - 0 3 , 2 . 764 5 1 E - 0 3 ) 

( 1 . 2 4 9 3 9 E- 0 3 , 2 . 7 6 8 8 6 E"' 0 3 ) 
( 1 . 2 4 8 0 0 E - 0 3 , 2 . 7 6 9 9 2 E- 0 3 ) 

( 1 . 24 7 8 7 E - 0 3 , 2 . 7 5 9 9 7 E- 0 3 ) 
( 1 . 2 4 7 8 6 E- 0 3 , 2 . 7 5 9 9 7 E - 0 3 ) 

LAMBDA 
5 . 2 94 2 9 E - 0 1  
1 . 84585 E - 0 1  



. 0 1 0  

-----------------------------� 
.J._ ____ ___.. _____ -'------�-------"------lj 

. 1 • 2 • 3 • 4 . 5 • 6 

A. 
F i gure B- 1 .  Mic ro f i lm p lo t  o f  9 0 %  con f idence region for 

( A , p )  from first 2 0 , 0 0 0 Cox-Lewi s telephone 
data and normal approximation ( 3 8  errors , 
p= . 0 0 1 9 ,  A= . 3 4 8 2 ) .  
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