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FOREWORD

A short history of the development of the prediction methods in this Technical Note will
permit the reader to compare them with earlier procedu.es. Some of these methods were first
reported by Norton, Rice and Vogler [1955]. Further development of forward scatter predictions
and a better understanding of the refractive index structure of the atmosphere led to changes re-
ported in an early unpublished NBS report and in NBS Technical Note 15 [Rice, Longley and
Norton, 1959]. The methods of Technical Note 15 served as a basis for part of another unpublished
NBS report which was incorporated in Air Force Technical Order T. O. 31Z-10-1in 1961. A
preliminary draft of the current technical note was submitted as a U. S. Study Group V contribution
to the CCIR in 1962.

Technical Note 101 uses the metric system throughout. For most computations both a
graphical method and formulas suitable for a digital computer aére presented. These include
simple and comprehensive formulas for computing diffraction over smooth earth and over irregular
terrain, as well as methods for estimating diffraction over an isolated rounded obstacle. New
empirical graphs are included for estimating long-term variability for several climatic regions,
based on data that have been made available.

For paths in a continental temperate climate, these predictions are practically the same
as those published in 1961. The reader will find a number of graphs have been simplified and that
many of the calculations are more readily adaptable to computer programming. The new material
on time availability and service probability in several climatic regions should prove valuable for
areas other than the U. S. A.

Changes in this revision concern mainly sections 2 and 10 of volume 1 and annexes I, II and
V of volume 2, and certain changes in notation and symbols. The latter changes make the notation .
more consistent with statistical practice.

Section 10, Long-Term Power Fading contains additional material on the effects of
atmospheric stratification.

For convenience in using volume 2, those symbols which are found only in an annex are
listed and explained at the end of the appropriate annex. Section 12 of volume 1 lists and explains

only those symbols used in volume 1.

Note: This Technical Note consists of two volumes as indicated in the Table of Contents,
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Annex I

AVAILABLE DATA, SI'ANDARD CURVES, AND A SIMPLE PREDICTION MODEL

I'he simiplest way to predict long-term median transmission loss values would be to
use a best-fit curve drawn through measured data (represented by their overall median values)
plotted as a function of path length. Such a method ignores essentially all of our understanding
of the physics of tropospheric propagation, is subject to especially large errors over rough
terrain, and such empirical curves represent only the conditions for which data are available.

Curves that may be useful for establishing preliminary allocation plans are presented
in section I. 2 of this annex. These ""standard" curves were prepared for a fixed combination
of antenna heights and assume propagation over a smooth earth. The curves are not suitable
for use on particular point-to-point paths, since they make no allowance for the wide range
of propagation path profiles or atmospheric conditions that may be encountered over particular
paths.

A method for computing preliminary reference values of transmission loss is described
in section I.3. This method is based on a simple model, may readily be programmed, and is

especially useful when little is known of the details of terrain.

I.1 Available Data as a Function of Path Length

Period-of-record median values of attenuation relative to free space are plotted vs.
distance in figures I.1 to I.4 for a total of 750 radio paths, separating the frequency ranges
40-150 M Hz, 150-600 M Hz, 600-1000 MHz, and 1-10 GHz. Major sources of data other
than those referenced by Herbstreit and Rice [1959] are either unpublished or are given by
Bray, Hopkins, Kitchen, and Saxton [1955], Bullington [1955], duCastel [1957b], Crysdale
[1958], Crysdale, Day, Cook, Psutka, and Robillard [1957], Dolukhanov [1957], Grosskopf
[1956], Hirai [1961a, b], Josephson and Carlson [1958], Jowett [1958], Joy [1958a, b], Kitchen
and Richmond [1957], Kitchen, Richards, and Richmond [1958], Millington and Isted [1950],
Newton and Rogers [1953], Onoe, Hirai, and Niwa [1958], Rowden, Tagholm, and Stark
[1958], Saxton [1951], Ugai [1961], and Vvedenskii and Sokolov [1957].

Three straight lines were determined for each of the data plots shown in figures I.1
to I.4, Near the transmitting antenna, A = 0 on the average. Data for intermediate dis-
tances, where the average rate of diffraction attenuation is approximately 0.09 f—; db per
kilometer, determine a second straight line. Data for the greater distances, where the level
of forward scatter fields is reached, determine the level of a straight line with a slope varying
from 1/18 to 1/14 db per kilometer, depending on the frequency.

The dashed curves of figures I. 1-1.3 show averages of broadcast signals recorded at
2500 random locations in six different areas of the United States. ' The data were normalized

to 10-meter and 300-meter antenna heights, and to frequencies of 90, 230, and 750 M Hz.
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For this data sample |[TASO 1959, average fields are low mainly because the receiver loca-
tions were not carefully selected, as they were for most other paths for which data are shown.
The extremely large variance of long-term median transmission loss values recorded

over irregular terrain is due mainly to differences in terrain profiles and effective antenna

heights. For a given distance and given antenna heights a wide range of anguiar distances is
possible, particularly over short diffraction and extra-diffraction paths. Angular distance,
the angle between radig horizon rays from each antenna in the great circle plane containing
the antennas, is a very important parameter for transmission loss'calculations, (see section
6). Figure I.5 shows for a number of paths the variability of angular distance relative to

its value over a smooth spherical earth as a function of path distance and antenna heights.

Most of the '"'scatter' of the experimental long-term medians shown in figures I.1 -
I.4 is due to path-to-path differences. A small part of this vall'iation is due to the lengths of
the recording periods. For all data plotted in the figures the recording period exceeded two
weeks, for 630 paths it exceeded one month, and for 90 paths recordings were made for more
than a year.

An evaluation of the differences between predicted and measured transmission loss
values is discussed briefly in annex V. In evaluating a prediction method by its variance
from observed data, it is important to remember that this variance is strongly influenced by
the particular data sample available for comparison. Thus it is most important that these
data samples be as representative as possible of the wide range of propagation path conditions
likely to be encountered in the various types of service and in various parts of the world.

To aid in deciding whether it is worthwhile to use the point-to-point prediction method
outlined in sections 4 - 10, instead of simpler methods, figure I.6 shows the cumulative dis-
tribution of deviations of predicted from observed long-term median values. The dash-dotted
curve shows the cumulative distribution of deviations from the lines drawn in figures I.1 -
1.4 for all available data. The solid and dashed curves compare predictions based on these
figures with ones using the point-to-point method for the same paths. Note that the detailed
point-to-point method could not be used in many cases because of the lack of terrain profiles.

Figure I. 6 shows a much greater variance of data from the "empirical" curves of fig-
ures I. 1 - 1.4 for the sample of 750 paths than for the smaller sample of 217 paths for which
terrain profiles are available. The wide scatter of data illsutrated in figure I. 4 for the fre-
quency range 'l - 10 GHz appears to be mainly responsible for this. Figure I.4 appears to
show that propagation is much more sensitive to differences in terrain profiles at these higher
frequencies, as might be expected. The point-to-point prediction methods, depending on a
number of parameters besides distance and frequency, are also empirical, since they are
made to agree with available data, but estimates of their reliability over a period of years
have not varied a great deal with the size of the sample of data made available for compari-

son with them.,
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1.2 Standard Foint-to-Point Transrission Loss Curves

A s+t of standard curves of basic transmission loss versus distance is presented in
figures 1.7 to 1.26. Such curves may be useful for establishing preliminary allocation plans
but they are clearly not suitable for.-use on particular point-to-point paths, since they make
no allowance for the wide range of propagation path terrain profiles or atmospheric condi-
tions which may be encountered. Similar curves developed by the CCIR [1963g; 1963h] are
subject to the same limitation.

The standard curves show predicted levels of basic transmission loss versus path
distance for 0.01 to 99.99 percent of all hours. These curves were obtained using the
point-to-point predictions for a smooth earth, Ns = 301, antenna heights of 30 meters,
and estimates of oxygen, water vapor, and rain absorption described in section 3. Cumu-
lative distributions of hourly median transmission loss for terrestrial links may be read
from figures 1.7 to 1. 17 for distances from 0 to 1000 kilometers and for 0.1, 0.2, 0.5,
1, 2, 5, 10, 22, 32.5, 60 and 100 GH=z. The same information may be obtained from
figures I.18 to I.20.

For earth-space links, it is important to know the attenuation relative to free space,
A, between the earth station and space station as a function of distance, frequency, and the
angle of elevation, eh, of the space station relative to the horizontal at the earth station
[ CCIR 19631; 1963j]. Using the CCIR basic reference atmosphere*, [ CCIR Report 231,
1963e]lstandard propagation curves providing this information for 2, 5, 10, 22, 32.5, 60
and 100 GHz, for 0.0l to 99.99 percent of all hours, and for eh =0, 0.03, 0.1, 0.3,

1.0, and v /2 radians are shown in figures I.21-1.26, where A is plotted against the
straight-line distance r between antennas. The relationship between A and L. _ is

b
given by

Lb=A+Lb£=A+32.45+2010gf+2010gr db (I.1)
where f is the radio frequency in megahertz and r is the straight-line distance between
antennas, expressed in kilometers.

The curves in figures I.7-1.26 provide long-term cumulative distributions of hourly
median values. Such standard propagation curves are primarily useful only for general
qualitative analyses and clearly do not take account of particular terrain profiles or par-
ticular climatic effects. For example, the transmission loss at the 0. 1% and 0. 1% levels
will be substantially smaller in maritime climates where ducting conditions are more

common,

*
The transmission loss predictions for this atmosphere are essentially the same as
predictions for Ns = 301.
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ANGULAR DISTANCE VERSUS DISTANCE FOR THE 290 PATHS FOR WHICH
TERRAIN PROFILES ARE AVAILABLE

THE CURVES SHOW ANGULAR DISTANCE, 8, AS A FUNCTION OF DISTANCE
OVER A SMOOTH EARTH OF EFFECTIVE RADIUS = 9000 KILOMETERS

THE WIDE SCATTER OF THE DATA ON THIS FIGURE ARISES ALMOST ENTIRELY
FROM DIFFERENCES IN TERRAIN PROFILES, AND ILLUSTRATES THE
IMPORTANCE OF ANGULAR DISTANCE AS A PREDICTION PARAMETER
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Figure 1.5

1-8

1300



RATIO OF PREDICTED TO OBSERVED TRANSMISSION LOSS, EXPRESSED IN DECIBELS

60

CUMULATIVE DISTRIBUTION OF DEVIATIONS OF OBSERVED
FROM PREDICTED VALUES OF TRANSMISSION LOSS
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1.3 Preliminary Keference Values of Attenuation Relative

to Free Space, A i
cr

1.3.1 Introduction

Three main elements of the problem of prediction dre the intended application, the
characteristics of available data, and the basis of relevant propagation lmodels. The theoret-
ical basis of the model proposed here is simple, and its advantages and limitations are easily
demonstrated. Preliminary comparisons with data indicate standard errors of prediction con-
siderably greater than those assoclated with the specific methods described in volume 1, which
are designed for particular applications. However, the method described below is especially
useful when little is known of the details of terrain; it may readily be programmed for a digital
computer; and it is adequate for most applications where a preliminary calculated reference
value Acr of attenuation relative to free space is desired. The minimum prediction param-
eters required are frequency, path distance, and effective antenna heights. . For the other
parameters mentioned typical values are suggested for situations where accurate values are not
known.

For radio line-of-sight paths the calculated reference value Acr is either a '"fore-
ground attenuation'' Af or an extrapolated value of diffraction attenuation Ad' whichever is

d

greater., For transhorizon paths, Acr is either equal to A, or to a forward scatter attenua-

tion As’ whichever is smaller.

I.3.2 The Terrain Roughness Factor Ah

Different types of terrain are distinguished according to the value of a terrain rough-
ness factor Ah. This is the interdecile range of terrain heights in meters above and below a
strajght line fitted to the average slope of the terrain. When terrain profiles are available Ah
is obtained by plotting terrain heights above sea level, fitting a straight line by least squares
to define the average slope and obtaining a cumulative distribution of deviations of terrain heights
from the straight line, Ordinarily Ah will increase with distance to an asymptotic value. This
is the value to be used in these computations.

When terrain profiles are not available estimates of Ah may be obtained from the fol-

lowing table:

TABLE I. 1
Type of Terrain Ah (meters)
Water or very smooth terrain 0-1
Smooth terrain 10-20
Slightly rolling terrain 40-60
Hilly terrain 80-150
Rugged mountains 200-500
1-29



I1.3.3 The Diffraction Attenuation Ad

If the earth is smooth A = R is computed using the method described in section 8 of

d
volurne 1. If the terrain is very irregular, the path is considered as though it were two simple
knife edges: a) transmitter-first ridge-second ridge, and b) first ridge-second ridge-

receiver, The total diffraction attenuation K is then the sum of the losses over each knife-edge.
K=A (vl, 0) + A (vz. 0) (1. 1)

These functions are defined by (I.7) to (I.12).
The main features of a transhorizon propagation path are the radio horizon obstacles,

the radio horizon rays and the path distance d, which is greater than the sum d_ of the dis-

L
tances st and dLr to the radio horizons of the antennas. The diffraction attenuation Ad de-
pends on d, st. dLr' the minimum monthly mean surface refractivity Ns' the radio fre-

quency f in MHz, the terrain roughness factor Ah, and the sum ee of the elevations eet and
eer of horizon rays above the horizontal at each antenna. The latter parameters may be meas-
ured, or may be calculated using (6. 15) of volume 1,

In general, the diffraction attenuation Ad is a weighted average of K and R plus
an allowance Abs for absorption and scattering by oxygen, water vapor, precipitation, and

terrain clutter:

Ad=(1-A)K+AR+Ab. (1.2)
where A 1is an empirical weighting factor:
A= [1 +0.045 (93\£ <ﬂiﬁh>*]-l (1.3)
) d
d =d +d = km (1. 4)
6 = ee + d/a radians, (I. 5)'
a=6370/[1 - 0.04665 exp (0.005577 Ns)] (1. 6)



The angular distance ¢ is in radians and the wavelength \ is expressed in meters. The
parameter (a6 + dL)/d in (I. 5) is unity for a smooth earth, where Ah/\ is small and A =1.
For very irregular terrain, both Ah/x and (a@ + dL)/d tend to be large so that A =0,

The following set of formulas used to calculate K and R are consistent with sections

7 and 8, volume 1.

= 1.291 - - t
V12 915 e[f st"r (d dL)/l(d dI_ + st' r)] (I.7)
6.02-%9.11v-127v2 for 0 < v=
) <2.4
A(v,0) ={ (1.8)
12.953 + 20 log v for v>2.4
R =G (xg) - F(x)) = F (x,) - C (K ) (1.9)
x; =B d %, =B d . x =B D +x +x, (1. 10)
1 4 L
B =i5¢’B, B =0c¢ B, B =1 B
o1 01 1 o3 02 2 os os s
i 3 3
C, =(8497/a))* C,, = (8497/a,) Cos = (8497/as) - (L.11)
=a® /zh ) a =d /@2n =D_/e (I.12)
217 °Lt te 27 Lr re) s s )

If the path distance d is less than cl3 as given by (I.13), it is advisable to calculate

Ad for larger distances d_, and d4 and to extrapolate a straight line through the points

3
(Ad." d)) and (Adc' d4) back to the desired value (A, d). The following is suggested for d3

and d4:

2 1
d,=d_  +0.5(2 /f)3 km, d

2 1
= 3
3 L 4 d3 + (a2 /£)* km (I.13)

I.3.4 The Forward Scatter Attenuation, As
The scatter attenuation AB for a transhorizon path depends on the parameters d, Ns'

f, 8 , h , hre and A If the product 6d of the angular distance 8 and the distance d is

bs °
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greater than 0.5, the forward scatter attenuation A is calculated for comparison with Ad:
s

S+ 103.4+0.33268d-10 log (8d) for 0.5< 8d = 10

A = S+97.1+0.2129d-Z.Slog(ed) for 10 = 8d =170 (1. 14)
s
S+ 86,8 + 0.157 6d+ 5 log(6d) for ©d =70
. 4
S = |—I0+ 10 log (f0 ) - 0.1(Ns - 301) exp(-6d/40) +Abs (I.15)

h h
te re

" :{ L. ]/[eflo.om-o.ose e[} or
o

H =15 db, whichever is smaller.
o

(I.16)

The reference attenuation ACr = A5 if As < Ad.
I.3.5 Radio Line-of-Sight Paths
For line-of-sight paths the attenuation relative to free space increases abruptly as d
approaches dL , so an estimate of dL is required in order to obtain Acr . For sufficiently

high antennas, or a sufficiently smooth earth, (see [I.18]), st and dLr are expected to

h ear 1 :
equal the smoot earth values dLst and dLsr

= . - . I. 17
dLst A0.002 a hte km, dLsr 0,002 a hre km ( )

where a is the effective earth's radius in kilometers and hte' hre are heights in meters
above a single reflecting plane which is assumed to represent the dominant effect of the terrain
between the antennas or between each antenna and its radio horizon., The effective reflecting
plane is usually determined by inspection of the portion of terrain which is visible to both an-
tennas.

For a '"typical' or "median" path and a given type of terrain st and dLr may be es-
timated as

d  =d; [1£0.9 exp(-1.5 \/hte7 h)] km (1. 182)

o
|

= dLSI‘ [1 + 0.9 exp(-1.5 \/T;re; H’] km . (I. 18b)

If for a median path an antenna is located on a hilltop, the plus sign in the corresponding square
bracket in (I. 18a) or (L. 18Db) is used, and if the antenna is behind a hill, the minus sign is used.
If dL = st + cl1 r is less than a known line-of-sight path distance d, the estimates (I.18a)

and (I.18b) are each increased by the ratio (d/dL) so that dL =d.
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For exarnple, in a broadcasting gituation with hte = 150 meters, hre = 10 meters, and
- . : . s -0 a7 4 =0.634
Ah = 50 meters, (I.18) using minus signs indicates that st 0.67 dLst and Lr 63 4 or
For small grazing angles, (5.6) and (5.9) of volume 1 may be combined to describe
line-of-sight propagation over a perfectly-conducting smooth plane earth:

3

i} [Ad - 10 ]

A 20 log i—_‘}" hte h . db (I. 19)
L re-

where d is in kilometers and hte' hre’ and the radio wavelength X\ are in meters. This
formula is not applicable for small values of )\d/(hte hre) , where the median value of A is ex-
pected to be zero. Itis proposed therefore to add unity to the argument of the logarithm in (I.19).
The expression (I.19) is most useful when d is large and nearly equal to dL . Better
agreement with data is obtained if d is replaced by dL and the constant 103/(411-) is replaced
by Ah/\, the terrain roughness factor expressed in wavelengths. Accordingly, the foreground

attenuation factor Af can be written as

- [ j
A =20 log Ll +d Ah/(h hre)_’ tA  db. (1. 20)

The absorption A defined following (I.2) is discussed in sections 3 and 5 of volume 1. For

bs
frequencies less than 10,000 MHz the major component of Abs is usually due to terrain clutter

such as vegetation, buildings, bridges, and power lines.
For distances small enough so that Af is greater than the diffraction attenuation ex-
trapolated into the line-of-sight region, the calculated attenuation relative to free space ACr

is given by (I.20) and depends only on hte' hre' Ah, A . and an estimate of dL . For long

b
line-of-sight paths, the foreground attenuation given by (I.20) is less than the extrapolated dif-

fraction attenuation Ad, 80 Acr = A, .

d
If 4, , d , and 8 are known, these values are used to calculate A . Otherwise,
Lt Lr e d

(I.18) may be used to estimate st and dLr , and ee is calculated as the sum of a weighted

average of estimates of eet and eer for smooth and rough earth, For a smooth earth,

9 =-0.0 d ,
et r 0.002 hte, re/ Lt r radians

and for extremely irregular terrain it has been found that median values are nearly

3 .
eet, P (Ah/ Z)/(st’ . 107) radians.

d -
Ustng dy, fdp g, oand (B-dp e

formula is suggested for estimating eet r when this parameter is unknown:

) respectively as weights, the following
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than d_.

d
0.000 , \
3 9005 K dL" L .1)Ah-4 b, re] radians (1. 21a)
' Lst, r Lt r ’ '
ee = eet + eer or ee = - dL/a, whichever is l\arger algebraically, (I. 21b)

As explained following (I.12), the formulas for Ad require a path distance d greater

“For a line-of-sight path d is always less than d_ , so Ad is calculated for the

L

distances d3 and d4 given by (I.13) and a straight line through the points (A3, d3) and (A4, d4)

is extrapolated back to the desired value (A, d). This straight line has the formula

where

Aj=A_+Md db (1.

= -A d -d) db/k )
M=(Ay, -Ay )/ -d) /kem (1
A=A, -Md, db. (.

The straight line given by (I.22) intersects the level A, where the path distance is

£
d= (A - A)/M km. (1.
For d=d, A_=A. (.
For d>d,, A__=A, (L.

1.3.6 Ranges of the Prediction Parameters

22)

23)

24)

25)
26;1) )

26b)

These estimates of Acr are intended for the following ranges of the basic parameters:

TABLE 1.2
20 = f < 40,000 MHz 1<d= 2000 km
A/2=sh < 10,000 m 250 = N = 400
te, re ]
-dL/. = ee =< 0.2 radians 0 = Abs =< 50 db
0.1 dLut =< st =<3 dLst 0.1 dLsr = dLr =3 dLsr
0x< Ah=< 500 m
1-34



1.3.7 Sample Calculations

Table I.3 lists a set of sample calculations referring to the example introduced after
Table I.1. Values for the following independent parameters are assumed: hte =150 m, hre =
10 m, Ah=50m, N =301, f=700 MHz. d =49.0km, d__=8.2km, 8 = -0,00634

[ Lt Lr e
radians, Ab =0 db. An appropriate equation number is listed in parentheses after each of
s

the calculated parameters in Table I.3. For these calculations the arbitrary distance d3 was

2 1
set equal to dL + 1 instead of dL +0.3(a" /93

TABLE L.3 _
dL = 57.2 km (I.4) a = 8493 km (I.6)
Ah/\ = 116.8 A =9.3db (1. 20)
d = 58.2 km d, = 105.1 km (1. 13)
93 = 0,000514 rad. 94 = 0,00603 rad. (I.5)
v3=0.096 V4= 1.95 . (I.7)
v13=0.0174 v14= 1.014 (I1.8)
v23=0.0166 v24=0.546 (I.8)
v3p3=0.10 v4p4=1.87 (I.9)
py = 1.04 py = 0.96 (1.9)
A(v3, 0) = 6.9 db A(v4, 0) = 18.9 db (I.10)
A(v,,0)=6.24db A(v,,,0) = 14.0 db (. 10)
A(v,0) = 6.2db A(v,,,0) = 10.6 db (1. 10)
A(0,p,) = 16.0 db A(0,p,) = 14.7db (I.11)
U(Vj,p3)=-.9db U(V4.p4)=14.7db (I.12)
K, = 12.4 db K, = 24.6 db ‘1. 6)
R3=18.1dB R4= 55.3 db (1. 5)
a9, +d ag, +d
> = 1.058 —-‘%——5: 1.032
3 4
A3 = 0,667 A4 = 0.669 (I.3b)
Ads =29.5db Ad4 = 58.5db (1. 3a)
d3 93=0.0299 d4 94=0.634
H04 = 3.8 db (I.16)
S4= -56.5db (I.15)
A, =49.14db (1. 14)
A =29.5db A =49.1db
crs cra

For this example, M = 0.619 db/km, Ae = - 6.49 db, and df = 25,5 km. The corresponding

basic transmission loss Lbcr and field strength E for distances less than clf are 98.65 +

bcr
20 log d db and 97.62 - 20 log d db, respectively, corresponding to a constant value Ac =
r

Af = 9.3db. In general:
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Lpoy = 3245+ 20 logd+ 20 log £+ A__ db

E

bcr

For the example given above, L

Ebcrq. =17.4 db,

bcr

=106.92 -201logd-A  db
cr

s =154.2 db, L
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- 178.9 db, E

ber

s " 42.1 db, and

(1.27)
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Annex II
AVAILABLE POWER, FIELD STRENGTH AND MULTIPATH COUPLING LOSS

II.1 Available Power from the Receiving Antenna

The definitions of system loss and transmission loss in volume 1 depend on the concept

of available power, the power that would be delivered to the receiving antenna load if its

impedance were conjugately matched to the receiving antenna impedance. For a given radio

frequency v in hertz, let zzv, zL, and z, represent the impedances of the load, the

actual lossy antenna in its actual environment, and an equivalent loss-free antenna, res-

pectively:
z,, =r£v+1xlv (IL. 1a)
z'v =r' +ix' (II. 1b)
z,=r tix (IL. 1c)

where r and x represent resistance aad reactance, respectively. Let wfv rep-

resent the power delivered to the recebiv‘ing ante..na load and write w!av and W respectively,
for the available power at the terminals of the actual receiving antenna and at the terminals

of the equivalent loss-free receiving antenna. If V'v is the actual open-circuit r.m.,s.

voltage at the antenna terminals, then

V'Zr
_ v v 2
Yoy T 2t + 2 | (IL. 2)
v v
*
When the load impedance conjugately matches the antenna impedance, so that Zy, = z;/ or
oo - . .
rlv T and xlv xV » (II. 2) shows that the power Wy, delivered to the load is equal to
the power W;y available from the actual antenna:
v‘Z
. (IL. 3
Wav T 4t -3

Note that the available power from an antenna depends only upon the characteristics of the

antenna, its open-circuit voltage v'v, and the resistance r'v » and is independent of the load



impedance.  Comparing (II.2) and (II. 3), we define a mismatch loss factor

w'v ( r; + rlv>2+ (x'v + xlv> 2
=2 (11.4)
my w
44 4r'r
v v

such that the power delivered to a load equals w;v”mv . When the load impedance conju-

gately matches the antenna impedance, Imv has its minimum value of unity, and Wy, =

w; . For any other load impedance, somewhat less than the available power is delivered to

the load. The power available from the equivalent loss-free antenna is

2
VV
Vo TEr (II. 5)

where v, is the open circuit voltage for the equivalent loss-free antenna,

Comparing (II. 3) and (II. 5), it should be noted that the available power w'av at the

terminals of the actual lossy receiving antenna is less than the available power w = lervwlav

for a loss-free antenna at the same location as the actual antenna:

r'v2
w
P =2 Y Ea, (IL. 6)
erv ! 2
av r Vv
vV Vv

The open circuit voltage v'v for the actual lossy antenna will often be the same as the open
circuit voltage v, for the equivalent loss-free antenna, but each receiving antenna circuit
must be considered individually,

Similarly, for the transmitting antenna, the ratio of the total power W;;y delivered to

the antenna at a frequency v is letv times the total power W, radiated at the frequency v:

letv = w|tv/wtv . (I1. 7)
The concept of available power from a transmitter is not a useful one, and zetv for the trans-
mitting antenna is best defined as the above ratio. However, the magnitude of this ratio can
be obtained by calculation or measurement by treating the transmitting antenna as a receiving
antenna and then determining letv to be the ratio of the available received powers from the
equivalent loss-free and the actual antennas, respectively.
General discussions of lerv are given by Crichlow et al.[ 1955] and in a report pre-

pared under CCIR Resolution No. 1 [ Geneva 1963c]. The loss factor lerv was successfully
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determined in one case by measuring the power th radiated from a loss-free target trans-
mitting antenna and calculating the transmission loss bdtv?eén the target transmitting antenna
and the receiving antenna, There appears to be no way of directly measuring either Ierv or
letv without calculating some quantity sugh as the radiation resistance or the transmission
loss. In the case of reception with a unidirectional rhombic terminated in its characteristic
impedance, lerv could theoretically be greater than 2 [Harper, 1941], since nearly half
the received power is dissipated in the terminating impedance and some is dissipated in the
ground. Measurements were made by Christiansen [1947] on single and multiple wire units
and arrays of rhombics. The ratio of power lost in the termination to the input power varied
with frequency and was typically less than 3 dl.a.

For the frequency band v, to Ym it is convenient to define the effective loss fac-

1
tors L and L as follows:
er et

v

m
S (dw_ /dv) dv

v
1
L__=101log db (I1. 8)

|
m

Sv (dw! /dv) dv
[}

v

m
g (dwp /dv) dv
¥y
L, =10 log db (I1. 9

v
S‘ m (d wtv/dv) dv

v

The limits vl and vm on the integrals (II.8) and (II.9) are chosen to include es-

sentially all of the wanted signal modulation side bands, but Y

large and n sufficiently small to exclude any appreciable harmonic or other unwanted radia-

is chosen to be sufficiently

tion emanating from the wanted signal transmitting antenna.
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1I.2 Propagation Loss and Field Strength

This subsection defines terms that are most useful at radio frequencies lower than

those where tropospheric propagation effects are dominant,
Repeating the definitions of r and r' used in subsection II.1, and introducing the new

parameter I :

rt = antenna radiation resistance,
T
’
r; = resistance component of antenna input impedance,

r

,
To Tl antenna radiation resistance in free space,

r
’

where subscripts t and r refer to the transmitting antenna and receiving antenna, respec-

tively. Next define

L,,= 10 log (r't/rt), L= 10 log (r'r/rr) (1I. 10)
L, = 10 log (r't/rft). L = 10 log (r'r/rfr) (II.11)
Lrt = 10 log (rt/rft) = Lft - Let (I1.12)
L = =L, -L (1I.13)

10 1
o8 (rl‘/rfr) fr er

[Actually, (II.8) and (I1.9) define Le(. and Ler while (ILL. 10) defined T, and r given r;

1)
and rr] .

Propagation loss first defined by Wait [1959] is defined by the CCIR
[1963a] as
Lp:LS-Lt-L =L-L__-L db , (1I. 14)

f fr rt rr

Basic propagation loss is

Lpb = Lp + Gp . (IL. 15)
Basic propagation loss in free space is the same as the basic transmission loss in free space,
L defined by (II.74).

The system loss Ls defined by (2.1) is a measurable quantity, while transmission loss

bf*

b
gation loss Lp, and the field strength E are derived quantities, which in general require a

L, pathloss Lo’ basic transmission loss L_, attenuation relative to free space A, propa-

th . . . .
eoretical calculation of Let, er and/or Lit, fr 25 well as a theoretical estimate of the loss

in path antenna gain L .
gP
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The following paragraphs explain why the concepts of effective power, and an
equivalent plane wave field strength are not recommended for reporting propagation

data.

A half-wave antenna radiating a total of w, watts produces a free space fleld

intensity equai to

8, = 1.64 wt/(41rr2) watt;s/krn2 (II. 16)

at a distance r kilometers in its equatorial plane, where the directive gain is equal to its
maximum value 1.64, or 2.15db. The field is linearly polarized in the direction of the
antenna. In general, the field intensity sp at a point T in free space and associated with

the principal polarization for an antenna is

s (1) =wg (f)/(4m?‘) watts/km® (I1. 17)
p tp

as explained in a later subsection. In (II.17), T=r i and gp(f) is the principal polarization
directive gain in the direction f. A similar relation holds for the field intensity sc(r) as-
sociated with the cross-polarized component of the field.

Effective radiated power is associated with a prescribed polarization for a test antenna
and is determined by comparing s, as calculated using a field intensity meter or standard

signal source with 'p as measured using the test antenna:
Effective Radiated Power = Wt + 10 log(sp/so) = Wt + Gpt(fl) - 2.15 dbw (II.18)

where Gpt(f:l) is the principal polarization directive gain relative to a half-wave dipole in the

direction Pl towards the receiving antenna in free space, and in general is the initial direction

of the most important propagation path to the receiver.

These difficulties in definition, together with those which sometimes arise in attempting
to separate characteristics of an antenna from those of its environment, lnaké the ﬁeffective
radiated power an inferior parameter, compared with the total radiated power Wt, which
can be more readily measured. The following equation, with Wt determined from (II. 18),
may be used to convert reported values of Effective Radipted Power to estimates of the trans-

mitter power output W when transmission line and mismatch losses LJZt and the power

it

radiation efficiency l/let are known:

i

W, =W +L

=W +
it W +L  +L, dbw | (1I.19)

1t At

The electromagnetic field is'a complex vector function in space and time, and informa-
tion about amplitude, polarization, and phase is required to describe it. A real antenna re-
sponds to the total field surrounding it, rather than to E, which corresponds to the r.m.s.
amplitude of the usual ""equivalent' electromagnetic field, defined at a single point and for a

specified polarization.



Consider the power averaged over each half cycle as the "instantaneous'' available

signal power, w
2
w =v |[R_ watts
T 1 4

where v is the r.m.s. signal voltage and R, is the real part of the impedance of the re-
ceiving antenna, expressed in ohms. The signal power v available from an actual receiving
antenna is a directly measurable quantity.

The field strength and power flux density, on the other hand, cannot be measured di-
rectly, and both depend on the environment. In certain idealized situations the relationship

. of field strength e, and power flux density, s, to the available power may be expressed as
8= eZ/z = wﬂ_41r/(g)\2) wta.ttl/m2

where e is the r.m.s. electric field strength in volts/m, z is the impedance in free space
in ohms, \ is the free space wavelength in meters and g is the maximum gain of the re-
ceivihg antenna.

The common practice of carefully calibrating a field strength measuring system in an
idealized environment and then using it in some other environment may lead to appreciable
errors, especially when high gain receiving antennas are used.

For converting reported values of E in dbu to estimates of wlt or estimates of

the available power W r -at the input to a receiver, the following relationships may be use-

2
ful:

- 20 logf - 107.22 dbw (II. 20}

w1t=E+th+Lft-Gt+Lpb
W =ZE - - - -2 - . .
o E Lh_ Lfr + Gr Lgp 0logf - 107.22 dbw (IL. 21)
= ' - = - -
er = Wa Llr Wa Ler Llr dbw (II. 22)

In terms of reported values of field strength El in dbu per kilowatt of effective

kw
radiated power, estimates of the system loss, Ls’ basic propagation loss Lpb' or basic
transmission loss Lb may be ‘derived from the following equations,
~
Ls = 139.37 + Let + Lfr - Gp + Gt - Gpt(rl) + 20 logf - E;kw db (1I. 23)
Lpb = 139.37 - Lrt + Gt - Gpt(rl) + 20 logf - E;kw db (II. 24)
Lb = 139.37 + er + Gt - Gpt(rl) + 20 logf - Elkw db (I1. 25)

provided that estimates are available for all of the terms in these equations,



For an antenna whose radiation resistance is unaffected by the proximity of its en-

vironment, Lrt = er = 0 db, Lft = Let' and L[r = Ler . In other cases, especially impor-

tant for frequencies less than 30 MHz with antenna heights commonly used, it is often as-

sumed'that L =L _=3.01db, L =L +3.01db, and L_ =L _+3.01 db, corresponding
rt rr ft et fr er

to the assumption of short vertical electric dipoles above a perfectly-conducting infinite plane.

At low and very low frequencies, Let' Ler' Lft’ and Lﬁ_ may be very large. Propagation

curves at HF and lower frequencies may be given in terms of Lp or Lpb so that it is not
necessary to specify Let and Ler

Naturally, it is better to measure I_,s directly than to calculate it using (II.23). It
may be seen that the careful definition of Ls. Lp, L, or Lo is simpler and more direct
than the definition of L‘b' Lpb' A, or E.

The equivalent free-space field strength Eo in dbu for one kilowatt of effective
radiated power is obtained by substituting wlt = Wt = Effective Radiated Power = 30 dbw,

Gpt(F1)=Gt=2. 15db, L is given by (2.16):

20t ot

L_=0db, and Lpb= Lbf in (II.18) - (II. 20), where Lbf

E_=106.92 - 20 lagd  dbu/kw (11. 26)

where r in (2.16) has been replaced by d in (II. 26). Thus e, is 222 millivolts

per meter at one kilometer or 138 millivolts per meter at one mile. In free space, the
"'equivalent inverse distance field strength", EI' is the same as EO. If the antenna radia-

tion resistances rt and rr are equal to the free space radiation resistances rft and

T then (II.25) provides the following relationship between ElkW and Lb with
Gpt(rl) = Gt:

Eka = 139.37 + 20 logf - Lb dbu/kw y (II. 27)

Consider a short vertical electric dipole above a perfectly-conducting infinite plane, with an
effective radiated power = 30 dbw, Gt = 1,76 db, and er = 3.0ledb.. From (II. 18) Wt = 30.39
dbwy since Gpt(fl) = 1.7¢ db. Then from (II. 26) the equivalent inverse distance field is

E =E +L_ +L__=109.54 - 20 logd dbu/kw (II. 28)
I o rt rr

corresponding to er= 300 mv/m at one kilometer, or e = 186.4 mv/m at one mile. In
this situation, the relationship between Elkw and L‘b is given by (II. 25) as

E =142.38+ 20 logf - L,

b dbu/kw (II. 29)

1kw



The foregoing suggests the following general expressions for the equivalent free space field

strength Eo and the equivalent inverse distance field EI:
= - -201 . d .
E (wt Lrt + Gt) 0logd + 74.77 bu (IL. 30)
E =E +L  +L dbu (IL. 31)
I o rt rr

Note that Lr in (II. 30) is not zero unless the radiation resistance of the transmitting

t
antenna in its actual environment is equal to its free space radiation resistance. The defi-
nition of “attenuation relative to free space' given by (2.20) as the basic transmission
loss relative to that in free space, may be restated as

A:Lb-L.bf=L-Lf=EI—E db (11. 32)
Alternatively, attenuation relative to free space, At' might have been defined (as it some-

times is) as basic propagation loss relative to that in free space:

At=Lpb-Lbf=A—Lrt—er=Eo-E db (II. 33)

For frequencies and antenna heights where these definitions differ by as much as 6

db, caution should be used in reporting data. For most paths using frequencies above

50 MHz, L ¢ + er is negligible, but caution should again be used if the loss in path
r
antenna gain L is not negligible. It is then important not to confuse the "equivalent"

free space loss Lf given by (2. 19) with the loss in free space given by (2.18).



II.3 MULTIPATH COUPLING LOSS

Ordinarily, to minimize the transmission loss between two antennas, they are oriented
to take advantage of maximum directive gains (directivity) and the polarizations are matched.
This maximizes the path antenna gain. With a single uniform plane wave incident upon a re-
ceiving antenna, there will be a reduction in the power transferred if the antenna beam is not
oriented for maximum free space gain. If the polarization of the receiving antenna is matched
to that of the incident wave, this loss in path antenna gain is due to ""orientation coupling loss',.
and if there is a polarization mismatch, there will be an additional ''polarization coupling loss",-
In general, more than one plane wave will be incident upon a receiving antenna from a single
source because of reflection, diffraction, or scattering by terrain or atmospheric inhomoge-
neitics., Mismatch between the relative phases of these waves and the relative phases of the
receiving antenna response in different directions will contribute to a ''multipath coupling loss"
which will include orientation, polarization, and phase mismatch effects. If multipath propa-
gation involves non-uniform waves whose amplitudes, polarizations, and phases can only be
described statistically, the corresponding loss in path antenna gain will include "antenna-to-
medium coupling loss', a statistical average of phase incoherence effects.

This part of the annex indicates how multipath coupling loss may be calculated when in=
cident waves are plane and uniform with known phases, and when the directivity, polarization,
and phasc response of the receiving antenna are known for every direction, It is assumed that
the radiation resistance of the receiving antenna is unaffected by its environment, and that the
electric and magnetic fleld vectors of every incident wave are perpendicular to each other and

perpendicular to the direction of propagation,

II.3.1 Representation of Complex Vector Fields

Studying the response of a receiving antenna to coherently phased plane waves with
several different directions of arrival, it is convenient to locate the receiving antenna at the
center of a coordinate system. A radio ray traveling a distance r from a transmitter to the
receiver may be refracted or reflected so that its initial and final directions are different.

If -f is the direction of propagation at the receiver, T = fr is the vector distance from the
receiver to the transmitter if the ray path is a straight line, but not otherwise.

A paper by Kales [1951] shows how the amplitude, phase, and polarization of a uniform,
monochromatic, elliptically polarized and locally plane wave may be expressed with the aid
of complex vectors. For instance, such a wave may be expressed as the real part of the sum
of two linearly polarized complex plane waves \/—2_—6; exp(iT) and iﬁgi exp(iT). These
components are in time phase quadrature and travel in the same direction -f, where i =+-1
and —;r and :;i are real vectors perpendicular to £, The vector _t;r + i:;i is then a complex
vector, Field strengths are denoted in volts/km (103 microvolts per meter) and field inten-

sities in watts/km2 (10-3 milliwatts per squarc mecter), since all lengths arc in kilometers,



The time-varying phase
T=k(ct- 1) (11. 39)

is a function of the free-space wavelength X\, the propaga.tion constant k = 2w /\, the free-
space velocity of radio waves c = 299792.5 t 0.3 km/sec, the time t at the radio source,
and the length of a radio ray between the receiver and the source.

Figure II-1 illustrates three sets of coordinates which are useful in studying the phase
and polarization characteristics associated with the radiation pattern or response pattern of
an antenna, Let r = fr represent the vector distance between the antenna and a distant point,
specified either in terms of a right-handed cartesian unit vector coordinate system ﬁo, f}l.

ﬁz or in terms of polar coordinates r, 6, ¢:

- _ 22, .2, .2

r-?r-§°x0+21x1+22x2, r -xoi'x1+xZ (11, 358)

X, = T cos 0, x =7 sin®cos ¢, x, = rsin®sin¢ : (1I. 35b)
£f=£(0,0¢) = 5Eocose + ()’E1 cos o + 22 sin¢)sin @, (I1, 35¢)

As a general rule, either of two antennas separated by a distance r is in the far field or
radiation field of the other antenna if r > ZDZ/x, where D is the largest linear dimension
of either antenna,

The amplitude and polarization of electric field vectors ‘e‘e and : s perpendicular

$

to each other and to f, is often calculated or measured to correspond to the right-handed

cartesian unit vector coordinate system ¥, é’e, é‘¢ illustrated in figure 1I-1, The unit vector
é‘¢ is perpendicular to £ and 520, and 86 is perpendicular to 6¢ and f. In terms of vector
cross-products:
e¢ = (f xxo)/sme =% sin¢ - ﬁzcos¢ (II. 36a)
.€9=8¢Xf=(£o- fcos 0)/sin®, (II. 36b)

The directive gain g, a scalar, may be expressed as the sum of directive gains g and

g¢ associated with polarization components :9 = geee and —e.¢ = g¢e¢. where the coeffi-

cients eq and e¢ are expressed in volts/km:
g=8g* By (11. 37)

Subscripts t and r are used to refer to the gains and of transmitting and receivin
g 8, g. 4 8

antennas, while g is the ratio of the available mean power flux density and e:/qo, where
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eo as defined by (II. 38) is the free space field strength at a distance r in kilometers fram

an isotropic antenna radiating w ¢ Wwatts:
2,V
= w m 11, 38
e, [no t/(47rr )]7¢ volts/km, ( )

-7 :
Here, n = 4wc. 10  =376.7304 + 0.0004 ohms is the characteristic impedance of free

space. The maximum amplitudes of the ® and ¢ components of a radiated or incident field

are l—e.elrJT and ‘:¢|~f2_, where

Tl e ze o Tlce ce o :
|eel =ey=e gy volts /km, le¢l --e‘b-eog(’> volts /km , (I1. 39)
If phases s and 1'¢ are associated with the electric field components _e;e and :¢, which

are in phase quadrature in space but not necessarily in time, the total complex wave at any

—_
point r is

NT (e +ie)exp(it) = VT [€gexp(ity) +?¢exp(i o)l explin), (II. 40)
From this expression and a knowledge of -'3'0 o o o we may determine the real and imaginary

— —
components e and e which are in phase quadrature in time but not necessarily in space:

erEel_er=eec05're4-e¢cos'rd> (1I.41a)

— - -
e =¢& e, =e, sinT +e¢s1n1'

i ii 0 <] (1I.41b)

¢'

The next section of this annex introduces components of this wave which are in phase quadrature

in both time and space.
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II.3.2 Principal and Cross-Polarization Components
Principal and cross-polarization components of an incident complex wave
NZ (:r + 1:-.1)c:xp(i1') may be defined in terms of a time-independent phase i which is a
function of r [Kales, 1951]. If we write

e1_+1ei=(e1 +1e2)exp(1'ri) (I1.42)

and solve for the real and imaginary components of the complex vector _e.l + i—é.z, we find that

e - & e =e cosT, +e. sinT, (II.43a)
1 171 r i i i

P =e ; - inT. . .43b
¢, =¢e, eiCObTi e sinT, (1I.43Db)

Whichever of these vectors has the greater magnitude is the principal polarization component

—e.p, and the other is the orthogonal cross-polarization component ?C:

2ot 2 + 2 i 21‘ +e e si (27.)
el = er cos Ti ei sin i er . ei in i (II. 44a)
2 2 2 2 — =
e, =e sin T +e, coszT. - e «e, sin(21,), (1L. 44b)
2 r i i i r i 1
The phase augle 4 is determined from the condition that _e.l '?2 = 0:
tan(27) = Ze_. e fle’-e?
J=2e refle -e ). (1I. 45)

Any incident plane wave, traveling in a direction -f is then represented as the real

part of the complex wave given by
VTEexp[i(T + Ti)] =NZ (_e.p + i-gc) exp[i(T+ Ti)] . (II. 46)

The principal and cross-polarization directions € and & are chosen so that their vector
P c

product is a unit vector in the direction of propagation:

& x& =-f. (11.47)
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A bar is used under the symbol for the complex vector -g:

Ts'p + i?c in (IL. 46) to distinguish
it from real vectors such as :9' :4), Py , :i' -gp' and -e.c. The absolute values of the vector
coefficients eP and e  may be found using (IL. 44).

As the time t at the transmitter or the time‘ T at the receiver increases, the real

vector component of (II.46), or “polarization vector',
Py +7,)-¢e sin(T+
NZ [epcos(f T) - e, sin(T Ti)]

describes an ellipse in the plane of the orthogonal unit vectors €P =:P/EP and éc =—(;c/ec.
Looking in the direction of propagation -r(6,¢) with ep and e. both positive or both negative,
we see a clockwise rotation of the polarization vector as T increases.

Right-handed polarization is defined by the IRE or IEEE and in CCIR Report 321 [1963m] to
correspond to a clockwise rotation of a polarization ellipse, looking in the direction of prop-
agation with r fixed and t or T increasing. This is opposite to the definition used in classical
physics.

The '"axial ratio" eC/eP of the polarization ellipse of an incident plane wave .

\/'Z—Eexp[i(T + 7_)] is denoted here as
a_ = eclep \(II. 48)

and may be either positive or negative depending on whether the polarization of the incident

wave is right-handed or left-handed. The range of possible values for a_ is -1 to +1.
X



II. 3.3 Unit Complex Polarization Vectors
If the receiving antenna were a point source of radio waves, it would produce a plane
wave 'J'T:e:r exp[i(T + ‘rr)] at a point T in free space. The receiving pattern of such an
antenna as it responds to an incident plane wave \/'Z'Eexp[i('r + 'rr)] traveling in the opposite
direction -# is proportional to the complex conjugate of Er exp (i 1’1_) [S. A. Schelkunoff and

H. T. Friis, 1952]:

Y i x=(e -ie
[Er exp (i 'rr)] (e ie

pr cr)exP(-i Tr) . _ (1I. 49)

The axial ratio ecr/epr of the type of wave that would be radiated by a receiving antenna

is defined for propagation in the direction f. An incident plane wave, however, is propagating
in the direction -£, and by definition the sense of polarization of an antenna used for reception
is opposite to the sense of polarization when the antenna is used as a radiator. The polarization
associated with a receiving pattern is right-handed or left-handed depending on whether a .

is positive or negative, where

a =-e /[ = -

xr cr!®pr’ ®er praxr' (1. 50)

The amplitudes Ieprl and Iecrl of the principal and cross-polarization field components

epr and e . are proportional to the square roots of principal and cross-polarization directive
gains gpr and 8.pr respectively, It is convenient to define a unit complex polarization
vector ﬁr which contains all the information about the polarization response associated with

a receiving pattern:

§r=(6 +ié a )(1+8.’2‘ )-l/2 (II. 51)

pr Cr Xr r
2 gl
2xr " 8cr/Bpr . (IL. 52)

The directions gpr and scr are chosen so that

Spr X acr = f- (II. 53)

In a similar fashion, the axial ratio a_ defined by (II, 48) and the orientations gp and gc
of the principal and cross-polarization axes of the polarizdtion ellipse completely describe
the state of polarization of an incident wave \/'Z'Eexp[i('r + Ti)] , and its direction of propa-

gation -f = ep xe. The unit complex polarization vector for the incident wave is
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§=3/|§|=(ap+iscax)(1 +a:)'%. (I1. 54)

The magnitude of a complex vector g::p + i‘é’c is the square root of the product of e and

its complex conjugate -e.p - i?c:

— — o, 1
|£| =(e- 3*)/2 = (e: + ecz)/z volts /km. (I1. 55)
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II. 3.4 Power Flux Densities
The coefficients ep and e, of the unit vectors ép and €C are chosen to be r.m.s.
values of field strength, expressed in volts/km, and the mean power flux densities sp and

8 associated with these components are
2 2 2 2
Sp = ep /qo watts /km , s, = e /qo watts /km , (11, 56)
The corresponding principal and cross-polarization directive gains gp and g, are

2 2
gp = 47r sp/wt. g, = 4nr sclwt (11, 57)

where W, is the total powcr radiated from the transmitting antenna, This is the same rela-~
tion as that cxpressed by (IL, 39) between the gains gg* g¢, and the orthogonal polarization

— -—
components ¢, and e .

0 ¢
The total mean power flux density s at any point where E is known to be in the radi-

ation field of the transmitting antenna and any reradiating sources is

— 2 2 _ 2 2
b’lEl /no-geo/n =s +sc--(ep+ec)/no

o P
2 2 2 2 2
= = .5
(er + e )/qo (ea + ezb)/no watts /km (IL. 58a)
C 4o g 4g =4anris/p, =sn fe” (L. 58t)
g=8, 8 =8By +g, =4t s/p =snple, .

where e is given by (IL. 38). The power flux density s is proportional to the transmitting
antenna gain gy but in general g is not equal to g, 28 there may be a fraction ap of

energy absorbed along a ray path or scattered out of the path, We therefore write
= (1+az)-a (1+a2)= (I1. 59
g =g, x) = 2pEpt x) = 2p8t- -99)

The path absorption factor ap can also be useful in approximating propagation mechanisms
which are more readily described as a sum of modes than by using geometric optics, For
instance, in the case of tropospheric ducting a single dominant TEM mode may correspond
theoretically to an infinite number of ray paths, and yet be satisfactorily approximated by

a single great-circle ray path if ap is appropriately defined. In such a case, a.IJ will

occasionally be greater than unity rather than less,



Orienting a receiving dipole for maximum reception to determine sp and for minimum
reception to determine S. will also determine ép and éc’ except in the case of circular polar-
ization, where the direction of € in the plane normal to T is arbitrary. In the general
case where Iaxl <1, either of two opposite directions along the line of principal polarization
is equally suitable for ép.

Reception with a dipole will not show the sense of polarizatiom;” Right-handed and left-
handed circularly polarized receiving antennas will in theory furnish this information, since
E may also be written to correspond to the difference of right-handed and left-handed circu-

larly polarized waves which are in phase quadrature in time and space:

- e +eC +? e -eC
€= (8, +i8) PZ - 18, Fie) 2 <. (11. 60)

The mean power flux densities s, and s associated with right- handed and left-handed polar-

izations are
s =(e +e )°/(2n) watts/km® 1. 61
r ' p c o s/km (IL. 61a)
f

2 2
s, = (ep - ec) /(Zno) watts /km (I1. 61b)

.so the sensec of polarization may be determined by whether sr/sJZ is greater than or less than

unity. The flux densities S, and s, are equal only for linear polarization, where e = 0.
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II.3.5 Polarization Efficiency
The polarization efficiency for a transfer of emergy from a single plane wave to the
terminals of a receiving antenna at a given radio frequency may be expressed as a function of
the unit complex polarization vectors defined by (II.51) and (IL.54) and the angle \pp between

principal polarization directions associated with ::_. and Er' This polarization efficiency is

coszkp (a_ a__+ 1)Z+sinzk|.t (a +a )2
p X Xr p X xr (11, 62)

Ig-5.1%=

2 2
(ax + l)(axr +1)
where

. = - . = . & =& . & =si b3

é‘p 8pr Sc scr cos ¢P, & . & é &, sm\Pp. (11.63)
As noted in section 2 following (2.11), any receiving antenna is completely ''blind"

to an incoming plane wave «/-zgexp[i('r + Ti)] which has a sense of polarization opposite

to that of the receiving antenna if the eccentricities of the polarization ellipses are the same

“axl = laxr‘) and if the principal polarization direction 8p of the incident wave is perpen-

x

dicular to & e In such a case, cos 4JP =0, a_= —a and (I1.62) shows that the polarization
PP T . . : . .
efficiency |B' Brl is zero. As an interesting special case, reflection of a circularly

polarized wave incident normally on a perfectly conducting sheet will change the sense of

polarization so that the antenna which radiates such a wave cannot receive the reflected wave,

x
On the other hand, the polarization efficiency given by (I1.62) is unity and a maximum

. a (2 .
In sucha case a_=-3a = + 1, so that |£ -Brl = 0 for any'value of 4‘?-

transfer of power will occur if a =a . and -pp = 0, that is, if the sense, eccentricity,
and principal polarization direction of the receiving antenna match the sense, eccentricity,
and principal polarization direction of the incident wave.

For transmission in free space, antenna radiation efficiencies, their directive gains,
and the polarization coupling efficiency are independent quantities, and all five must be
maximized for a maximum transfer of power between the antennas. A reduction in either one
of the directive gains g(-f) and gr(f) or a reduction in the polarization efficiency Iﬁ érlz
will reduce the transfer of power between two antennas.

With each plane wave incident on the receiving antenna there is associated a ray of
length r from the transmitter, an initial direction of radiation, and the radiated wave
—Et exp[i(T + Tt)] which would be found in free space at this distance and in this direction.
When it is practical to separate antenna characteristics from environmental and path charac-
teristics, it is assumed that the antenna phase response ‘rt, like Tr' is a characteristic

of the antenna and its environment and that



T ET 4 ™ (II. 64)
where 'rp is a function of the ray path and includes allowances for path length differences and
diffraction or reflection phase shifts,

Random phase changes in either antenna, absorption and reradiation by the environ-
ment, or random fluctuations of refractive index in the atmosphere will all tend to fill in any
sharp nulls in a theoretical free-space radiation pattern E or Er' Also, it is not possible
to have a complex vector pattern e/r which is independent of r in the vicinity of antenna nulls
unless the radiation field, proportional to 1/r, dominates over the induction field, which

is approximately proportional to 1 /rz.
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II. 3.6 Multipath Coupling l.oss

Coberently phased multipath components from a single source may arrive at a receiving
antenna from directions sufficiently different so that T and T, vary significantly, It is
then important to be able to add complex signal voltages at the antenna terminals. Let n =1,
2,---, N and assume N discrete plane waves incident on an antenna from a single source.
The following expressions represent the complex open-circuit r.m.s. signal voltage Vo
corresponding to a radio frequency Vv cycles per second, a single incident plane wave
\/—Zgnexp[i('r + Tin)], a loss-free receiving antenna with a directivity gain rn
and an effective absorbing area a, matched antenna and load impedances, and an input

resistance r, which is the same for the antenna and its load:

1/2 ~ .

VLT (4r vsnaen) (Bn. -ﬁrn) exp [i(T + Tpn + Ten ~ Trn)] volts (11. 65)
s = |-e' IZ/ =w a_ g /(41rr2) watts/km2 (IL. 66)

n -n o r pn-tn n '

L2 2

a = g:‘rn)\ /(47) km (I1. 67)
5 =[l+al)(14as ] [0+ Jeosy  +ila_ + i II. 68
-En "B ¢ ( xn S | pn Mo, Yo, sin L')pn] -« (1. 68)

If the polarization of the receiving antenna is matched to that of the incident plane wave, then

dn ~ Zxrn’ q'.pn =0, -ﬁn' ﬁrn =1, and

2 2. .
vn=[4r wa g 8 1N /(41rrn)] exp[1(‘r+‘rpn+-r

v 20 -Trn)] volts. (1I1. 69)

rn tn

If the coefficient of the phasor in (II.69) has the same value for two incident plane waves, but
the values of Tin~ Trn differ by radians, the sum of the corresponding complex voltages
is zero. This shows that the multipath coup'ling efficiency can theoretically be zero even
when the beam orientation and polarization coupling are maximized, Adjacent lobes in a
receiving antenna directivity pattern, for instance, may be 180° out of phase and thus cancel
two discrete in-phase plane-wave components.

Equation (II. 3) shows the relation between the total open-circuit r. m.s. voltage

N
v =[ N v v*:l volts (IL. 70)
L/ m
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and the power w_ available at the terminals of o loss-free receiving antenna:
2 .

2
woEV, /[(4r v) watts . (II. 71)

In writing wo for oo in (II.71), the subscript v has been suppressed, as with almost

all of the symbols in this annex, Studying (II. 65) - (II.68), (II.70), and (IL.71), itis scen

2
that the expression for w_ is symmetrical in the antenna pains ¢ , g and g =a_ g,
) a p “pr C x 7p
2 . . . . .
g = a\x ;.',p , and that w_ is a lincar function of these paramcters, théugh v = is not.
cr xr Ppr a v
From this follows a thecorem of reciprocity, that the transmission loss L = -10 log (wa/'\\ t)

is the same if the roles of the transmitting and receiving antennas are reversed.
The basic transmission loss Lb is the system loss that would be expected if the
actual antennas were replaced at the same locations by hypothetical antennas which are:
(a) loss-free, so that Lct = LL_l_ = 0db, Sce (2.3).
(b) isotropic, so that g, =8, = 1 in cvery direction important to propagation between
the actual antennas.

. . - 2
¢) frec of polarization coupling loss, so that PP =1 for every locally planc
g BB, y y P
wave incident at the receiving antenna.

(d) isotropic in their phase rcesponse, so that T, ST S 0 in cvery direction.

The available power AR corresponding to propagation between hypothetical isotropic

antennas is then

1/
Wt )\Z N (apnapm)/a cos(TPn - Tpm) )
W o=t N = _ (1L, 72)
€ (4m)” & n ' m
n=1
m =1

The basic transmission loss Lb corresponding to these assumptions is

= - ) = - db LT3
],Ab 10 log (wab/wt) Wt Wab (II.73)
The basic transmission loss in free space, Lbf’ corresponds to N =1, apl =1, Tpl =0,
ro=r
2 . i .
L .= -10log [N (twr)]” =32.45+ 20l0g [+ 20 log r db (I1. 74}

b{

where f is in megacycles per sccond and 1 is in kilometers.  Compare with (2. 16).

As may be seen from the above relations, only a fraction s of the total flux density
s, ber unit radiated power W, contributes tg the available received power w from N plane
waves, While Sn is expressed in watts/kmz, S, is expressed in wat.ts/km’: for cach watt

1I-21



of the power W, radiated by a single source:
2
s, = 4w, /(N w) (IL. 75)

For each plane wave from a given source, e exp (i Tin) or Ernexp(-x Trn) may sometimes
be regarded as a statistical variable chosen at random from a uniform distribution, with all
phases from -w to w equally likely. Then real power proportional to |En~}::n| 2 may be
added at the antenna terminals, rather than the complex voltages defined by (I, 65)-(II. 68).

For this case, the statistical "expected value" <se> of se is

N

<s > = a g, & I" . P |Z/(411r2) (IL. 76)
e pn®tn8rn 1By "By n’ :
n=1

In terms of se. the transmission loss L is

L =21.46 + 20 log £ - 10 log ., db. (I1. 77)

Substituting <se> for 8, in (II.77), we would not in general obtain the statistical expected
value <L> of L, since <L> is an ensemble average of logarithms, which may be quite
different from the logarithm of the corresponding ensemble average <se>. For this reason,
median values are often a more practical measure of central tendency than "expected"
values. With w, and M\ fixed, median values of 5, and L always obey the rleation

(II. 77» while average values of 5g and L often do not.

The remainder of this annex is concerned with a few artificial problems designed
to show how these formulas are used and to demonstrate some of the properties of radiation
and response patterns. In general, information is needed about antenna patterns only in the
few directions which are important in determining the amplitude and fading of a tropospheric
signal. Although section II. 3,7 shows how a complex vector radiation or reception pattern may
be derived from an integral over all directions, it is proposed that the power radiation
efficiencies and the gains gr(f) or gt(-F) for actual antennas should be determined by meas-

urements in a few critical directions using standard methods and a minimum of calculations.
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11. 3.7 Ildealized Theoretical Antenna Patterns
Consider a point source of plane waves, represented by complex dipole moments

in three mutually perpendicular directions, )‘Zo, 521, and % These three unit vectors,

2
illustrated in figure 1I.1, define a right-handed system, and it is assumed that the corre-

sponding elementary dipoles support r.m.s. currents of IO' I, and I2 amperes, respectively.

1

The corresponding peak scalar current dipole moments are »J-Z'Iml ampere-kilometers,

where m =0, 1, 2, and the sum of the complex vector dipole moments :’Em\/—ZI fLexp(iT )
m m

may be expressed as follows:

}_’;a’l + i.—.z (11, 78a)
a =V7H(xoc0+21cl +x2c2), a2=~/711(§oso+xl s) +§252) (II. 78b)

2 2 2 2 .
1" = IO + I1 + 12, Cn = (Im/I) cosT , S = (Im/I)sm T m=0,1,2., (II.79)

2
dipoles. The time phase factor is assumed to be exp(ikct).

Here, Tor "1 and T, represent initial phases of the currents supported by the elementary

Using the same unit vector coordinate system to represent the vector distance T from

this idealized point source to a distant point:

=)?°bx +$Elx +R% x =fr (1I.80)

where Xgr Xp» and x, are given by (II. 35b) as functions of r, 6, ¢. The complex wave at

T due to any one of the elementary dipoles is polarized in a direction
rx(ﬁmxf)=xm-rxm/r (II.81)

which is perpendicular to the propagation direction ¥ and in the plane of 8 and £. The
m

total complex wave at T may be represented in the form given by (II. 41):

NZ e(r)exp(it) =2 (‘ér + i—e’i)exp(i'r) =Nz (‘Jp + i?c)exp[i(f + 7]

=[fx(axf)] [n,/(2xr)] exp(iT) (I1. 82)
T=kict-r)+mn/4 (I1.83)
J‘ZZ‘I = [E{l - f(‘a’1 - )] n_/(2\ ) volts /km (1I. 84a)
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n‘gi = [ZZ - f('a’z. #)] n /(2h 1) volts/km. (I1.84b)

The total mean power flux density s (r) at T is given by (I1. 58a):

. 2 . .
s(@) =(ef+ eiz)/no - [alz - @, - )%+ azz - @, f)Z]/no

no(H)Z

N
L3N rZ

x x tc _x x_ +c xx)/rz]

A 2 2. .2 2,.2 2 2
1- + + -
[1- Iy %y + 1 x +Lx)/(Ir) " - 2(ey xox) +CopXg%, T €15%%

(1I.85)

2
Com = (ImIn/I ) cos (T - ). (11. 86)
The total radiated power w, is obtained by integrating s(r) over the surface of a sphere

of radius r, using the spherical coordinates r, 0, ¢ illustrated in figure IL. 1:

2v am o, 2w (10)°
wy = S dé S dor s(r)sinf= > watts . (11.87)
o o 3\

From (II.87) it is seen that the peak scalar dipole moment N21f used to define a, and

—a.z in (II.78 may be expressed in terms of the total radiated power:

NZI8 = )\»\/'3_‘;,;7(?;‘;7- ampere-kilometers . (IL. 88)

The directive gain g(?) is
2 2
I 1
~ — 2
g(l‘) = 4w I'Z S(!.‘)/Wt = —;— 1- <_f0-> cos 6 =~ <—I—1'> Sinz 0 cosz¢

LY 2 2 . . 2 .
- <—I—-> sin 0 sin ¢ - c01cos¢+cozsm¢ sm(Ze)-clzsm 0 sin(24) . (1I.89)

This is the most general expression possible for the directive gain of any combination of
elementary electric dipoles centered at a point. Studying (II.89), it may be shown that no
combination of values for IO’ Il’ IZ’ T T T will provide an isotropic radiator. As
defined in this annex, an isotropic antenna radiates or receives waves of any phase and

polarization equally in every direction.
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For trhe specizl case where Ib =1 =1,=1/N3, + =7w/2, t,=0, and T, = T,

L

. 0 1 2 0 1 2
(11.89) srows tnat
' -~ . 2 .
- g{r)=1+sin 6 sin¢ cos¢ . (I1.90)
With these specifications, (IL 78) shows that <o = o, €= -¢y= 1/N3, 5y = 1/N3,
S, 78,7 0, and (II.78) with (II.88) shows that
- - -~ _ ~ -— _ ~ 01
a, (xl xz)b, a, = xob (IL.21la)
1
) %% A
b=2X [“}-/(""o)J . (I1.91b)
Substituting next in (IL 8+4) with the aid of (IL.2):
— ~ ~ ~ - ~ ~
Ze =e (x-X,-Tb,), NZc =c (] -Fcoso) (I1. 9¢)
1
, 2.7
c =|n wt/(411'r )W , b, = sin O(cos ¢ - sind) . (1T. ©3)
o o 2
L il
The principal and cross=-polarization gains determined using (II.57) wnd (II.58) are
~ P ‘)‘ . 1 ~ 17 . Z
gp(r) = 14 sin O(sing cos ¢ - .2), gc(r) =j2sin O, (I1. G4)
The subscripts p and ¢ in (IL94) should be reversed whenever  g(6, ¢) is less than
2
ain” 0, Minimum and maximum valucs of g are 1/2 and 3/2 while gp ranges from
1/3 to 1 and g {from 0 to 1/2,
C
The importance of phases to multipath coupling is more readily demonstrated using
a somewhat more complicated antenna, The following paragraphs derive an expression for
a wave which is approximately plance at a distance r exceeding 200 wavelengths, radiated
by an antenna composed of two three-dimensional complex dipoles located at -5 \ 37:0 and
+5 X\ §0 and thus spaced 10 wavelengths apart, When the radiation pattern has been
determined, it will be assumed that this is the receiving antenna, Its response to known
plance waves from two given dircctions will then be calculated.
4

With the radiated power W ¢ divided equally between two threc-dimensional complex

—
dipoles, a is redefined as

T=MNDE L3 R -k, iR (L. 99)
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v

Since 5\ is negligible compared to r except in phase factors critically depending on

r, =T, ‘the exact expressions

1
’r'l='r’-5x§o, 'r’z='r'+5x§0 (11.96)
lead to the following approximations and definitions:
rl=r(1-e), r2=r(1+e), e = 5(\/r) cos 8 (11.97)
§1=?(1+e)-§0e sec @, §2=§(1»e)+§<oe sec 0 (IL. 98)
(1. 99)

T= ;{o cos 0 +(;::1 cosc}>+§<.z sin¢) sin 0 .

2
For distances r oxceeding 200 wavelengths, Ie] < 0,025 and e is neglected entirely,

so that

rlrlzr-S)\;(o, '1"&1'2:1’-}-5)\)( . (II. 160)

At a point v, the complex wave radiated by this antenna is approximately plane and

may be represented as

AN -\ L -
N2 &\Cr tic, expl(iT) = N2 | e exp(i Tl) te, exp(i TZ) W (11.101)
where
T=ki(ct-r) + w/4 (1. 102)
s=THT . Ty=TeT, T = 10mwcosO . (I. 16 3)

As in (II.¢ 2) , the waves radiated by the two main elements of this antenna are represented in

(IT. 101 as the product of phasors exp (i Tl) and  oxp (i Tz) multiplicd by the complex vectors
\DEI and N2¢,, respectively:
N -

x/’Zgl = Plx <7£>< ?Ji\ n /(227) = (e /2) i:_éo- ’1?1 /'E'“ ?1)} (II. 10-.a)

S S
a,- T (\:-E-Lo . rz/' ‘ (II.104%)

\/-2-—0'& - [;z X & X ;ZN‘. n /(2 xr) =(c /2)
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Evaluating 3 _+F,, 3 -%, ¢, and ¢, withtheaid of (IL95), (I.98), (I.99) and (L 104):
a . ;l:bz(l+e)+i{-cos9-e(sec9-cose)] {1I.105a)
—o C
P ;z=b2(1-e)+i[cose+e(séc9scose)] (L. 105b)
-—0 ]

3 = (e 12) {[;‘1 - %, - $b(142) +& b, eseco ]

+i[;¢o(1+e)-;cose+;e(sec0-Zcosa)]} (IL. 1063)

e, (eo/Z) {I:xl -x, - rbz(l-Ze)‘- xobz € sec 9]

+i[§o(1-e) -Tcos0 -Te(secH - 2 cos B)J} . (I1. 106b)

Since the sum and difference of exp (i -rl) and exp (i -rz) are 2cos T, exp(iT) and

Zisin-ra exp(iT), respectively, _e.r and -;i as defined by (II.101) are

— ~ - ~ ~ ~ .

e = c.ac,{[x1 -Xx, - rbZ ]cos T, "€ [xo +r(secO - 2 cos 6)] sin Ta} (II. 107a)

e = e [5’: - % cos 6] cosT - b [2'1’ - % secej\sin-r } . (L. 107b)
i o o a 2 o a

The complex wave N2 —e.r + i_é.i> is a plane wave only when _gr and ;i are both per-

pendicular to the direction of Propagation, ;, or when

T (’é‘r +ié’i> =e¢ sin Ta[(cose - sec 0) +1i 8sin6(cos ¢ - si.ncp)] =0 (1. 108)

which requires that ¢ = 0, sin T,z 0, or 8=0. If ¢ is negligible, the total mean

power flux density in terms of the directive gain g(?) is given by

- 2 ~
s(r) = (erz te, >/no = g(T) e:/no (IL. 109)
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g(?) = 2(1+sinzesind,> cos ¢) cos’ T, . (L. 110)

That w, is the corresponding total radia.ted power may be verified by substituting (II.108)

and (LI.110) in (1I.87), with the aid of _(II.‘93) and (II.103).
Now let this antenna be a receiving antenna, and suppose that direct and ground-
reflected waves arrive from directions T(9,¢) equal to

7,(0.32, m/4) = 0.9492 X, +0.2224(x) +X,) (IL. 111a)

¥,(0.28, 0.75) = 0.9611 % +0.1430 ;‘1 +0.1332 ;‘z . (1. 111b)

Note that ?l and T, in (II.11l)are not related to §1 and ?2 in (I1.98) but are two

2
particular values of ?. Corresponding values of T, COS T and sin T_  are
a
= 29, 8« , = « 0, i = -
T © 9.82111 cos Tax 0.0240 , sin 7 0.9997 (IT. 112a)
Taz - 30.19245 , cos T = 0.3404 , sin Tz = " 0.9403 . (II. 112b)

The incoming waves in the two directions ?1 and ?2 are assumed to be plane, and the
distances 1, and r, to their source are assumed large enough so that e 1 sin T

and €, sin Taz arc negligible éompared to  cos T and cos To? respectively, The plane

wave response of the receiving antenna in these directions may be expressed in terms of the

complex vectors associated with ?1' and ?2:

e +ie, =-0.024¢ l:(xl - %,) +1(0.099 X - 0.211 %, - 0.211 xz)] (1I. 113a)

e +ie, =0.340 eol:(-o.OlB X + 0.998 X - 1.002 xz) +1i(0.076 x - 0.137 x - 0.128 xz)-\ .
(1. 113b)

Since e e, = 0, (II.44) with (I1.42} and (11.43) shows that T = 0, so that € and e

are principal and cross-polarization components of the complex vector receiving pattern:

— — — —r
eprl +1i ecrl = erl +1 e - (II.114a)
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These same eguations show that Te2 ™ " 0.065 and that

Py ie = f-, % +0. % -1,001%)+i(0,076% -0.132% -0,113%) |~
epﬂ-!— ie ., 0.340 e (-0.013 E 999 x,; ,) +i( ° 1 2 ]
(I1. 114b)

differing only slightly from (II. 113b), since T., i almost zero,

The axial ratios of the two polarization ellipses, defined by (1I.50), are

a = - 0,222, a =~ 0,143 (IL. 115)
xrl Xr2

and the unit complex polarization vectors —§r1 and -ﬁrz defined by (II.51) are therefore

-f-’r, = 0.674(%, - X,) +1(0.067 X - 0.142 X, - 0.142 %)) (IL. 116a)
B, =(-0.009 %, +0.692 & - 0.694 X,) +1(0.053 % - 0.095 %) -0.089%,) , (II. 116b)
The antenna gains gr(;x) and gr(;a) are given by (II.110):
g7 ) = 0.0021, g,(r,) = 0.241 (1. 117)

which shows that the gain Gr(;;) = 10 log gr(fl) associated with the direct ray is 29,2 db
below that of an isotropic antenna, while the gain Gr(rz) asgociated with the ground-reflected
ray is -6.2'db. It might be expected that only the incident wave propagating in the direction
- would need to be considered in determining the complex voltage at the receiving antenna

2
terminals. Suppose, however, that the ground-reflected ray has been attenuated considerably

Pz .
Suppose further that the transmitting antenna gain associated with the ground-reflected ray is

more than the direct ray, so that the path attenuation factor a is 0,01, while a =1,
p1

6 db less than that associated with the direct ray. Then the mean incident flux density s,

associated with the ground-reflected ray will be 26 db less than the flux density s, associated
with the direct ray.
In order to calculate the complex received voltage v given by (II.70) then, the

following is assumed:

r, = 52 ohms , 8, = 1 watt/kmz(= -30 dbm/mz)
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8, = 0.0025 wat‘l:s/lcm2 , X\ = 0,0003 km (£ = 1000 MHz )

a.xl = 0.2, a,*= 0.4, \IJPI = /2, q;pz =1.,5

= = = = II.118
T TP! + T o, i sz + T = T 4 )

It will be seen that these assumptions imply a more nearly complete polarization coupling loss
between the direct wave and the receiving antenna than between the ground-reflected wave and
the receiving antenna. The effective absorbing area of the receiving antenna for each wave,

as given by(ll. 67) is

a, =1.504X% 1071 knd »a,, = L726X 1077 ki . (I1.119)
The polarization factors are

5 ¢ D = - i P ¢ D = i 11.12.0)

(p,* B, )=-0.021i, (B -p )=0.062+0.2361 (

and the phase factors are exp (i7) and exp[i(T+ 3.137)], respectively. Substituting these
values in (II. 65), the complex voltagqs are

vi=- 1.175(10"%) i exp (i) , v, = =(1.887 + 7.0711) (1078 exp (i 7). (L. 121y
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